Probability Distributions |

Random variables, probability distributions
A and their characterization 4
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Lecture 6

From the previous lecture

Every measurement has uncertainty.

Uncertainty can be random (statistical) or systematic.

Repeated measurements

Under (nominally) the same
conditions we obtain slightly
different results.

=

Distribution of results

The set of results can be described
by a probability distribution.

|
+
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Quantitative description

The distribution is characterized
by parameters (e.g., mean,
standard deviation, etc.).

X O e

Probability theory provides the language and tools to describe, analyze and interpret
the variability of measurement results.
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Random variable

g

can be described.

-

A random variable is a quantity whose value cannot be predicted exactly
before an experiment, but whose possible values and probabilities

Examples in physical measurements and experiments:

-

Ty 'd i . i B’ " i
Number of detected Number of successful Measured voltage " Von . Measured temperature
; : : : Lifetime of a particle g
photons in a time events in repeated of an electrical or other physical
. ] , or a component ,
interval trials signal quantity
L B L > . 2 . S % J
2
Probability theory provides the mathematical framework for describing and analyzing
random variables and their distributions.
b

—
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Why do we need
probability distributions?

In physical measurements and experiments, outcomes are uncertain
and vary from one trial to another.

7
5

L
p

Probability distributions allow us to describe, analyze and predict this variability
in a quantitative way.

o =/
They help us to:
e N r ! r ™ 'l s 'l I
[
V) —
O : Vf — /\A’
| o — T
1 =T
Quantify uncertainty Characterize the Extract meaningful Compare different Make predictions
in a systematic behavior of random information from systems, methods and assess the
and consistent way. variables. data. or models. reliability of results.
- A \ 4 G ~ " = 4 S =

Probability distributions are the foundation of statistical analysis
and decision making in physics and engineering.

— ___—_
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Two types of random variables

Random variables can be classified into two main types:

discrete and continuous.

Discrete random variable

Can take a finite number or a countably
infinite number of distinct values.

Examples:

» Number of heads in 10 coin tosses
 Number of detected particles
 Number of defects in a sample

* Number of successful events

rhfr e,

0 1 2 3 4 n

P(K =k)

Continuous random variable

Can take an uncountably infinite number
of values within an interval.

Examples:

e Length, distance, position
e Time, lifetime

» Temperature

* Voltage, current, intensity

f(x)
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Discrete probability distribution

A discrete probability distribution specifies how a discrete random variable
K takes each of its possible values ky, k,, ..., k;, ... with certain

probabilities p;.

Example: number of heads in 10 coin tosses » Normalization
‘ Since the outcomes are mutually

» Definition

If K can take the values K =0 1.2 . .0

kv koo kj, PK = k) exclusive and exh_al.isﬂfe:
then the probability of 034 é e
eac.h vaIL'Je is = Z p; = 1
assigned: j=1
) - o
| ‘:PK:k-l S
| pj ( j) " T T 3 e oOSijIfOI'a”j
L forj =1,2, e _J o 1 3 4 3 6 7 8 9 10J » Total probability = 1

All possible outcomes

L @ A discrete probability distribution is often visualized by a bar chart or stem plot. }




Lecture 6 | Probability Distributions |

‘Continuous probability distribution

A continuous probability distribution describes a continuous random variable X
that can take any value in an interval [a, b] (or (—oo,)) via a probability
density function f(x).

P Definition P Interpretation » Properties
A furTctlon f(x) is a‘probablllty density f(x) |s_ h.Ot a probability, but a density. | o« P(X = x) = 0 for any single point x,
function (pdf) of X if: Probabilities are areas under the curve. .
o . P{X = = f t)dt
1. f(x)=0 forall x f(x) 1 ( *) pS f®)

*P(X>x)=fm f()dt =1—-P(X < x)
L x

2 f_o; fi(x)dx= 1

|
|
|
| I
v

, | , Examples

a c b * Measurement errors

* Particle lifetimes

* Time between events

* Voltage, current, temperature, etc.

\J
=

For any a < ¢ < b,
Wit it

b
P(a < X <b) =f FUx v

—_— —

b
P(a < X € b) = Area shaded = f f(x)dx

@ Continuous distributions are essential for modeling real-valued measurements

. and natural phenomena. l




® ®
Normalization

For a discrete random variable, the possible outcomes are mutually exclusive and exhaustive.

Therefore, the total probability of all possible outcomes must equal 1.

ST

Interpretation: If we add up the probabilities of all possible values,
we account for all possible outcomes—nothing is missing.

pj :
All possible outcomes Total probability

0.3 - Y y
0.2 - | Z p, =1
0.1 1 } J

g T (100% of the probability
0 » K is distributed.)

k4 ko ks k, ks kj : ‘

— 1___-_




Simple discrete example: coin toss

® ®
LS

Example: 10 coin tosses ¢ All outcomes are equally likely (fair coin).

Let K = number of heads in 10 tosses. e This is a discrete random variable.

Than & can take: valhias 0. 1 10 e The distribution shown below is the binomial

’ distribution with n = 10, p = 0.5.
A 4}J

P(K = k) P(K = k)

A
030

@
0.20 - * T
0:10 5
L e T e o),
0 1 2 2 4 5 6 7 8 9 10
8 J
N
All possible outcomes (k = 0,1, ..., 10)
This discrete distribution fully describes the random variable K. l
It is the foundation for the binomial distribution discussed later.

—

—




From discrete to continuous

Discrete random variable K : Continuous random variable X

Takes countable values k;, ks, ..., kj, Can take any value in an interval (uncountably many).
Individual points become infinitely dense.

[ Pk =k)=p,

‘ Probabilities cannot be assigned

P(K = k) - |
030 ] * | f(x),

0.20 -

MEN I

kl kz ks k4 k5 kﬁ sas : a X1 X9 b

to individual points.

Y
=~

Y
=

[ o Therefore, probability must be assigned to intervals rather than individual points. }

— - ——
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Cumulative distribution function (CDF)

Definition F(X) = P(X < X) Probability that the random variable X does not exceed x.

Three fundamental properties Continuous example: a rising CDF

1 05Fx)<1 Flx F)— 1
A cumulative probability stays between 0

and 1.

2 F(—x©)=0, F(+x)=1

Far left: no outcomes counted. Far right: all
outcomes counted.

3 xi<x: = F(x1) <F(x2) -

X1 X2 X3

The curve never falls as x increases.
At x2, F(x2) = 0.5: half of the outcomes do not exceed xa.

The CDF accumulates probability and encodes the entire distribution in one nondecreasing function.



Probability of an interval of zero width

)
For a continuous random variable X with CDF F(x), i i
% : e (x) P(a < X < a) = 0 for any real number a
the probability of any interval of zero width is zero.

L= /

— - — — ——— —t!
.r’ — i = el . I B |
Proof Graphical interpretation
For any real number a, F(x)
3 — 3 R
Pla< X <a) = F(a) — F(a™) 1

Because F(x) is continuous at every point a,

E N
F(a™) = F(a) Flt)if===rennimmnmmmmmm ~m The vertical “jump”

at a single point is zero,

|
n
|
s ) | so the probability is zero.
Pa<X<a)=0 E - J
U — |
— = 0 1 > X
@ Intuitively: an interval with zero width contains no “room” a
for probability.
L 8 il |8 9 =
— —— - o = o =%
@ For continuous random variables, probability is assigned to intervals. ‘ Example

I Intervals with zero width (a single point) receive probability zero. P(X = 37)=0
- = _




Probability of an interval of nonzero width

@ For a continuous random variable X with CDF F(x),

the probability of an interval of nonzero width is positive.

Pla< X <b) = F(b) — F(a) forany a<b

N —— — = = — —
7= — = e s — ~
Derivation Graphical interpretation
For any real numbers a < b, F(x)
. N A
Pla < X <h)=PX <b) = P(X <a) e e el L T ‘
|
= F(b) — F(a) L | |
i . = - i The probability that ‘
@ Because F(I) IS non-decreasmg, F(b) 2 F(a) F(Cl) ______________ : X falls in (a, b] equals
=) Therefore P(a < X < b) > 0. : t the vertical increase of '
: I the CDF from a to b.
( | I
I | |
Other equivalent forms 0 I I > X
e Plag<X<b)=Fb - F(a) For a continuous CDF, a b ‘

* Pla<X<b)=F(p) - Fla | F(b™ = F(b), bl

r - . Area interpretation: P(a < X < b) is the “area” under the CDF
e Pla<X<b)=FbB - F(a) so all definitions coincide.
between a and b.

\ J S -~
L8 AN )

o Intervals with positive length (b — a > 0) have positive probability. ‘ Only intervals with zero width (a = b) have probability zero.

- _—
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For a continuous random variable X with CDF F(x), the probability

Probability of intervals: properties

satisfies important properties that follow from the properties of the CDF.

of intervals For any real numbers a < b < c,

all probabilities below are > 0.

¥

Nonnegativity , Pla<X<b)=F0b)—-F(a=0

Probability of any interval is never negative.

Additivity over adjacent
intervals
The whole interval equals the sum of its parts (no overlap).

‘Pla<X<c)=Pla<X<b)+Pb<X<c)

Additivity over disjoint
intervals
Disjoint intervals add because probability on a single point is zero.

Pla<X<borc<X<d)=Pa<X<bh+Pc<X<d)

Monotonicity ifa; < ay S b, < by, then P(a, < X < b,) < P(ay <X < by) |

Larger intervals have greater or equal probability.

Symmetry by complement | p(x < a) + P(X >a) =1 and P(X > a) + P(X < a) = 1

Everything to the left or at a plus everything to the right is 1.

Total probability (Pl < X <) =1 |

The entire real line has probabilify 1l )

| @ with F(—OO) = 0 and F(+OD) =

1, and from P(a single point)

Graphical interpretation
F(x)

F(d)

F(c)

| F(b)

Oy i

c\- e ———

0 » X
d
EEEE .Y
Pla < X <b)=F(b) - F(a) P(b < X <¢) =F(c) = F(b)
PesX<d)=F@d)-F© | [ Pla<x <d) = F(d) - Fla) |

Az == ol

k.

All interval probability properties follow directly from the fact that the CDF F(x) is non-decreasing and right-continuous,

= (0 for continuous random variables.




Probability of intervals: examples

& L
P == ) = — ———— = — = = = ™
To compute the probability that a continuous random variable X falls in an interval, subtract the Pla < X <b) = F(b) — F(a)
CDF value at the lower endpoint from the CDF value at the upper endpoint. for any a < b
— = J
m N ( Graphical illustration )i
Finite interval F(x)
For a < b, P(a < X £ b) = F(b) - F(a) cop i Nt o e S N L B, = e
|
Example: If F(1.5) = 0.6 and F(—0.5) = 0.2, then F ) s eswsmswicsmn i :
@ B i |
P(-0.5 <X < 1.5 1= 0.6 — 0.2 = 0.4 T S S : :
= . y [ |
= = I I
9 One-sided intervals F(b) | i i
o Left tail: | P(X < a) = F(a)-F(-») = F(a) ] Example: If F(-1) = 03, Fla) Tor-mmommm=—g : I | :
; ? P(X £-1)=103 : : : :
¢ Right tail: - 5 Excamble: - 0 1 L L | > x
- ple: If F(2) = 08,
P(X>a) = 1-F(a
_ = : ¥ P(X >2)=1-08 =02 % b € d
> A" w |
© Entrerealline  [pi e cx <o) = Floo) —Floo) = 1-0=1 ) P(a < X < b) = F(b) — F(a) Pc < X < d) = F(d) - F(c)
The total probability is 1. P(b <X <c¢)=F(c) - F(b) P(X < a) = F(a)
s /I =
e N
Summary: For a continuous random variable, probabilities are computed using the CDF: Quick checklist
e Use differences of CDF values at endpoints. @ Identify the interval.
* Include —oco for left tails, o for right tails. o Read the CDF values at the endpoints.
e The probability of any interval depends only on its endpoints. @ Subtract: upper — lower.
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Probability density function

———— L= - — —

For a continuous random variable X with CDF F(x),
the probability density function (PDF) f(x) is defined as:

m—

V'

A

Visual connection

derivative

FO) = - F()

J

o The PDF f(x) describes how the probability is distributed along the real line.

It is nonnegative and its total area equals 1.

—

@
= N
d That is, the PDF is the derivative
fla) = = F(x) of the CDF.
S
-\I\I
PDF
f(x)A
0 > X
i

@ Intuition: The CDF accumulates probability,
the PDF shows how fast it accumulates.

1__-—
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Probability from the PDF

L
r N
For a continuous random variable X with PDF f(x), X2
N . | P(x; <X <x) = [ [f(x)dx
the probability that X lies between x; and x, is x4
S S
Ir R
| f(x)A
| L) PGy < X < x3)
= area under f(x)
from x; to x,
| |
| |
| |
| |
| |
0 ! ; > X




Normalization of the PDF

f —— R R . A

o For any continuous random variable X with PDF f(x), foo f( )d 1
x)ax =
— 00

the total area under the PDF over the entire real line equals 1:

f(x)A ( &
Important:
®

f(x) itself is not a probability.

e A probability is the area under f(x)
Total area = 1 _
over an interval.

e Values of f(x) can be greater than 1.

0 > X Only areas represent probabilities.
— 00 + 00 \
A -/
@ Remember: The PDF describes how probability is distributed, ‘| This helps avoid a common
but probability corresponds to an area. ~ student misunderstanding.

E— -~
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Mean, median and mode

@ @

Three important location parameters describe the “center” of a distribution,
each in a slightly different way.

b J
/ - - 5
(@f} 1. Mean éIA 2. Median A 3. Mode
Probability-weighted center. ( P(¥ < £.01) = P(X > #ron) = 1 ] Most probable value.
C J The value where the PDF is maximum.
fl)A f(:i)n Fx)A

AR

|
|
|
|
|
|
|
|
I
|
J!
7]

> X
> X
( i Xmode
u = ElX] = ij p; (discrete)
o’ The median divides the distribution

= f_w x f(x)dx  (continuous) into two equally probable halves. Mo s Qiencs f(x)

'S b i = & J A \ J
For symmetric distributions: mean = median = mode. For skewed distributions: mean # median # mode.

; -




Mean, Median and Mode: Three Ways to Describe “Typical”

o MEAN (u) - the average

-~

Right-skewed (asymmetric) distribution

The mean is the probability-weighted average. foo A
i l For a right-skewed distribution:
Discrete: = ) Xip; are-targe [
- Z;_ 2By values pull 1 Xmode < ¥median < M (Mean)
o0
Continuous: U = f x f(x) dx the mean |
_ —00 ) to the right. - Afewl
: : ew large values
" : [ extend the tail to the
9 MEDIAN (X edian) — the 50% point | i right and increase
lr;b:;ﬁi?:j;i? the distribution into two equal I’ £0% of the E 50% i 50% 1 ﬂ;mean.
& ) probability : : :
. N 1165 | I |
below the H H ;
< : = IS
P(X < Xmedian) = 0.5 ) median and Xeivde Fisidlin U (mean) x
| 50% above it.J f T \
e
9 MODE (Xx04e) — the most probable value N - : :
: it Mode: Median: Mean:
The mode is the value where the probability (or g i E
bability density) is greatest (the highest peak) elion ofthe diviess iy togt probebility-
pee ; * highest peak probability into weighted average
) ; 2 (most probable two equal halves of all values.
x : X) is maximum
mode f(¥) value). (50% and 50%). |
() Mean, median and mode answer different questions.
& There is no universally “best” measure of a typical value. N
Example in particle science These can be very different when

Why it matters in practice
« The mean is sensitive to extreme values.

» The median is robust and less affected by outliers.

+ The mode tells us where the population is most concentrated.

+ Which one is most useful depends on the physical problem.

; the size distribution is skewed!
In aerosol measurements we may report:

* Number median diameter (Dy,so) Next slide: How this locks for
+ Number mode diameter (Dy mode ) symmetric and asymmetric
+ Number mean diameter ( Dy, ) distributions. ﬁ




Practical Example: Particle Number Size Distribution

What is plotted? dN

This is a particle number size distribution.
P : : dlog D,
It shows how many particles we have in

il -
each size range. E:;:Sn:)
gy (particl =3 per )
——— (particles cm™" per log nm
dlog D,

Example aerosol

* Many small particles (~30-100 nm)

* Fewer medium particles (~100-300 nm)
* Very few large particles (>300 nm)

Number size distribution

< MODE (most probable)

Location of the highest peak.
Most particles are found
around this diameter.

dN
dlog D, vs D,

MEDIAN (50% point)

Divides the population into

MEAN (average)
two equal halves by number.

Probability (number)-

DN.mode =~ 80 nm

weighted average of
all particle diameters.

=
2N,

—» The distribution is right-skewed. 10 Dy mode 30

o Key message: For a skewed distribution, mean > median > mode.

All three are valid, but they represent different aspects of the same aerosol.

Interpretation in practice
@ Mode (DN,mode) — where the particle population is most concentrated by number.
@ Median (Dy 59) — half of the particles are smaller, half are larger.

0 Mean (Dy) — pulled toward the larger sizes by the long tail.

Q Always state clearly which weighting is used (number, surface, volume/mass)!

100 300 5 1000 D, (nm)

| Important: These are number-based quantities.
| They describe 50% of the particles by number,
| not by mass or volume.

Typical size ranges (example values)

Dy seode ~ 50 — 100 nm Most numerous size range
DN.SO ~ 100 — 200 nm Half the particles smaller, half larger
Dy ~ 200 — 400 nm Average shifted to larger sizes

Exact values depend on the aerosol source and conditions.



Which particles dominate depends on how we “weight” them.

v
o Number-weighted distribution
dN

dlog D,

Every particle counts equally (weight = 1).
Small particles dominate because they are far more numerous.

(particles cm ™2 per log nm)

() The same particle population — different distributions — different mean, median and mode.

e Surface-area-weighted distribution

ds wD? dN
dlogD,

2

(surface cm? cm™3

P dlog D, per log nm)

Each particle is weighted by its surface area (o< fo).
Larger particles contribute much more to total surface area.

dN Mode (most probable) ds Mode
dlogD, Dy mode = 80 nm dlogD, Ds mode = 150 nm
(arb. units) g (arb. units) I
s::i.:g :::r; (nit)lfvft?ir Median (Ds,s0) i
! =
in half: 50% and 50% Sao:fa";;ﬁ: ;‘;’:’i’;‘g | Mej“ (Ds)
] 1
| i |
: ! I i g i
10 0 100 300 1 000 10 30 100 300 1 000
D, (nm) D, (nm)
Typical order for right-skewed distributions: Typical order:
Dy mode < Dyso < Dy Dg mode < Dgso < Ds
weight by D? weight by D?
Number BNl »  Surface area e >——» Volume / Mass

Key takeaways

+ The same aerosol does not have one unique “characteristic particle size”.
It depends on how the particle population is weighted.

* Small particles may dominate number concentration,

while larger particles can dominate surface area and especially volume or mass.

» Always specify what you are reporting: number, surface, or mass (volume) based!

@ Why it matters

* Surface area — important for chemical reactions,

catalysis, condensation

* Number — important for counting, collisions, nucleation

* Volume / Mass — important for mass loading,
radiative effects, deposition, health impacts

Weighting reflects what matters for the physical process:
number of particles, surface area, or mass (e volume).

e Volume / Mass-weighted distribution
av dN

3
—— x D
dlogD, P dlogD,
(mass if density p is constant: dM/dlog D, « D3dN/dlogD,)

(volume cm? cm™ per log nm)

Each particle is weighted by its volume (e Dg).
Large particles dominate volume and mass.

Mode
2 Dy mode = 250 nm
dlog D,
(arb. units) !
I
Median (DV.SG] : Mean (DV)

50% of total volume I
(or mass) below/above i i
-

10 30 100 300 1000

D, (nm)
Typical order:
Dy mode < Dyso < Dy

As we weight more strongly by size, the distribution
@
- shifts to larger diameters.

7

The answer completely ,

changes the interpretation! ®

Always ask:

* Mean of what?

e Median of what?
« Mode of what?
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Symmetric vs. asymmetric distributions

. N

@ Distributions can be symmetric, asymmetric (skewed), or even bimodal.

The mean, median and mode behave differently in each case.

- J
- N N 7 \
1. Symmetric distribution 2. Skewed (asymmetric) distribution 3. Bimodal distribution

Perfect mirror image around the center. Not symmetric; has a longer tail on one side. Two distinct peaks (two modes).
fx) 4 Left-skewed Right-skewed Jx) A
(negative skew) (positive skew)

fx),

I
|
|
|
|
|
I
|
|
|
I

| |
| |
| |
| |
| |
| |
| |
| |

I > X t > X
J7] X > X mode, median mode,
mean = median = mode mean < median < mode mode < median < mean
Two modes; median lies between them.
(all equal)

L = S, 7

o Takeaway: The relative positions of mean, median and mode reveal important information about the shape and
character of a distribution.

; 4




Lecture 6 | Probability Distributions | 26 / 41

Variance

The variance measures the average squared deviation from the mean.

It quantifies the spread of a distribution.

.18

o e eSS ) A
Definition Discrete random variable X Continuous random variable X
| | 2 7 | | e
g = E[(X — 1) 0" = Z(xj = 1l p; o? = f (x — u)? f(x)dx
: —00
J
A bY i A 4
where u = E[X] is the mean. where x; are the possible values where f(x) is the probability
and p; = P(X = x;). density function (PDF).
= R, v
Small variance Large variance )

. fGh f(x
Note: A larger variance means data are more spread out; !

: i
a smaller variance means data are more concentrated f

|
|
|
|
|

around the mean. b > x
u
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Standard deviation

® 8
‘s I T e B o ™
@ The standard deviation is the square root of the variance.
g = v 0"
e -
g n I
. . f(x)lt 7 ™
Key interpretation: For many (bell-shaped)
- ) distributions:

The standard deviation describes the
' ' Plp—a= X <|+0
. characteristic spread around the mean. (1 K )

~ 68%

L J

Important: The standard deviation has

the same dimension as the variable.

! _—

;

Example: If X is measured in meters (m),

then o is also in meters (m). |
i 3

ﬁ___-—
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Full width at half maximum (FWHM)

The full width at half maximum (FWHM) is the width of a distribution

measured at 50% of its maximum (peak) value.

FWHM == xZ e xl

Used frequently for:

e spectral lines

N
e laser pulses _""UOMW
A

e beam profiles

e experimental distributions ’/\

1/ \\

o For a Gaussian distribution:. FWHM = 24/2In2 o0 =~ 2.3550

A



Why introduce moments?

Moments provide a systematic mathematical description of distributions.
They allow us to characterize a distribution step by step:

e G N it ™
LOCATION WIDTH ASYMMETRY SHAPE
) | —> = m=p .
(center) (spread) (skewness) (peakedness / tails)
A A oy N =4
L J
r N
Low-order moments describe the main features of a distribution:
2
- 4 1§ Y2
Mean (1st moment) m=p Variance (2nd central moment) w=p  Skewness (3rd central moment) == Kurtosis (4th central moment)
location (center) width (spread) asymmetry shape (peakedness / tails)
T x f x
M u <0 ¥1=0 >0 y2>0 y2=0 y2<0
shew-skewed)  symmetriy 'pauataad) (more peaked) (Gaussian) (flatter)
\ e,

o Takeaway: Moments summarize increasingly detailed information about a distribution: location — width — asymmetry — shape.



Lecture 6 | Probability Distributions |

Moments

Moments are expected values of powers of the random variable.
They form the building blocks for characterizing distributions.

p — =

i N ~y
The s-th raw moment First moment
ms = E[X®] my = E[X] =p
e The first raw moment is the expected value (mean).
Discrete: . . o o '
< e |t describes the location (center) of the distribution. ‘
me= 5

- 7 J{eo)\ |

: |

Continuous: |
o i ‘

s = j x5 (x)dx j
—00 l - X ‘

H=my

N o £
' ™\

| 0 Note: Higher-order raw moments (m,, mgz, my4, ... ) capture increasingly detailed aspects of the distribution.
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f(x)

Moments (continued)

Beyond the first moment, higher moments describe width, asymmetry, and shape.

These lead to important central (or cumulants) that isolate these properties.

Second central moment
(variance)

sz = E[(X — p)?] = o?

e Measures spread (width).

e g = /U, is the standard deviation.

I
|
|
I
I |
1] !
! 1
o H H+Oo

-~

i

~

b

T

Third central moment
(skewness numerator)

pz = E[(X — p)?]

]

Measures asymmetry.

Fourth central moment
(kurtosis numerator)

te = E[(X — p)*]

e Measures tailedness / peakedness

(shape).

e 3 > 0: right-skewed (tail to the right)

e Compared to normal distribution (kurtosis):

o s < 0: left-skewed (tail to the left)

¢ U3 = 0: symmetric

Left-skewed Symmetric Right-skewed * ¥
(u3 < 0) (U3 = 0) (U3 > 0)

s 1

Ha
Y:a:F‘3

0: leptokurtic (more peaked, heavy tails)
0: mesokurtic (normal)
0: platykurtic (flatter, light tails)

Note: Central moments are invariant to shifts of origin (depend on X — u ), so they describe shape independently of location.

In practice, we often use standardized moments (e.g., skewness y; = ;:413/03 and kurtosis ¥y, = ps/c* —3).
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Moments and the shape of distributions

]
g R
Moments summarize key aspects of a distribution.
Together, they determine many features of the shape.
LS =
'@ T T 7\
Fiest moment: {imear) e Determines the location (center) of the distribution. f(x) Bi < H2"<.ps
jie= E[X] e Changing p shifts the distribution left or right A A A
without changing its shape. . : . x
M1 Ha H3
Second central moment ® Measures the spread (width) of the distribution. f(x) o‘f < 0’% < U§
(variance) e Llarger 02 - wider distribution. J&K /\
b — E[(X — H)Z] e Smaller 62 - narrower distribution. ;; ,{L /:‘1\ X
Third central moment e Determines the asymmetry of the distribution. | ‘ |
(skewness) ® 115 > 0: right-skewed (long right tail) i {I i
s = E[(X _ #)3] ¢ 3 = 0: symmetric U m M X
® sz < 0: left-skewed (long left tail) puz >0 puz =0 Hz <0
Fourth central moment e Determines the peakedness (tail behavior).
(kurtosis) ® ¥y, > 0: leptokurtic (more peaked, heavy tails) f /\
I
L Ha e y, = 0: mescokurtic (normal) L t | X
Y2 = 2™ o ¥, < 0: platykutic (Ratter, light tails) - “ a
L _ i Qe e _ y2 >0 y2=0 y2 <0 J
r N

o Summary: u sets the location, o2 sets the width, u; sets the asymmetry, and ¥, sets the peakedness.
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Summary

-

3

@ @
'd
o Random variables e Distribution functions Location
" F(x) f(x) 1

¢ - | ! ; 5.

e . /\ /\ ¢ ) ¢
> | > mode median mean
. . X 1
Discrete / continuous CDF / PDF Mean / median / mode

S

~

o Dispersion

Variance / standard deviation / FWHM

.

9 Shape

NAWIN

skewness kurtosis moments

Moments / skewness / kurtosis

Discrete model

Binomial distribution
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QO000 OO

Take-home messages

A probability distribution describes both possible values and their likelihood.

Discrete variables assign probabilities to individual outcomes; continuous variables
assign probabilities to intervals.

The CDF and PDF provide complementary descriptions of continuous distributions.

Mean, variance and standard deviation describe location and spread.

Higher-order moments describe asymmetry and shape.

The binomial distribution describes the number of successes in independent repeated trials.

° Next lecture — Probability Distributions II




