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1 Introduction

In Chapter 2 we review the basics of Keplerian motion in a form suitable for
generalization to the perturbed case. The solution of the two-body problem is
given both in terms of dynamical constants and orbital elements, however the
accent is put on the former, as this is what we want to explore in more detail
in the perturbed case.

Chapter 3 contains the generic discussion of the perturbed two-body prob-
lem. In some cases the perturbation can be related to a generalized Lagrangian
(possibly depending on accelerations). We show how to derive the acceleration
from such a Lagrangian. Then in the rest of the chapter we develop the equations
governing the slow evolution of the Newtonian constants and of the reference
system constructed from them, in terms of the components of the perturbative
force (irrespective of whether these arise or not from a Lagrangian). The evolv-
ing Newtonian constants represent a sequence of Keplerian orbits with different
parameters, which match well the perturbed orbit at each point. The Keplerian
orbit with varying parameters represents the osculating orbit, a notion usually
employed for the ellipse.

Chapter 4 relates the variation in time of the Keplerian dynamical constants
to the evolution of the orbital elements. The latter are known as the Lagrange
planetary equations, equivalent with the evolution equations for the osculating
dynamical constants, provided a reference plane and a reference direction are
singled out.

In chapter 5 the osculating dynamical constants are derived explicitly in
terms of the true anomaly parametrization, which can be introduced exactly
as in the unperturbed case, due to a radial equation, which has an unmodified
functional form as compared to the unperturbed equation. The functional form
of the evolution law for the true anomaly however is modified.

In chapter 6 the eccentric anomaly is introduced exactly in the same way as in
the unperturbed case (same functional form). Its evolution is derived explicitly
and by a formal integration the dynamical law governing the perturbed motion,
the perturbed Kepler equation, is established. In the process the osculating
dynamical constants are determined as function of the eccentric anomaly, the
radial period of the perturbed motion is defined and the condition of circularity
of perturbed Keplerian orbits is analyzed.

As a first application of the formalism derived, we consider a constant per-
turbing force in chapter 7. Such a force can possibly act on a binary system
due to a distant supermassive black hole. This computationally simple toy
model allows to explicitly perform all calculations presented only formally in
the previous chapters. The osculating dynamical constants are determined, the
periastron shift computed and the perturbed Kepler equation written up ex-
plicitly. Another application is proposed as a problem to be developed by the
students.

The gravitational constant G is kept in all expressions. A vector with an
overhat denotes a unit vector, the only exception under this rule being n = r/r.
Time derivatives are denoted both by a dot or by d/dt.



2 Keplerian motion

The motion of two point masses under their mutual gravitational attraction is
characterized by the one-center Lagrangian:

2
I Gmyu
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Ly 5 + . (1)

where m = mj; + mo is the total mass, 4 = mymz/m the reduced mass,
r = ro —r; = rn, with r the relative distance and v the magnitude of the
relative velocity v = py/u, pn= 0Ln/Ov being the relative momentum). The
Lagrangian represents a particle of mass ;1 moving in the gravitational potential
of a fixed mass M. The Euler-Lagrange equations give the Newtonian acceler-
ation
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2.1 The one-center problem

The Lagrangian (1) describes the so-called one-center problem: a particle of
mass p orbiting a mass m fixed in the origin. It is obtained from the two-body
problem with dynamical equations

. Gmy
ry = 7“3 r,
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¥y = — r. 3
= (3)

These equations arise from the two-body Lagrangian
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By introducing the center of mass vector repr = (miry + meora) /M, then
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m
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and the two-body Lagrangian becomes
“bo Mi?
E?\[ body _ 20M + Ly . (6)
The dynamics (3) can be rewritten as:
d? Gm
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Eq. (7) is the dynamical equation (2), while Eq. (8) gives the evolution of
the center of mass, with the constants P representing the total momentum of
the system, and K/m the position of the center of mass at t = 0. The one-
center problem is obtained by transforming to the center of mass system, e.g. by
choosing P = K = 0. With this choice the two-body and one-center Lagrangians
coincide.

We note that according to the general N-body theory the differential order of
the dynamical system is 6 N —10 (given by 3N second order Newtonian equations
for the three coordinates of each particle, minus 7 constants of motion: the
energy, momentum and angular momentum, minus 3 scalars giving the position
of the center of mass). For the two-body system the differential order is then 2,
which means that we have to integrate twice in order to solve the problem.

When we reduce the two-body problem to the one-center problem, we go to
the center of mass system, reducing the differential order by 6 (three positions
and three momenta being fixed). Therefore the differential order becomes 6,
further reduced by 4 by the remaining constants of motion: the orbital angular
momentum vector and the energy, such that there are still 2 integrations to be
performed.

2.2 Constants of motion

The shape of a Keplerian orbit and orientation of the orbital plane are com-
pletely determined by the energy

0 w?  Gmpu
Ey=v- —Ly=|-1 | Ln=—F — 9
NVPNN|:+V8V:|N 5 o (9)
and orbital angular momentum
0
LN=rxpyv=|rX —|Ly=purxv. (10)
ov

It is straightforward to check directly that both are conserved.! There is another
constant of the motion, the Laplace-Runge-Lenz vector

G
AN =V X LN — mMI‘ s (11)
T
which satisfies the constraints
2EN L3
Ay = = (Gmp)? (12)
1
and
Ln-An=0. (13)

n contrast with the N-body problem, where the momentum, angular momentum and
energy are all constants of the motion, in the reduced 2-body problem (one-center problem)
the momentum py = Ly /Ov = pv of the reduced mass particle p orbiting the fixed total
mass m is obviously not a constant.



Due to the constraint (12) only one of its components is independent of the
other constants of motion Fn,Ln. Thus there are five constants of motion
altogether, which means that there is one integration left in order to solve the
problem. Due to the constraint (13) the Laplace-Runge-Lenz vector lies in the
plane of motion, determined by L (the direction of Ly). Its magnitude being
expressed in terms of En and Ly, the only independent information carried by
A remains its orientation in the plane of the orbit.

2.3 The orbit
2.3.1 Parametrization of the radial motion by the true anomaly

As the orbital angular momentum is constant, the plane of motion is conserved.
Egs. (9) and (10) imply that Newtonian dynamics is determined by En and
Ly, as encoded in the relations:

2F 2
v o= 2N Gm ’ (14)
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. Lx
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b= (15)

Here 1) is the azimuthal angle in the fixed plane of motion. As consequence of

v? = 72 4 122, a first order differential equation for the radial variable r (t)

(the radial equation) is found:

2By 2 L3
2o by 26m Dy (16)
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Egs. (15) and (16) give

T uANT

- (g - )
AN ,U,ANT
with the + (—) sign applying when r increases (decreases) in time. With the
change of variable

4 (G - i)

— wdy, (17)

Ly
= 18
" w(Gmp+ Ay cosy) ’ (18)
Eq. (17) becomes sgn (siny) dx = +di), solved for
X = 7/’ - 7/’0 ) (19)

the true anomaly angle x being 0 at the point of closest approach (the peri-
astron), where the azimuthal angle is ¢¥9 and r = rpy;,. This choice gives the
correct sign both when the point masses approach each other (at y < 0), and
when the separation increases (at x > 0). The most distant point of the orbit is
found for xy = 7 if Gmu > An (such that r stays positive). If the inequality is



strict, this represents the apastron and the orbit is bounded (r = ryax is finite
at x = &7 ). For Gmu = Ay the orbit opens up with r — oo, when x — +m.
For Gmp < Ay the orbit becomes unbounded (r — oo) already for certain x4
with |x+| < 7.

As discussed in Section 2.2, there are 5 constants of motion in the one-
center problem, therefore the differential order is 6 — 5 = 1. Although obtained
in an integration process, the expressions (18) and (19) represent only a new
radial variable (which happens to be an angle), and we still have to perform
the integration giving the complete solution of the problem. The remaining
differential equation is Eq. (15). By employing the true anomaly, this can be
rewritten as the coupled system:

ro= ﬁ sinx , (20)
dt Ko 2
- = . 21
ax v (21)

Eq. (20) shows that there are turning points (7 = 0) only at x = 0, 7. Before
carrying on the remaining integration, we discuss in more detail the Keplerian
orbits.

2.3.2 Conics

The orbit r (¢), as given by Eqs. (18) and (19), represents a conic section,
the intersection of a plane with a cone. We can see this by introducing the
parameter (semilatus rectum) and the eccentricity as

L%
b Gmp?’ (22)
AN
= —. 2
c Gmyu (23)

Eq. (23) relates the magnitude of the Laplace-Runge-Lenz vector to the ec-
centricity of the orbit. Due to the constraint (12) the eccentricity can be also
expressed in terms of Ey, Ly. According to our previous remarks, e € [0,1)
characterizes bounded orbits, while e > 1 is for unbounded orbits.

Eq. (18) becomes
p

" 1+ ecosy (24)

We can get further information on these orbits by rewriting the equation (24)
into Cartesian coordinates © = rcosy, y = rsinx. We get:

(1 — 62) 2 +y? = p? — 2epx with ex < p . (25)

When x = 0, the above equation gives y = +p, the points of intersection of the
conic with the y-axis. There are four distinct classes of conics, distinguished by



the value of eccentricity. Eq. (25) describes:

a circle (e = 0): w2yt =%, (26)
2
(m + 122) y?
an ellipse (0 <e < 1): 57— + s =1, (27)
(=) (=)
a parabola (e = 1): y: =p® —2pz, (28)
2
(62631 - :C) y2
a hyperbola (e > 1): - =1. (29

(=) (=)

All these curves are represented in the center of mass system (see Fig. 1), the
origin being the focus of the conics.

The orbit with e = 0 represents a circle with radius p.

The orbits with e € (0,1) are ellipses. Eq. (27) gives their semimajor and
semiminor axes as a = p/ (1 —e?) and b = p/v1 — 2. The distances of the
apastron and periastron measured from the focus are found either from Eq.
(24) for x = 7,0 as rmax = p/ (1 F e) = a (1 +e) or from Eq. (27) for y =0 as
x = Frmax. The distance between the focus and the center of symmetry of the
ellipse is @ — rmin = ae (the linear eccentricity).

For e = 1 Eq. (24) represents a parabola and for e € (1,00) a hyperbola.
Their point of closest approach to the focus is given by rmi, = p/2 for the
parabola and rmin = p/ (1 4 e) for the hyperbola. Both are unbounded orbits
with lim, o, X = £7 for the parabola and lim,_, . X = x+ = Farccos(—1/e)
for the hyperbola. This means that at infinity the two branches of the parabola
become parallel (and horizontal), while the two branches of the hyperbola
asymptote to the directions y+. For e — oo the hyperbola becomes a straight
line, with x3° = £7/2. In analogy with the ellipse, for the hyperbola we define
a=p/(e?—1) and b = p/ve2 — 1. Then for both the ellipse and hyperbola
the parameter can be expressed as p = b?/a.

By shifting horizontally all points of a conic with a distance which is e~
times their distance from the focus, we obtain 24 = e~ 1r+r cos x = p/e =constant,
which defines a vertical line, the directrix. The constant x4 is also known as
the focal parameter. The focus, the directrix and the eccentricity represent an
equivalent definition of the conics (the circle being an exception). For an ellipse,
the distance between the symmetry center and the directrix is p/e + ae = a/e.
(The circular orbit limit p = a = b becomes degenerated: for a given radius and
center the directrix is shifted to infinity; while for a given directrix and center
at finite separation the radius becomes zero.)

1

10



Figure 1: Circular (e = 0; brown), elliptic (e = 0.5; red), parabolic (e = 1;
green), hyperbolic (e = 1.8; purple) orbits and the directrices for the ellipse,
parabola and hyperbola, represented in the center of mass system (the origin is
in the focus of the conics). The parameter (here p = 2) defines the intersection
points of the conics with the y-axis. While the circle and the ellipse run over
the whole allowed domain y € (—m, 7], the parabola is depicted only for the
range y € [—2.35,2,35] and the hyperbola for y € [—1.92,1.92]. All represented
orbits have the same orbital angular momentum, but different energy E§"c#er <
E]c;/lvlzptzc < E%arabolzc —0< E]ft]yperbolzc-
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2.3.3 Dynamical characterization of the periastron

For non-circular orbits we introduce the following orthogonal basis in the plane
of motion, constructed from the constants of motion:

2F G
AN = (—N + _m) r—urrv
1 r
Qn = Ln x An = Gmplir+ (L?V — Gm/fr) V. (30)

Thus for generic orbits the unit vectors
{f3)} = (An, Qn, L) (31)

form a fixed orthonormal basis. The position and velocity vectors in this basis
are:

r = %(pAN—i—aQN), (32)
v = TAn+)\Qn, (33)

with coefficients
Pl Gm oDy (E Gn) gy

[We note that in terms of the coefficients (34): Ly = pA — o7.]
The coefficients (34) can be rewritten in terms of the true anomaly by using
Egs. (12), (18), and (20):

p = urcosy, o =pursiny ,
Anv+G
T = - mﬂsinx, A= AN Empcosx. (35)
LN LN
The position vector (32) thus becomes
r=r (AN cos x + Qn sin x) . (36)

At the turning point(s) of the radial motion the position vector is aligned with
the Laplace-Runge-Lenz vector: r = rcos YAN. At the periastron r(y = 0) =
FminAn, therefore we conclude that the Laplace-Runge-Lenz vector points to-
ward the periastron.

The basis {f’, I:N X f‘} is related to the basis {AN, QN} by a rotation

with angle x in the plane of motion, which is also obvious from the definition

12



of the true anomaly. In this basis in terms of the true anomaly the velocity is
expressed as

Gmu

" N A
V:H —Ansiny + Qn (costrG—wj;fu)] . (37)

In summary Ly gives the plane of motion, two of the three dependent quan-
tities (En, Ly, An) determine the shape of the orbit, finally Ay indicates the
position of the periastron. This completes the characterization of the Keplerian
orbit in terms of dynamical constraints.

2.4 Solution of the equations of motion: the Kepler equa-
tion

Eq. (21) can be rewritten as [see Eq. (72)]:
2L%; (14 tan? %) d (tan %)

dt =
2
1 (Gmp+ Ay)? (1 4 Gmu— AN ap?2 2)

(38)

Gmu+An

We introduce y = tan (x/2) as a new integration variable. There are three cases
to consider, depending on the sign of (Gmu — An). For circular or elliptic orbits
a= (Gmu — An) / (Gmpu + An) € (0,1], for parabolic orbits Gmu — Ax = 0,
while for hyperbolic orbits 8 = —a = (Ay — Gmp) / (Ax + Gmu) € (0,1).
Therefore in each case we evaluate one of the integrals:

(1+y2)dy _ 1+4a 1/2 l—a o'?y
el R T R
/(Hy) = y+%y3, (40)

(1+y?)dy _ B-1 1/2 1+8 Y%
e R R e e | B

2.4.1 Circular and elliptic orbits

It is straightforward to introduce the variable

[Gmpu — An X
=,/——""tanZ= 42
Gmu + Ay an2, (42)

in terms of which [employing the result (39)] the remaining dynamical equation,
Eq. (38) can be integrated as

t—ty=2G L e arcta Av _@ (43)
—tg =2Gm rctany — —— )
0 —2EN Gmp 1+ 1422
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With the change of variable

r = tan

(44)

DO [y

this gives the Kepler equation

1z 3/2 An .
t—to=Gm <_2EN> (5 = Gmp sm§> . (45)

The parameter £ is the eccentric anomaly, and as can be seen from its definition,
Egs. (42) and (44) it passes through the values 0, &, £27, ... together with x.
From & = 0 to £ = 2x the time elapsed is t — tg = Ty, thus we find the radial
period

u O\
Tn =2 . 4
N ﬂ'Gm<2EN) (46)

2.4.2 Parabolic orbits

By employing Eq. (40), the equation (38) integrates as:

L3 X 1 X
t—ty=—2 (tanX 4 - tan32 ) . 47
0 QGQmQ;LB(an2+3 o 2) (47)

This is the analogue of the Kepler equation for parabolic orbits. The motion
along each branch takes infinite time: lim, 4+~ (t — t9) = £o0.

2.4.3 Hyperbolic orbits

By employing Eq. (41) and introducing the variable

Ay — Gmpu X .
= SN X o 48
z An T Gmp an o =iz, (48)

the equation (38) integrates as:
3/2
12 AN z
t— tO = -2G'm (E) (arctanh zZ — G—Wﬁ) . (49)
With the further change of variable

z = tanh g (50)

we obtain the analogue of the Kepler equation for hyperbolic orbits:

M 3/2 AN

14



periastron most distant point

T'min Xmin gmin Tmax Xmax gmax
elliptic orbits a(l—e) 0 0 |a(l+e) +7 +7
parabolic orbits £ 0 - o0 +7 -
hyperbolic orbits | a (e — 1) 0 0 00 +arccos (—1)  —i(+00)

Table 1: The values of the radial coordinates at the points of closest approach
and maximal separation. The circular orbit limit arises at e — 0 from the elliptic
orbits, however for circular orbits the definition of these points is ambiguous.
For parabolic orbits, the eccentric anomaly parametrization remains undefined.

Again, the travel time to x4+ = +arccos(—1/e) is infinite. In order to show
this, first we remark that

/e—|—1 /AN—i-Gm,u
AE 2
tan o1 AN Gmu (5 )

such that Egs. (48) and (50) give (+ = 2 arctanh (£1) = £oo0, irrespective of
the value of eccentricity. Thus, lim¢_¢, =400 (t — to) :I:oo.

Remarkably, the equation (51) can be obtained from the Kepler equation
(45) derived for circular / elliptic orbits, by the substitution ¢ — —i¢. The
relation between the variable ¢ and the true anomaly x also emerges from Eqs.
(42) and (44) with the same substitution.

We summarize these in Table 2.4.3:

2.4.4 The eccentric anomaly: a summary

In the circular and elliptic case we have introduced the eccentric anomaly cf.:

§  |Gmp— Ay X
tan 5 =\ Gyt Ax tan 5 - (53)

There is no parabolic limit for this equation, however it turned out that it can
also be employed in the hyperbolic case, with the change & — —i( .

There is actually much simpler to obtain the Kepler equation, provided
we already define the eccentric anomaly before integration. Passing to the £
variable in Eq. (18) by straightforward trigonometric transformations? gives
the eccentric anomaly parametrization of the radial variable

~ Gmp — Ay cos§

54
Tohy (54)
Taking its time derivative and employing Eq. (20) gives

N siny = €sin€ . (55)

Ly

2The most quicker way would be to employ the forthcoming second relation (76).
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Then with the help of Eq. (53) we eliminate y and obtain:?
' Copo\ /2
ré = < N) : (56)
L
With r (§) given by Eq. (54) and Ty by Eq. (46) this becomes
2mdt 1_ An
Ty dé Gmp

cos& , (57)

a relation, which immediately integrates to the Kepler equation (45). In the
circular and elliptic cases Ty represents the orbital period.

In terms of the eccentric anomaly the radial motion and time are parametrized
thus as given by Eq. (54) and

AN
Gmu

ny (t—to) =& — sing , (58)
where ny = 27 /T is the mean motion and ¢y an integration constant, the time
of periastron passage. It is also customary to quote the left hand side of the
Kepler equation (58) as the mean anomaly

MN:TLN (t—to) y (59)

and My = —nyto the mean anomaly at the epoch.
Eqgs. (54)-(58) are also valid for the hyperbolic case, with Ty given by its
definition (46) and by replacing & — —i(.

2.5 Orbital elements

When a reference plane (given on Fig. 2 by its normal Z) and a reference axis
% on it are given (these define an orthonormal reference basis), the orientation
of the orbit can be characterized by three angles. The intersection of the plane
of the orbit and the reference plane defines the node line. The angle subtended
by the plane of motion with the reference plane, ¢ (the inclination); the angle
subtended by the reference direction with the ascending node, Q (the longitude
of the ascending node) and the angle between the ascending node and periastron,
w (the argument of the periastron) are the three angular orbital elements. When
the origin of time is chosen at the passage on the ascending node, w = .
Instead of w sometimes the longitude of the periastron, w = 2 + w is chosen.

The orthonormal basis (31) is expressed in the reference system in terms of
the above angles (see Fig. 2) as:

A cosw  sinw 1
<Q§) B <—sinw Cosw)(ﬁl)’ (60)

sin ¢ sin 2
—sin ¢ cos €
cos L

~

Ln

; (61)

3The most quicker way would be to employ the forthcoming first relation (76).
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where the unit vectors

cos ) — cos ¢ sin €
= sinQ ) m= cos ¢ cos 2 , (62)
0 sine

point along the ascending node and perpendicular to it in the plane of the mo-
tion, respectively. Therefore once the reference plane and direction are chosen,
Ly and Ay are equivalent with the angles (¢, Q) and w, respectively.

A fourth orbital element is the time of periastron passage, tg. Alternative
options for the fourth orbital element are ¢ = @ + My (the mean longitude at
the epoch) and e* = ¢ + nyt — [ nydt.

The parameter p and eccentricity of the orbit e are the two remaining or-
bital elements. From Eqs. (12). (22), and (23) we can express the dynamical
constraints as function of them:

LYy = Gmp’p, (63)

Ay = Gmue, (64)
Gmpy (62 — 1)

E Rl A

We see that for a given value of L3, (fixing the parameter), the circular, elliptical,
parabolic and elliptic orbits have the energies

' GQT)’LQ,LLB
E]c\}rcular = —— <0 ,
2L%
o G2 2,3
pelistie _ _# (1-¢*) <0,
N
ER}arabolic = 0 ;
) G2 2,3
El}i[yperbollc — # (62 — 1) > 0 s (66)
N

respectively. Thus for a given L%, the energies of the orbits obey E]C\i,r‘sul"‘r <
Eje\}hpmc < E%arab(’hc =0 < Ekfyperbom. In terms of dynamical constants
the circular orbits are characterized by ASFeuar = () the parabolic orbits by
Eparabolic =0

N =0.

For elliptical and circular orbits the role of the parameter as an orbital
element can be taken by the semimajor axis a = p/ (1 —€?). Eq. (65) then
gives

ircular, ellipti Gmpu
E;:\;rcu ar, elliptic — 2a . (67)

2.6 Kinematical definition of the parametrizations for the
elliptic and parabolic motions

The parametrization of the orbits in the plane of motion relies on the knowledge
of their geometrical characteristics p and e. An alternative procedure, relying

17



Figure 2: The horizontal plane, defined by its normal Z is the reference plane.
On it, a reference direction %X is chosen. The plane tilted with the angle ¢ (the
inclination) is the plane of motion, defined by the vectorsr, v, or equivalently by
its normal Ly. On the plane of motion three orthonormal bases are frequently
used. These are {f‘, Ly ¥ f'}, {1 m = Ly x } and {AN, Q=1Ly x AN},
where 1 and Ay point along the ascending node (the intersection line of the
two planes) and towards the periastron (the point of closest approach). The
azimuthal angle for 1 measured from % in the reference plane is  (the longitude
of the ascending node). The azimuthal angle for AN measured from 1 in the
plane of motion is w (the argument of the periastron). Note that the projection
of Ly into the reference plane is also contained in the plane spanned by LN
and Z. As both these vectors are perpendicular to 1 so is the projection of L.
Therefore the azimuthal angle of Lx measured from %X in the reference plane is
Q —7/2, while its polar angle is ¢. The azimuthal and polar angles of the vector
m are /2 + Q and 7/2 — ¢, respectively. Finally, the true anomaly x is the
azimuthal angle in the plane of motion of the position vector r.

18



on kinematics, would be much useful for generalizing to a perturbed Kepler
motion. Such a description can be built from the knowledge of the turning
point(s), defined as 7 = 0. This gives two turning points rmax for the ellipse and
one turning point rn;, for the parabola and hyperbola. Therefore a description
based on the turning point(s) rather than (p, e) can be worked out for the elliptic
and parabolic orbits (as the latter is characterized by p alone).

2.6.1 Elliptic orbits

For elliptic orbits an alternative way to find the solution (18) of the radial
equation (16) is to follow the two steps:
(a.) determine the turning points r_,. from the condition 7 = 0. To Newto-

max

nian order the solution is r,,.. = r+ given by

_ L?V _ Gmu + Ay
p(Gmp F Ay) —2Ey 7

T+ (68)

(bl.) define the true anomaly parametrization as

2 1 1 1 1
—( + >+< - )cosx, (69)
r Tmin Tmax Tmin Tmax

Then it is straightforward to verify that Eqs. (18) and (21) hold.

An equivalent form of the solution of the equations of motion can be given
in terms of the eccentric anomaly £, an alternative definition of which is

(b2.)

2r = (Tmax + Tmin) - (Tmax - Tmin) cos¢ (70)

It is immediate to verify that the following relation holding between the two
parametrizations is equivalent with the definition of £ given in the preceding

subsection:
X r V2o
tans = | 2= tan = . 71
an 5 (Tmin ) an 5 (71)
4

We also mention the follow-up relations:

2 (Tminrmax)1/2 Sinf
(rmax + Tmin) - (rmax - Tmin) COS& ’
(Tmax - Tmin) - (rmax + Tmin) COS&

- - . 74
X (Tmax + Tmin) = ("max — Tmin) COS& (74)

siny =

4These can be derived from the trigonometric relations

2

1 —tan 2tan

X

2 .
_ 3 -y 72
cosX 1 + tan? % SHX 1 + tan? % (72)

and their inverse (written for &)
1— .
tan? £ = cosé , tané = sing . (73)
2 1+ cos§ 2 14 cos§
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This form of the true and eccentric anomaly parametrizations will be particu-
larly suitable in discussing perturbed Keplerian orbits.
Egs. (74) can be rewritten by employing Eq. (70) as

. 1/2 .
rsiny = (rminrmax)/ sin¢ ,

2rcosy = (Tmax + Tmin) cos§ — (Tmax — Tmin) - (75)

The turning points 7,... = 7+ being given by Eq. (68), we find (rminrmax)l/Q =

LN/ (_QMEN)1/23 Tmax T Tmin = Gm,U// (_EN) and Tmax — Tmin = AN/ (_EN)-
We obtain:

. Lysiné
rsiny = ————— |
(—2uEx)"?
G —A
rcosy = —m,u(:(;sEf N (76)
—2FkN

2.6.2 Parabolic orbits

The true anomaly parametrization (69) can be extended for this case. In the
limit 7pax — 00 it becomes
27"min

= “Tmin 77
: 1+cosx ’ (77)

in accordance with the conic equation (24) and the earlier remark p = 2r;,, for

the parabola. Therefore the true anomaly parametrization can be used in the
description of parabolic orbits.
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3 The perturbed two-body system

The dynamical constants and orbital elements of the Keplerian motion slowly
vary due to perturbing forces. In this section we discuss this variation.

3.1 Lagrangian description of the perturbation

The motion of two bodies under the influence of generic perturbations can often
be characterized by a Lagrangian:

L(r,v,a,t) =Ly (r,v)+ AL(r,v,a,t) , (78)

where AL represents the collection of perturbation terms. We allow AL to be
of second differential order (depending on coordinates, velocities and accelera-
tions). The Euler-Lagrange equations in this case are:

0 d 0 d? 0
(a‘aa—ﬁﬁ@)ﬁ:o- (79)

We define the acceleration in the perturbed case as

1d 0
a=———Ly . 80

W dt ov N (80)
Remembering the definition of the Newtonian acceleration, Eq. (2) and with the
remark that the Newtonian part of the Lagrangian is acceleration-independent,
we can rewrite Eq. (79) as:

. 1/0 d 0 a? 9
AaaaN;(a%EjL@%)Aﬁ' (81)

The quantity Aa is of the order of perturbations. Because of this, whenever
accelerations or its derivatives appear when the right hand side of the above
equation is evaluated, they can be replaced by the corresponding Newtonian
expressions.

3.2 Evolution of the Keplerian dynamical constants in
terms of the perturbing force

We decompose the sum of the perturbing forces per unit mass Aa in the (slowly
evolving) basis {f;} as:

Aa=aAy + fQn + 7L - (82)

We can apply the forthcoming description of the perturbed Keplerian motion
based on the components «, [, v even when a Lagrangian description is not
available.

The Keplerian dynamical constants are not related to the symmetries of the
perturbed dynamics, and are not constants of motion in general. Nevertheless,
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they are useful in monitoring the evolution of the orbital elements, as will be
discussed later in this Section. In this subsection we wish to determine their
variation as function of the components «, 3, 7 of the perturbing force.

The time derivative of Eq. (14) gives

En =pv-Aa. (83)
In the basis {f(i)} = (AN, Qn, fJN) it becomes:
En =p(ra+A3) | (84)

with the coefficients given in Eqgs. (35). We note that the angle x involved in
these coefficients is spanned by An and ', as in the unperturbed case and will
be denoted X, in what follows.

The Newtonian orbital angular momentum evolves as:

Ly = pr x Aa . (85)
In the chosen basis we find
in =7 (AN~ pQn) + (o8 — 70) Iy . (86)
Employing the generic formula for the time derivative of any vector V,
VUV o (87)

both the evolution of the magnitude and of the direction of the Newtonian
orbital angular momentum are found:

Ly = pB-oa, (88)
d - y o A . I o
Tin = —(A ) In =7 trxi
o N In p. N+O’QN X LN ’}/LNI‘X N , (89)

The last equation describes the change of the orbital plane.

The Laplace-Runge-Lenz vector also evolves in the presence of perturbations.
This can be seen by computing the time derivatives of Eq. (11) and recalling
that AN is a constant of the Keplerian motion:

AN = AaxLN+vxLN
= p2(v-Aa)r—(r-Aa)v—(r-v)Aa] . (90)

Computation gives
An=(BLy +Ain) An = (aLy + 7L ) @ =7 (rp+ A0) Iy, (91)

from which we identify

AN = ﬂLN+>\LN , (92)
%AN = ﬁ v (Tp+ Ao) QOn - (aLy + 7Ly ) Ln| x AN, (93)
d
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The last equation describes the evolution of the periastron, composed from a
precessional part in the plane of the motion (about EN) and a coevolution with
the plane of motion.

With the expression of the coefficients (35) the evolution of Ey, Ly and
Ap are obtained explicitly as:

2 (AN + Gmpucosxp)

EN = — i sinxp—l—ﬁ'u 5
Ly
Ly = pr (Beosxp —asinyy) ,
. AN + Gmy cos .
Ay = BLy+& 17 a Xpm’ (Beosxp —asinyy) . (94)
N

Note that the time derivative of Eq. (12) gives an identity with the above
evolutions and employing the true anomaly parametrization (18), therefore the
algebraic relation (12) continue to hold in the perturbed case.

The evolution of AN and fJN will be given in explicit form in the next
subsection.

3.3 Precession of the basis vectors in terms of the per-
turbing force

As a by-product of the calculations of the subsection 3.2, we also obtained the
precession of two of the basis vectors {f(i)}. The precession of the remaining

basis vector of the basis {f(i)} can be derived from its definition QN = LnxAN.

. L Ly -
LAN—Q N+T Ni

In . N| X QN . (95)

d -

EQN =17
Inserting the explicit expression (35) for the coefficients p,o, 7, A (with x, in
place of x) in the Egs. (89), (93) and (95) we obtain the explicit expressions of
the precessional motion of the basis vectors (31):

.

fi) = Q) x 1) (96)
with
T Sin Xp A
Qq = X
(1) "Iy QN
[ L Gmprsi 1+
— _aﬁ + (asiny, — Bcos xp) % Ln, (97)
UT COS Xp 2
Q = y—=A
(2) Y Ly N
[ L Gmprsi 1.
- _aﬁ + (asin xp — Bcos xp) % Ln,  (98)
T COS Xp 2 rsiny, a
Qs = T2 7 I 7 2Qn, (99)
N N
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As f(5) x f(3) = 0, we can add to the above expressions of };) terms proportional
to f(3), such that we have a single angular velocity vector 2, with components
in the {f(i)} basis:

T COS rsin L Gmyy?rsin
Q, = (yﬂ LNXp,yu LNXP’_ aﬁ + (asin xp— B cos xp) #}) )
(100)
Then
f(1) =Q x f(l) . (101)

The expressions (83)-(100) manifestly vanish in the Newtonian limit together
with either Aa or the coefficients «, 8 and ~.

A couple of immediate remarks are in order:

(a) If v = 0 (no perturbing force is pointing outside the plane of motion),
fJN (the plane of motion) is conserved, while both AN and QN undergo a
precessional motion about L (in the conserved plane of motion).

(b) If @« = B = 0 (the perturbing force is perpendicular to the plane of
motion), then An undergoes a precessional motion about QN and vice-versa,
while IA_;N about r.

3.4 Summary

The perturbed bounded Keplerian motion can be visualized as a Keplerian
ellipse with slowly varying parameters. The semimajor axis a and eccentricity e
can be defined exactly as in the unperturbed case, from the dynamical quantities
En and Ap. The evolution of a, e can be inferred then from the evolutions of
En, An. The orbit therefore rather of being an exact ellipse should be thought
of as a curve which can be approximated in each of its points by an ellipse with
these slowly varying parameters a, e. This description is known as an osculating
ellipse.

Whenever the force depends on X, only, the evolution equations (94) (sup-
plemented with the additional evolution equations of any dynamical variable
- like the spins - possibly contained in «, () give the radial evolution of the
binary system (provided an equation dt/dx;, holding in the perturbed case is
provided - this will be given in chapter 5.1). The additional equations (89) and
(93) give the angular evolutions, e.g. the evolution of the orbital plane and of
the precession of the periastron in the orbital plane.

The equations (84), (89), (92) and (93) are equivalent with the Lagrange
planetary equations for the orbital elements (a, e, ¢, Q, w) of the osculating orbit,
as will be shown in the next section. However the use of the above mentioned
system of equations has the undoubted advantage of being independent of the
choice of the reference plane and axis.
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4 The Lagrange planetary equations

In chapter 3 we have discussed in detail the evolution of a perturbed Keplerian
system, relying on the corresponding evolution of the Keplerian dynamical con-
stants. An alternative approach to this problem is represented by the Lagrange
planetary equations. In this section we prove that they are equivalent to the
evolution equations of the dynamical constants.

4.1 Evolution of the orbital elements in terms of the evo-
lution of Keplerian dynamical constants

We have seen that in the presence of perturbations the Keplerian dynamical
constants Fn, Ly and An slowly vary. Due to perturbations a related slow
evolution of the orbital elements also occurs. In this subsection we determine
the latter as function of the former.

From Egs. (63) and (64) we find

In = [GmpPa(l — €?)] Yz
a eé - d -
An = Gmpu (éAN + e%AN) (103)

The time-derivatives of Eqs. (61)-(62) give generic expressions for the time-
derivatives of 1, m and Ly in terms of the time-derivatives of the angular orbital
elements:

R . .
Z = Q (COSL m —sine LN) , (104)
d . . -
Erh = [(Ln—Qcost ], (105)
d ~ . N
Yin = —it+Osined, (106)

From these and the time derivatives of Egs. (60) we obtain:

d ; . N
EAN = (w + Q cos L) QN
+ (L' sinw — QsinLcosw) L, (107)
d . -
EQN = —(d)—l—QCOSL) AN
+ (L' cosw + Qsianinw) L . (108)

Then the projections of the Eqs. (102)-(103) give the time derivatives of 5
orbital elements as functions of the time derivatives of the Keplerian dynamical
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constants:

Ln -1t
P = — N : (109)
(Gmp2a(1 - e2)]'/?
Q = Ly -1 7 , (110)
[Gmp2a(l —e?)] /" sine
A A L -1) cote
. An - N
TR L o
mue [Gmp2a(l — e?)]
v -1 e(An-An
a = 2a Ly - Inv + ( ) ) (112)
[Gmp?a(l — 62)]1/2 Gmyp (1 —€?)
An-A
¢ = ET,UN (113)

4.2 Evolution of the orbital elements in terms of the per-
turbing force

Based on the expressions

]:N = LNQQAN — LNQIQN + LNEN s (114)
An = AnAn+ANQ3Qn — AnQoln (115)

with the coefficients derived in the previous section, the relations (60) between
the basis vectors in the plane of motion, and on Egs. (63) and (64) giving Ly
and Ay in terms of orbital elements, the variation (109)-(113) of the orbital
elements can be expressed in terms of the perturbing force components as:

i = Qicosw—Qysinw , (116)
a - Qs cosw'—i— )y sinw 7 (117)
sin¢
w = Q3—(Qacosw+ Qg sinw)cote (118)
. LN SAN
a = 2a + , 119
[Gmp2a(l —e2)]/?  Gmu (1 —e?) (H9)
Ay
e = . 120
é G (120)

From the above relations and the expression of the angular velocities (100) one
readily finds that

_tan(wtxy)
B sine '

O (121)
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The expressions giving the variation of the angular orbital elements can be
given explicitly by inserting the corresponding elements of the angular velocities
(100) and employing Eq. (18) given in terms of the orbital elements as

= M (122)
1+ecosyy
together with Eq. (63). We obtain:
1/2
o a(l—e?) / cos (w + Xp)
P = , (123)
Gm 1+ecosxp
1/2 _
o a(l—e?) sin (w + xp) 194
= 7 . ; (124)
Gm sine (1+ecosxp)
1/2
o a (1 — 62) /
v Gm

« (1+e cosxp+sin2 xp) — Bsin X, cos xp+ve cot tsin (w+xp) (125)
X
e(l+ecosxp)

Thus the angular orbital elements ¢ and §2 are changed only by perturbing forces
perpendicular to the plane of motion, while w is changed by any perturbing
force. If the perturbing force is such that the plane of motion is unchanged
(v = 0), then 1 is also unaffected, and the change in w can be interpreted as
pure periastron precession: w = Q3 and Aw = Aty. (Otherwise stated v = 0
implies 1 = Qs =0.)

Note that the «, B-parts of w become ill-defined in the limit e — 0. This is
however not surprising, as w cannot be defined for circular orbits.

The expressions (119)-(120) can be further expanded by employing Egs.
(94), obtaining

. 2(13/2 .

"o W [6 (e+cosxp) — asinx,] (126)
m — €

. [a(l—e?) 12 B (142¢ cos xp+cos? X, ) —a (e+cos x,) sin X, (127)

e = Gm 1+ ecosxy

Thus the orbital elements a, e are not changed by perturbing forces perpendic-
ular to the plane of motion.
Egs. (123)-(125) and (126)-(127) are the Lagrange planetary equations.
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5 Orbital evolution under perturbations in terms
of the true anomaly

In this section we return to the characterization of the orbit and dynamics in
terms of the dynamical constants of the Keplerian motion. Although the La-
grange planetary equations are widely used, we find more convenient to discuss
the perturbed Keplerian problem based on the equivalent set of equations (84),
(89), (92) and (93), derived earlier in the subsection 3.2.

5.1 The perturbed Newtonian dynamical constants

As the basis{f(i)} is comoving with the plane of motion and the periastron, the
position vector _
r = xzf(i) (128)

with components

rt =7 cos xp, x? = rsin x,, 3 =0 (129)

changes according to (see also Appendix A)

v = :L'Zf(l) + :sz(l) = xzf(l) + ' x f(l)
= (' =) £ (130)

where €’ jk is the antisymmetric Levi-Civita symbol and 2* are found as the time
derivatives of the coordinates (129).

Then, starting from the definition of the Newtonian orbital angular mo-
mentum, Eq. (61), and employing the relations (128)-(130) and the angular
velocities (100), we obtain by straightforward algebra (see Appendix A)

Ln = pur? (Xp + Q3) L (131)

This reduces to the manifestly Newtonian expression, whenever Q23 = 0, thus
whenever Ax does not precess about L.

Similarly, starting from the definition of the energy, Eq. (9), by the same
method (see Appendix A) we obtain

PR3 Gmp
2 r

pr?
En = +ur?x, Qs + TQ% . (132)
(The last O (aQ, af, 62) term can be dropped in a linear approximation.)
Again, whenever (23 = 0, the Newtonian expression is recovered.
Therefore the Newtonian energy and Newtonian angular momentum share
the properties, that modulo 3 terms they reduce to manifestly Newtonian
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forms. We can express x, from Eq. (131) as®
v, = — — (3 . 134
Xp ,ur2 3 ( )
Inserting this to Eq. (132), we obtain the radial equation

2F 2G L3
P2 2N T SN (135)
7 rooptr?

Finally, starting from the definition of the Laplace-Runge-Lenz vector, Eq.
(11) and employing the relations (128)-(130) and (131), we can deduce (see
Appendix A) its evolution as

An = [wr®xp (Fsinxp + X cos xp) — Gmycos xp
+ ur?Qs (7 sin x, + 21X, cos xp + 73 cos xp)] An
- [;u"pr (7 cos xp — TXpsin xp) + Gmpusin x,
+ ur?Qs (7 cos xp — 21X, sin x, — Qa7 sin Xp)] Qn . (136)

By inserting in the above relation x, given by Eq. (134), all Q3 terms cancel
out and we obtain:

{<_ - Gmﬂ) cosXp + LnT SlnXp:| Ax
12 .
+ [<M—N - Gmu) sinx, — L7 cosxp] Qn - (137)
As Ay = AyAn:
L2
Ay = (ﬁ - Gmﬂ) cosxp + Ln7siny, , (138)
L2
0 = (ﬁ — Gmﬂ) sinx, — Lyrcosxp . (139)

Solving for r and 7 gives

N _Gmp = An cosxp ,
ur
Ly = Ansinyy . (140)

The derived expressions r (x,) and 7 (xp) are identical with the zeroth order
true anomaly parametrization r (x) and zeroth order expression of 7 (), Eqgs.

5This also arises from the relation

L .
d}+Xp=—]\;fﬂCOSL (133)
ur

derived in Ref. [1], after inserting the relations (117) and (118).
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(18) and (20), respectively. Therefore the true anomaly parametrization yx, is
introduced exactly in the same way than in the unperturbed case.
As a consistency check, we calculate the derivative of 7 (x,) as

i PANT?Xp SIn X, N oLy B ur? Ay cos x,

141
L+ = e (141)

and put it equal to 7 (x;), derived earlier. We insert x, as given by Eq. (134);
also Ly and Ay as given by the Egs (94). As a result, we re-obtain the expres-
sion of Q23 given in Eq. (100).

A second consistency check involving 7 (xp), 7 (xp) and the radial equation
(135) also holds, as in the Keplerian motion.

5.2 The evolution of the Newtonian dynamical constants
in terms of the true anomaly

The scalars En, Ly, Anxy become xp-dependent in the presence of a perturb-
ing force. We can decompose these Newtonian expressions in the unperturbed
(Keplerian) part, and a y,-dependent correction as Ey = E% + E} (xp),
Ly = LY + LY (xp), An = A% + AN (xp). Their explicit expression can
be derived starting from their evolution equations (94), by passing from time-
derivatives to derivatives with respect to x,. As all terms in the equations are
first order, we simply employ X, = LY /ur? and obtain:

dEL, Gmu® [ . ( A )}
= r° |—asiny, + 0 + cos X ,

dxp (L%)? g Gmy P
dL} 2 .
—de — _[lfo r3 (Beosxp —asinyy) ,

P N
dA% Gmy? A%
-~ = g+ r3 (B cos x, — asiny + cos x (142
dx, H (L(I)V)Q ( P p) Gmpt p) -(142)

By inserting 7 (xp) = (L?V)2 /i (Gmu + A%, cos Xp) and provided the compo-
nents of the perturbing force can be given as functions of x, alone (that is, they
can possibly depend on r and x, only), Egs. (142) become ordinary differential
equations for E,, LY and AL. Unless o, 8 o< 7"<~3 however, the integrals may
be cumbersome to evaluate due to the negative powers of (Gmu + A, cos Xp) in
the integrands. In these cases the use of the eccentric anomaly parametrization
may simplify the calculations (similarly as in the derivation of the unperturbed
Kepler equation). Therefore in the next section we will work out the details of
this parametrization applying for the perturbed case.

5.3 Summary of the results obtained with the true anomaly
parametrization

The forces perturbing the Keplerian orbit do not change the true anomaly
parametrization r (x,) and 7 (xp), Egs. Eq. (18) and (20), respectively, with x,
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in place of x. In the order of accuracy of the perturbations the radial equation
(16) also holds. These in turn mean that the eccentric anomaly parametriza-
tion &, can be introduced exactly as in the Keplerian case. We can also define
a radial period as the time in which the mass p moves from an 7y, location
given by 7 = 0 to the following rpyin, given by the second forthcoming 7 = 0
locus (the first will give riyax)-

The following, however are changed with respect to the Keplerian case:

(a) The basis {f(i)} constructed from the Keplerian dynamical constants
slowly evolves, with precessional angular velocities €2; given as linear and ho-
mogeneous expressions of the components of the resulting perturbing force.

(b) The plane of motion, determined by L, can change due to perturbation
forces transverse to the plane of motion.

(¢) The periastron, determined by AN, undergoes a composed evolution. It
has a precession in the plane of motion due to the forces acting in the plane
of motion (this is characterized by 3, the precessional angular velocity of An
about EN) and it also moves with the plane of motion.

(d) The precession of the periastron means that the orbit fails to be closed.
The xp-dependence of the 23 angular velocity component signifies that at each
moment the movement of the periastron of the corresponding osculating ellipse
will be different. The change of Ay over one radial period will give the perias-
tron shift.

(e) When expressed in terms of the true anomaly x,, both the Newtonian or-
bital angular momentum vector and the Newtonian energy acquire linear terms
in Q3, given in Egs. (131) and (132), respectively.

(f) The scalars En, Ly, An evolve in x, (or equivalently, in &,).

(g) The expression x, (r) is changed as compared to the corresponding Ke-
plerian expression by a linear term in Q3 [Eq. (134)].
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6 Orbital evolution under perturbations in terms
of the eccentric anomaly

In this section, besides rewriting all results of the previous section in terms of
the eccentric anomaly, we derive the perturbed Kepler equation.

6.1 The eccentric anomaly parametrization

We introduce the eccentric anomaly parametrization similarly as in the Keple-
rian case [by Eq. (54), with &, in place of £]:

- Gmp — Ay cosé§,

143

From the expressions of 7 (x,) [given by the second relation (140) and em-
ploying Eq. (76)], and of x, [given by Egs. (134) and the third component of
the expression (100)] we obtain 7 and X, in terms of the eccentric anomaly:

AN
r = ——————sin¢,, (144)
(fQMEN)l/Qr g
. Ly Ly Gmp
TXp = ﬁ‘i’OéA—N (7’+ —2EN SIH2§p

1/2
W Gmpu .
— —A . (14
Ié] (QEN) BN An (Gmyicosé, N)sing, . (145)

Similarly, the evolutions Ey, Ly and Ay [given by Eqs. (94)], can be rewritten
in terms of §, [by making use of the relations (12), (76) and (143)]:

1/2
rEn = Osz/L( o ) sin&, + BLn cos&p ,
“2Ey

iy = pt(CGmucos§—An) o p 1/28. :

Nz —2Ey N 22BN e

. L G — A Ly si

Ay = BLN—F—N 5 mu cos &y N, Nsm'ff/2 cosé, (146)

r —2EN (—2uEN)

6.2 The evolution of the eccentric anomaly

In order to derive the perturbed Kepler equation for a given perturbing force
with components «, (3, -, we need the expression of ép to first order accuracy.
This can be found, following the logic of the derivation in the Keplerian case
from subsection 2.4.4.

By taking the time derivative of Eq. (143)

—2ENT — 2ENT = — AN cos &, + AN'fp sin&, . (147)
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next employing the expressions (144) and (146) we obtain the desired relation

: —2Bx\"*  GmuLy |
rép = < P > Jrﬂi?ENAN sin &, cos &,

—2EN 12 H 2 Gmp ‘. 2
—_— —_— . 14
+a( . ) yrell + gy ) &p (148)

Another way of deriving this would be to start from the time derivative of
the first Eq. (76), from which we eliminate sin x, and cos x, by use of the same
Egs. (76), to obtain

: (7 Ly | En .
&pcoséy, = (r In + 2EN> sin&,

n I 1/2 Gmypcosé, — An
—2EN Ly

Yo (149)

Next we employ once again the expressions (144)-(146) and we recover the
relation (148).

6.3 The evolution of the Newtonian dynamical constants
for {,-dependent perturbing forces

By employing the eccentric anomaly parametrization for 7, Eq. (143), the evolu-
tion of Eqgs. (146) in time can be rewritten as evolution in §,, with dt = §p’1d§p,
and &, given by Eq. (148). We also take Ey = E% + EN (&), Any =
A + AN (&), Ly = LY + LY (&), the zeroth order terms being the con-
stant Keplerian values. As all terms in Eqgs. (146) are first order, we can
employ the Newtonian expression of §p [the leading order term in Eq. (148),

&= (- 2EN/,U)1/2 /r]. We can also insert the constant values Ey = EY, Ay =
A%, Ly = LY;, in the manifestly first order terms. We obtain:

—2E9V)1/ * dE}, (
= —aGm
( i dz, :

—2EQ\?ary,
< o > £
—2B%\ /? dAY,
(=) &

1/2
p .
2E]0V) sin&, + LY cosé, |

p (Gmpcosé, — AYy) 0 I /2
r|B —2E]Ov —aly —2E]Ov siné,| ,

= BL%r

Gmycos &, — A LY sin€
+LY <5 72E% N_a( 2NE0 )f/z cos &, (150)
N —2uEY

Here r should be replaced by its expression (143), taken only to zeroth order
accuracy, as it is everywhere multiplied by the components of the perturbing
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force. Provided the perturbing force components o, S can be expressed in terms
of &, alone, the above equations become ordinary differential equations, which
formally integrate to

T0 E0
Eyv = EY-X N E Tos + LY I5c 151
N N ™ Gmyu < N + ,6) ) ( )
T Gmp)? + (A%)?
Ly = LO 2—N{—g Iﬁ#»]ﬁcz)f( ﬂ) ( N) Iﬁc
T0 E0 L0
Ias* N Iasc 152
Ao ( >} 0%
0 0 LO TO (z)v
A = A L Tose + I Ige2 — 2 Isc . 1
N N T N[QEO o <ﬁ+62 GMﬁ)] (153)
with
I,s = /asinﬁpdfp ,
Iyse = /asingp cos &,dE, |

I = / Bde, .
Ig. = /ﬁcosfpdfp,
/ Bcos? £,dE, (154)

Ige

The notation was somewhat simplified by introducing the period T of the
unperturbed motion, defined by Eq. (46) in terms of ES. As a consistency
check, one can verify, that provided Eq. (12) holds for the Keplerian constants
E%, LY, A% it will also hold for the values given in Eqgs. (151)-(153).

From Eq. (151), by performing a series expansion in the small quantities
I,s and Ig., we can also write the expression of the period T (of the Keplerian
motion on the osculating ellipse), defined in terms of En in the same way as
T% in terms of ES:

318 (T
Ty =T% [1 + 5 G ( N EQ Is + LY IBC)} . (155)

6.3.1 A note on the circularity of the perturbed orbit

In order the perturbed orbit to be circular (in the plane of motion, which can
evolve due to ), the eccentricity derived from Ay = Gmue should vanish.
Therefore

LY, TS (. A9 AQ
N e+ (2= Ty —I5—Ig2 | = 156
oEy e T o ( Gmp ¢ P8 ) LY, (156)
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should hold. If we further want the unperturbed orbit to be also circular, then
A% = 0, such that
Ly Ty

— = Tose = = (Ig + Ig.2) . 157
Obviously, this is a condition very few perturbing forces would obey. Also, the
circularity of the perturbed orbit should be understood in a broad sense: while
condition (156) holds the plane of motion could still undergo a precessional
motion.

6.4 The Kepler equation in the presence of perturbations

By formally integrating Eq. (148), we obtain the perturbed Kepler equation.
We first rewrite Eq. (148), by employing a series expansion in the small
parameters « and 8 as

dt I 1/2 I 8/2 GmLy
- — 1 i
g, ~ ' (—2EN) 7 (—2EN et

2 (Gma 251n2§ (158)
—2FEy PL

Next we insert the eccentric anomaly parametrization 7 (§,), Eq. (143) and
obtain:

dt Tn An Ty Ly .
d_ép = g(l_GmMCOS&)) {1+ﬁgEsm£pcos£p

Tn\? 2Ex An 2,
ralg) 2| (g +ete) o as)

In order to simplify the notation, here we have employed again the definition
of the Keplerian period, Eq. (46). In the perturbative terms the quantities
Tn, En, Ly, An can be considered constants and replaced by their unper-
turbed values, however for the leading order term we need the evolutions of
An (&) and Ty (&), given by Egs. (153) and (155).
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The Kepler equation is given then by the integral of Eq. (159):

21 A% (L%)*
ﬁ (t — to) = €p _ G—Tn‘u Sll’lgp — m /Iasc COS€pd€p

T9\? 6EY, A9,
as - as d
+ (27r> Gmu /I 4 Gmu/l cos SpdSy

Ty LY AY
+ Igcd Ig + 1.2 + Igc d
3/ BedEp / B Be2 m 8c | cos&pd€p

%Gmu
TY 19 A9 79\ 2E9 449
+_N—JOV (Iﬂsc - —NIﬁSCZ) + (_N) —ON {2104 - —Nlozc
2 Ay Gmpu 2w A% Gmpu
AQ 2 AQ A% \?
—|1-3 N o2 Nol1-— N Iy . 160
(Gmu) " Gma (Gmu) i (160)

with
I = [ads,,
Ioe = /acosfpdfp ,
Toer = /acos2 &pdey
I3 = /acos3 &pdey

Igse / Bsin&, cos&,dEp

Igge2 / Bsin&, cos® £,dE, (161)

As the integrations were formally carried out, the perturbed Kepler equation
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(160) can be rewritten in terms of T, En, Ly, An:

27 AN . LN LN
TN (t—to) =& - Gmyu sing&p + 2Gmu [EN se

v\ Ey A T,
Jr3<_N> N AN N

N
- - +_
T Ly Gmpu o8 s

A :
(Iﬁ + Iﬂ02 =+ G—Tn,u,lﬁc>‘| sm§p

3Ty (Ty L3
- —F Ias Lyi c T o Iozsc d
2nGmpy ( N +Lnls )Ep 2GmuEN cos&ydty

Tn\? 6Ey Axn
() G ([ 1ot = G [ v eosttcs
Tn Ly An
+§G—W’LM |:3/Iﬁcd§p — / <Iﬁ +IBC2 + G—ﬂw[ﬁc) Cosépdép]

Tn Ly An Tn\” 2Ey 4AN
—— |1 sc — -1 sc o 1 21& - —Iac
Jr27r An <ﬁ Gmp"” 2>+<27r> An Gmu

An ) An \°

1-3 (G—WZL) 1— (G—WZL) 1 Iacs} : (162)

In order to evaluate the integrals appearing in either form of the Kepler equa-
tion, we need the explicit time-dependence of the perturbing force components,
« and (. Examples for this will be discussed in the forthcoming sections.

We also note, that the constants of integration should be chosen in such a
way, that the perturbative terms in the expressions of En, Ly, Anx, T [given
by Egs. (151)-(153), (155)] and in either form of the Kepler equation [Egs.

(160), (162)] vanish at &, = 0. In practice this means that all integrals (154),
(161) should vanish at &, = 0.

AN
T2 + =——
+ Gmpu

6.4.1 The radial period

In the perturbed two-body problem we define the radial period T of the per-
turbed motion as double the time elapsed between successive passages through
points characterized by 7 = 0. From Egs. (144) we see that 7 = 0 is equiv-
alent to &, = 0,£m,+27, etc., therefore the radial period is obtained as 17" =
fj”t(gp) d§,, or more simply, by inserting &, = 27 in the perturbed Kepler
equation derived in the previous subsection. We note that T' # Tn| €,—2m (the
latter representing the radial period on the osculating ellipse at 27).

6.5 Summary

In the present and the previous chapters we have developed the formalism suit-
able to describe the perturbed two-body problem. We have given explicit ex-
pressions in the parameter &, for the dynamical constants of the osculating
ellipse En and Ax [Egs. (151) and (153)], which define the semimajor axis and
the eccentricity of the osculating ellipse. The position of the osculating ellipse
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in the plane of motion is characterized by the precession of An about EN, or
Q3 (xp) [see its expression in Eq. (100), which can be rewritten in terms of &,
if required]. Finally, the plane of motion is given by LI, precessing about f [cf.
Eq. (88)] in the case when the perturbing force has a component perpendicular
to the plane of motion. As both precessions are first order effects, the directions
about which the basis vectors precess, can be considered constants, defined by
the unperturbed dynamics.

The dynamics of the perturbed two-body problem is entirely contained in
the perturbed Kepler equation [in either of its forms (160) and (162)].

In the forthcoming chapters we will present some applications of the devel-
oped formalism.
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7 Constant perturbing force

In this section we present an application of the true and eccentric anomaly
parametrizations of the perturbed Keplerian motion. We consider bounded
orbits only. In the computationally simplest toy model presented here the per-
turbing force is supposed to be constant on the orbit.

7.1 The evolution of the dynamical constants and of the
radial period

The integrals (154), (161) become:

I, = af,
Ioc = asing,,
Lo = 7 (26 +sin2§) |
I = 13‘2 (sin3¢, 4+ 9sing,)
Ins = «a(l—cos¢,) ,
Tpee = % (1 —cos2¢p)
Tpser = % (4 —3cosé&p —cos3E,) - (163)

The constants of integration were chosen such that at £, = 0 all these integrals
vanish. Similar relations hold for the corresponding integrals containing 5.
The expressions (151)-(153), (155) give for the perturbed values En, Ly, An, Tn:

TY E9 7Y
Eny = E% - 7NGWQVH (a%E?\, (1 —cos&,) + BLY, singp) : (164)
Ty Ty EQ L AQ AQ
Ly = L{ 4+ NN NZN (4 N gy N cos2
N Nt 2m {a m AGmpu Gmpy costy + Gmpy €08 26p
2
pAY AGmp ARy : .
+5 SEQ, 6&p — W + Gmy: sin &, + sin 2§, , (165)
LY LY
Ay = A%+ ?N [aE—]OV (1 —cos2&,)
N
Ty 8AY . .
—1—67 6&p — Gy sing, +sin2¢, || , (166)
0 3Ty TX -0 0 o
Ty = Ty |1+ 3G a7EN (1 —cos&,) + BLysing, || - (167)

At &, = 0 they take the initial values ES, L%, A%, T%. Therefore, as a result
of our choice of the integration constants, these unperturbed values characterize
the osculating ellipse at the periastron.
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By employing the relations (76) and (18) we find to leading order

AN + Gmypcosxp

costp = Gmp+ Ancosxp
sing, — _2EN 1/2 L sin xy (168)
P 7 Gmp + Ay cosxp

which allow to rewrite En, Ly, An, Tn in terms of the true anomaly yx,.
However the emerging expressions are more complicated than Eqs. (164)-(167).

7.1.1 Changes and averages over one radial period

We define the change of a quantity f(§,) over a radial period by Af (&) =
f (& +2m) — f(&)- Such a change will be called a secular effect. Over a radial
period we find

AEN (&) = ATy (&) =0, (169)
3uAS
3LO

My = BIR=E. (171)

(The computation is very simple by realizing that we can drop all periodic and
constant terms.)
We define the average of a quantity f (§,) over a radial period in the param-

eter &, as ?5 = (1/2m) 0% f (&) d&p. We find:

2
L —a(TR) ER
T Gmyu

Ent = E%

3

0 0 0 0
EE _ T T £y 4 Ay Jr537@0&13[ 7
™ 4Gmpu Gmp 4EJ Ly,
LY, 0
— L
- { e s o))
Tt 0 3EY (TR’
T = Ty |1 — 172
N N +a2Gmu s (172)

Note that due to the secular contributions in 8 the definition above assures a
correct average only for the first period. Therefore the values of LY and A%,
should be updated after each revolution. Alternatively, we can define the average
over an arbitrary period starting at £ by imposing the integration limits £/***
and §i"it + 2m. We also note that a similar definition in the parameter x, by

(1/27) fo (xp) dxp will give different averages, as the two parameters do
not run with the same rate (although they take the same values in the periastron
and apastron).
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7.2 The Kepler equation

The additional integrals needed in the Kepler equation are:
/Iasdgp = « (gp - Singp) )
/Iﬂcdgp = [B(1—cos&p) ,

[Lascostuds, = = (26, asing, +sin2e,)
[ Becostds, = 1= cos2gy)

/ (Is + Ige2) cosépds, = 2’34(—32+33cos§pfcos3gp+36§psin§p) :
/ Toe oSyl = = (3sing, —sin3E,) . (173)

The Kepler equation (160) in the presence of a constant perturbing force
becomes

2 A9 T9\® EY
ﬁ(t—to) —«E,,——Gmu siné, + o (g) Gy
Gmp 24 24.A9, A% N\
12 (2 ZIN Ve, — |51
X { < + A0 + Gy & o1 + Gyl +5 Gt sin¢,

Gmu 64\ .
-2 — 2
( A Gmpy sin26, +

A%\
1_(6‘77]”:[#) s1n3§p}

T IO G A0
+BN _ZN [2 (16 TRl —N) — 33cos¢,
I

2 8Gmu A Gm
0
+2 (GA—& - G};‘“ > c0s 26, + cos 3¢, — 126, singp] : (174)
N

For &, = 27 the elapsed time interval ¢t — to is the radial period T of the
perturbed orbit:

T\ 3E9 Gmpu 249
T=T%|1 N =N (9 > 175
N +a<27r> Gmu ( + A Jer,u (175)

Note that this is not the period of the osculating ellipse at £, = 27, found from
Eq. (167) as T ¢, —2m = T, neither is its angular average over the orbit given
in Eq. (172). However for perturbing forces with a@ = 0 all these coincide:
7t
T=Ty = TN|gp:27r =TY.
The Kepler equation expressed in terms of the perturbed quantities, Eq.
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(162) is somewhat simpler:

To(t=t) = &= Zising,
ta (%)2 o {6 (i”;“ by 2cos£p) &
o () ne, - G2}
_ (% n GA_”J”‘V‘L> cos 2, — 12, singp] : (176)

however as here Tn = Ty (§p), it is less useful that Eq. (174). Still, it can be
used to verify the expression of the radial period derived earlier. Indeed, for
&p = 2m, as TN|£p:27r =Ty, it reproduces Eq. (175).

7.3 The periastron shift

The periastron shift is given by the precession of An about Ly, thus by the Q3
component. This includes only contributions from the perturbing force compo-
nents in the plane of motion, o and 8. The periastron shift over one period T’
is defined as

T
Awoz/o Qsdt . (177)

Here the period is defined as the time over which the system evolves from 7y
through rp.x into ryi, again, thus double the time between two consecutive
7 = 0 passages. As the integrand is already first order, the period can be safely
chosen as T = T (taking into account the difference AT = T — T would
generate second order contributions).

Similarly, we can freely omit (or reinsert) the superscript © from (into) the
dynamical quantities involved in the first order expressions.

7.3.1 Calculation based on the true anomaly
We can rewrite the integral (177) as an integral over x,:
27
Qs (r (Xp) » Xp)
Atpy = / e s 07 VA (178)
0 Xp (1 (Xp)) ?

As Qg is already of first order, the periastron precession angle to leading (first)
order in the perturbations is found by employing the Newtonian expressions
Egs. (18) and (21), with x, in place of x. If the components of the perturbing
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force are constants, as assumed, the integration can be carried out without the
explicit knowledge of the perturbing force components:

2 2
W ) Gmp’r? sin xp
A = —/ [a——i— asiny, — 5 cos —]d
o Ay (asinx, Xp) 2 Ay Xp
L 27 1 + sin® Xp + é‘;n% cos Xpd
- G2m2u3AN /O Xp

A 3
(1 + —Gn{f# cos xp)

2m
sin Xp COS X
75 / p p

3
Gm“ cos xp)

dx,| - (179)

Although not impossible, these integrals are not particularly attractive to eval-
uate, due to the negative powers of (Gmpu + Ay cos xp), therefore we will try
an alternative method for evaluating Ay.

7.3.2 Calculation based on the eccentric anomaly

An easier way to compute Aty to first order accuracy over the period 7" would
be to rewrite the integral (177) in terms of the eccentric anomaly:

2 Qs (r (fp) 75}0)
Athg = ——=dE, 180
v /0 & (1 (&p)) ¢ (180)

The precessional angular velocity Q3 (7 (&) ,&p) can be rewritten in terms of &,
by employing Egs. (76) in the corresponding element (100). It becomes:

1/2
aLysing,—f (QHEN) (Gmucos&,—An)

L
(&) &) = —aj -

G .
y mpsin g

. 181
72ENANT ( 8 )

We have not yet determined the rate of change of the eccentric anomaly ép to

first order accuracy, nevertheless Ep is needed in the expresswn (180) only to

leading order, such that we can employ Eq. (56) with §p in place of &.
Therefore the integrand in Eq. (180) reads

dio GmLy [ pn \*? Ay L
o _ _ 1 2N
Tz « i (2EN Gy cosp +sin” ¢,
G2m?2u? An
— —— | si 182
+4 TANED (cosfp Gmﬂ) sinég, , (182)

which is straightforward to integrate, such that the periastron shift is found as

37erLN< 1 >3/2
a :

At = — Ax 2By

(183)
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Figure 3: The form factor as function of eccentricity.
The periastron precession given in terms of orbital elements is
_ 3ma’F (e)
Arpg = —CYGT ) (184)
with the form factor "
1— 2
O il Z ) (185)

represented on Fig. 3. Note that the §-dependence dropped out from the
expression of Ay taken over one period, therefore from among the constant
perturbing forces those giving secular periastron precession are the ones oriented
towards the periastron.
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7.3.3 Average precession rate

As an example of how we compute a secular effect (the average over one orbit
of the instantaneous effect), we compute the average of the precessional angular
velocity of the periastron, 3 = dig/dt. This can be found from the general
prescription of calculating an average over one orbit:

1 _ Aty
Q) = E/0 Oadt = = . (186)

By employing Eq. (46) for the radial period, we find
1/2
3L N 3 |a (1 — 62) ‘|

2AN B a% Gm

7.4 Comment on the parametrizations

In all computations considered in this chapter so far the eccentric anomaly
parametrization turned out to be more suitable in obtaining the results, than the
true anomaly parametrization. The periastron precession, the expressions of the
Newtonian dynamical constants on an arbitrary point of the orbit and the Kepler
equation were all obtained employing the eccentric anomaly parametrization.

Let us discuss, why. In the derivation of the periastron precession the inte-
grand Q3 is a sum of a sin &,, a sin 2§, and a sin &, cos§, terms, Eq. (181).
As 3 is already first order, when passing to the integration variable &, the
integrand should be multiplied by the zeroth order expression of fp_ !« r, which
again is a polynomial in cos&,. This makes the integrand in the variable §, a
simple polynomial in sin &, and cos¢,, straightforward to integrate.

By comparison, expressed in terms of the true anomaly parametrization, 23
is a sum of a constant, an r sin> Xp and an 7sin x,, cos x, terms, see Eq. (100).
By passing to x, as an integration variable, it should be multiplied by the zeroth
order expression of Y~ o« 7% o (Gmpu + Ap cosx,) . The integrand is not a
simple polynomial any more, and it becomes cumbersome to integrate.

In the computation leading to the explicit expressions of the dynamical con-
stants of the osculating ellipse a similar situation was encountered: the inte-
grands were simple polynomials in trigonometric functions of &,, while rewritten
in x, they would contain negative powers of (Gmu + Ap cos xp).

When deriving the Kepler equation (both in the perturbed and in the unper-
turbed cases), we have encountered a similar situation. In the unperturbed case
the integrand was simply fp_ ! o r, a polynomial in cos&,. A similar situation
occurred in the perturbed case, as the perturbing force was chosen a constant.

However we can imagine situations, where the true anomaly parametrization
is more useful. For any first order integrand oc r<~2, when passing to the true
anomaly parametrization, taken in the zeroth order (where it has the property
r?Xp = LN /), the new integrand will become a polynomial in sin x,, and cos xp,
easy to integrate. Conversely, for any first order integrand o 727!, when
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passing to the eccentric anomaly parametrization, taken in the zeroth order
(where it has the property ¢, = (*QEN//L)I/Q), the new integrand will become
a polynomial in sin, and cos¢,, again easy to integrate.

These convenient properties hold for any Keplerian calculation and for per-
turbed Keplerian calculations, when evaluating the evolution of first order quan-
tities over the orbit, as in the example of periastron shift for constant perturbing
forces. However, when evaluating zeroth order quantities over the orbit, the ad-
vantageous property of the parametrizations is lost, as shown by Eqgs. (134)
and (100) for x, and Eq. (148) for £,. In some cases, like the computations
of this chapter, based on the assumption of a constant perturbing force, the
computations can still be done relatively easy. In other cases the integrals may
become cumbersome (although not impossible to evaluate). This is the price
one has to pay for extending the definition of the true and eccentric anomaly
parametrizations of r derived for the Keplerian motion in an unmodified form
for the perturbed Keplerian dynamics.

As an alternative, we could introduce modified true and eccentric anomaly
parametrizations, reducing to the Keplerian definitions in the absence of per-
turbations, such that we their expressions x and § coincide with the Keplerian
ones, and the nice integrability features are conserved.

7.5 Secular orbital evolution in the plane of motion

Due to Eq. (169) the semimajor axis of the binary remains unchainged under the
action of the constant perturbative force. The eccentricity and the periastron
change according to Eqs. (171) and (183) as

A AA

2 =N s 7 (187)
e AR i

A

A% _ @ (188)
27 i

where s is a constant with dimension of acceleration (the subscript ¢  is for
rotation about Ly ):
2A%, 2Gm

= - . 189
“In T BLOTY ~ 3a2F (eo) (189)

For a perturbing force perpendicular to the plane of motion therefore there
is no secular evolution of the quasi-elliptic orbit in the plane of motion. In
all other cases the relative change of the eccentricity and azimuthal angle at
periastron scale with the respective components of the perturbative force.

The eccentricity changes only due to 3, the conponent of the perturbative
force in the plane of motion and perpendicular to the semimajor axis. For § < 0
the eccentricity decreases and the orbit tends to circularize. On the contrary, for
B > 0 the eccentricity of the orbit is increased and the quasi-elliptic trajectory
tends to become more elongated.
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quadrant  direction of Aa effect on the ellipse

21
1. &=m/4 —€ counter-rotation
(=0 =¢ex) Qn tends to align to Aa;
2. & =3m/4 € co-rotation
(—a=p=c¢ex) Qn tends to align to Aa;
3. & = —3n/4 5 co-rotation
(a=8=—-¢ex) AN turns opposite to Aa
4. & =—m/4 —€ counter-rotation
(a=—-f=¢ex) An tends to align to Aa_

Table 2: The effect on the periastron of the specific perturbing force Aa, for
4 particular configurations. The periastron co-rotates (counter-rotates) with u
for projections of the perturbing force in the second and third (fourth and first)
quadrants, such that the semiminor axis tends to align to the projection to the
plane of motion of the perturbing force Aa .

The periastron co-rotates with the orbit (A > 0), when o < 0 and counter-
rotates, when « > 0.

Depending on which quadrant is the projection of the perturbing force, it will
have different effects. Let us illustrate this with four particular configurations
for the perturbing force, given by |a| = |8| = e3¢, where ¢ > 0 represents a small
positive number, which scales the perturbation. In other worlds, the projection
of the perturbing force onto the plane of motion for these configurations is at
& = £m/4, £3mw/4. The effect of the perturbing force for these configurations
is summarized in Tables 2, 3.

The properties found however for these particular configurations are charac-
teristic for any force with components in the same quadrant (only the magni-
tude of the effects vary). The eccentricity increases for perturbing forces with
projection in the plane of motion lying in the first and second quadrant; and
decreases for perturbing forces with projections in the third and fourth quad-
rant. The periastron co-rotates (counter-rotates) with the motion of the mass
for projections of the perturbing force in the second and third (fourth and first)
quadrants.

If the projection of the perturbing force falls into the first or fourth quadrant,
as the periastron counter-rotates in this case, the quasi-ellipse tends to turn
such that QN becomes aligned to the original direction of the projection of the
perturbing force Aa  to the plane of motion. Thus in the basis (AN, QN) the
projection Aa; of the specific perturbing force will turn towards the positive
y-direction.

If the projection of the perturbing force falls into the second or third quad-
rant, as the periastron co-rotates in this case, the quasi-ellipse again tends to
turn such that Qn becomes aligned to Aa,j. Therefore this configuration is
stable.

In this stable configuration the eccentricity increases in time due to the
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quadrant  direction of Aa

>
o
NS

effect on the ellipse

1. &=m/4 € elongation
(o= =cx)

2. & =3m/4 € elongation
(ca=B=ex)

3. & = —3n/4 —e circularization
(a=p=—ex)

4. & =—m/4 —& circularization
(a=—-B=ex)

Table 3: The effects on the eccentricity of the specific perturbing force projec-
tion Aa, , for 4 particular configurations. The orbit becomes more elongated for
perturbing forces with projection in the plane of motion lying in the first and sec-
ond quadrant; and it tends to circularize for perturbing forces with projections
in the third and fourth quadrant. As in the preferred configuration the semi-
minor axis (the base vector QN) of the orbit is aligned to the projection of the
perturbing force (see main text), the ellipse becomes more elongated with each
revolution, (keeping though its semimajor axis). This energy-conserving, but
orbital angular momentum extracting process eventually results in the merger
of the binary.

perturbing force. However, as stated earlier, the semimajor axis stays constant.
Therefore, if there is sufficient time for the perturbing force to act, eventually
the orbit will become so much flattenned (rmin = 2@ — Fmax < Tmax), that the
binary components will actually merge at the point of closest approach, rather
than overpassing each other.

Therefore, the constant perturbing force does not extract energy from the
system, however its projection into the plane of motion extracts angular mo-
mentum.

7.6 Secular evolution of the plane of motion

The evolution of the plane of motion is contained in Eq. (89). From here the
shifts of Ln about AN (along —Qn) and about QN (along An) during one
radial period are:

T
T
Aga,, = E ; 7 oS Xpdt ,
T
TH .
Adg, = 0 /. rsin xpdt . (190)

Due to the simplicity of the integrands these calculations are much easier to
perform than the respective calculation for the periastron shift. We pass to the

integration in terms of the eccentric anomaly by dt = fp_ 1d§p, then we employ
Egs. (148), Egs. (76), finally Eq. (143) (all needed only to leading order) and
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obtain:

3uAQ
Apa. = VTR0
¢AN ESN 4 E]OV L?v s

Ad)QN = 0. (191)
Therefore the plane of motion is rotated about Ay after each radial period by
the angle A¢ A, Remembering, that the positive sense of rotation about the
basis vectors {f(i)} is counter-clockwise, we find the following. The rotation is
counter-clockwise (A¢gg . > 0) if the force and the orbital angular momentum
span an obtuse angle (v < 0), and clockwise, if they span an accute angle (such
that v > 0). Clearly, the stable configuration is reached when the perturbing
force spans the right angle with the orbital angular momentum, such that the
force becomes tangent to the plane of motion.

Thus, there is no evolution of the plane of motion for v = 0, no evolution in
the orientation of the plane of motion if & = 0, and no change in the excentricity
if 5=0.

In order to compare this rotational shift with the precession of the periastron,
we rewrite Agy - as

A _ 7 (192)
2m HAn ’
with 2GmF (o)
m €0
%AN = T‘% = f;NFQ (60) . (193)

As F (eg) diverges in the origin and goes to zero at ey = 1, for small eccentricities
s, < x4, while for high eccentricities »j > sz . They become equal at
ep = 2712, The smaller the value of the coefficients 5, HAy the bigger
the corresponding secular effect. For nearly circular orbits therefore the above
rotation of the plane of motion about the periastron axis is much faster, than the
periastron precession and the increase of eccentricity. This situaton is reversed
for high eccentricities, where the periastron precession is fast and the ecentricity
increases quickly.

We conclude that the effect of the constant perturbative force on a nearly
circular orbit during one period consist of:

(a) Turning the plane of motion parallel to the force by a rotation about An

(b) Turning the osculating ellipse such that the force points along Qn

(c) Increasing or decreasing the eccentricity, according to the sign of f.

While the process (a) is relatively fast for small eccentricities, (b) and (c)
dominate at high values of the eccentricity. These determine the initial data for
the next period, where the perturbing force is reoriented due to the assumption
of a, 8,7 being constants.
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8 Equal mass binary perturbed by a small, cen-
ter of mass located body
Let us assume that the two body problem is perturbed by a third mass dm <

min (my,msg), located in the center of mass of the two more massive bodies.
Then the equations of motion are

. sz Goém

ry = 7’2 r— ?rl s

. Gm1 Gdém

rs = - 2 r— ?Pz )

o8 = Gy,  Om2, (194)
51 T2

L <1+57m>r. (195)

The dynamics of the two main bodies is perturbed then by

Gmém (L% — Gmu®r ; Ly .~
Aa = — N A —rr 1
? pr? < PAN Ny TTQN) ’ (196)
such that
Gmém (L?V — GmuQT)
“ =7 MQANTQ ’
GmémL T
= —-—— =0 197
B AT gl (197)

Here we have used the expression of r given in Eqs. (32) and (34).
The evolution for dr is given by

ﬁ:Gm(@_@)r.

r2 \my  mg

In order to have dm in equilibrium, in what follows we take ms = m. Hence ém
can be in equilibrium in the cemter of mass of the other two bodies, provided
its initial velocity is also zero. The equilibrium is unstable, nevertheless it can
be maintained, if we think of a spaceship with its own engine, positioned in the
center of mass of a binary formed by two equal-mass neutron stars.

Exam work: describe in detail the perturbed Keplerian dynamics of the
two larger bodies in the case of this perturbing force.

A Computation details for subsection 5.1

In this Appendix we use summation convention over repeated (covariant and
contravariant) indices.

50



The velocity in the perturbed basis is:

v

= $1f(1) + .Tzf(l) = .Tzf(l) + 21 x f(l)
:L'Zf(l) + :Ci€quQq5ipf(s)
i‘if(i) + 2Pe’ quf(S)

= (ii — Gip qprq) fa) »

where the coordinates are given by Eq. (129) and in consequence

:1'1_1

=17COsXp — T'Xp SN Xyp , T

2

The orbital angular momentum becomes

Ln
I

eipqxp (iq — ¢ jkszk) fa)

€' gaP @ — (8108 — 6;,6°%) aP2d Q] £
[(wlsi:Q —2%3') &4 — (mkszk — :ijjﬂi)] fs)
(TQ)'(péé — 2*2' Q) + xjiji) £

(—xklek + :I:jxjﬂl) f)

+ (-

+ (TQXP + Z'jl'ng) f(s)

(¢°0 = 21 ) (1) — ' f2))
+ [r2)'(p + (:Clxl + x2$2) Q3] £3)
2 (Xp + Q3) Iy

$k$2Qk + .’L'j.’L'ng) f(z)

where we have employed 22Q; = 1€, see Eq. (100).
For the calculation of the energy, we employ:

’1)2 =

(:'ci - eij kxjﬂk) (:'ES — equszq) Ois

2% 0,5 — 2€Zj gl 55O bis + ezpqeijkzjszqu

(&) + (%)% — 2¢" FalitQyp — 267, Fal 320y,

+(21)* Q2 + (2)7 02 4+ 1202 — 2212720

i+ 20+ 207X + 1703

Remarkably, many of the second order terms in €2;-s cancelled out.
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= 7sinxp + rXp COS Xp , it =0.
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The Laplace-Runge-Lenz vector is found by a similar calculation:

Gmpy

ANy = eigk (:cz - eim”men) pr? (xXp + Q3) fue) — zkf(k)

r

. . Gm "

[,urQ (Xp + Q3) (2° + 2'Q3) — . ’uxl] AN
Gm, A

M.’I/'2:| QN
= [/M%'(,, (7sin xp + 7Xp CO8 Xp) — GMmp cos X,
+ ur?Qs (#sin x, + 2rx, cos xp + 73 cos Xp)] An
— [ur2)'(p (7 cos xp — TXpsinxp) + Gmusin x,
+ ur?Qs (7 cos xp — 21X, sin x, — Qa7 sin Xo)] Qn . (202)

+ |:—/L7‘2 (Xp + Q3) (501 — x2Q3) —
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