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Introduction

These lecture notes have been prepared to support the study of atomic molecular physics with an emphasis on
the interaction of these atomic systems with light, and in more general, with electromagnetic fields. The
character of the material is theoretical, and wishes to rely on the quantum mechanical studies of the students,
which is a prerequisite of being able to follow the material presented here. The first four chapters are on the
border of advanced Quantum Mechanics and theoretical Atomic Physics. So this is a course definitely for MSc
or PhD students. In spite of the theoretical approach based on mathematical argumentations, we tried to connect
the material with experimental observations. These short notes, however cannot be considered as a replacement
of courses where deeper experimental insight should be gathered.

There are several problems (~60) embedded in the text, and their solution is strongly recommended for the
students. In view of the author this is a necessary condition for getting a reliable knowledge of the subject, as is
the case with any other physics subject. The electronic form made it possible to include animations which may
significantly improve the level of understanding, as it enabled us to couple demonstrations and interactive
animations to the material which should make more easy the understanding of the rather abstract notions and
laws of atomic physics. These are - as it is usual in physics - quantitative relations, the true depth and content of
which can only be understood in the language of mathematics. This difficult task is intended to be promoted by
the included multimedia materials. The animations can be started by clicking on the links in the tables, which
visualize the problems in question.

The animations can be started by clicking on the links given in tables, which visualize the problem treated in the
text. In order to start the animations the following free-ware programs need to be available on the computer:

Java Runtime Environment

In order to run the java interactive contents you need to download and install the java
( environment (JRE). By clicking on the link on the left you can download the java
( environment that suits to your operation system. http://www.java.com/en/download/manual.jsp
-ﬂ_-r)
L
—_—

]ava

Wolfram CDF Player

For another part of the interactive contents you need to install Wolfram CDF Player.
Which can be downloaded by clicking on the link on left. http://www.wolfram.com/cdf-
player/

Adobe-Flash plugin

X
XMLmind XSL-FO Converter
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Introduction

Flash animations of swf format can be viewed only if the appropriate
Adobe-Flash plugin is installed for your browser.
http://get.adobe.com/flashplayer

Adobe-Shockwave plugin

There are also shochwave flash animations among the interactive materials
can be viewed only if the appropriate Adobe-Shockwave plugin is
installed for your browser. http://get.adobe.com/shockwave

The theory of atomic and molecular physics is not an easy subject, but modern technology is based more and
more on the laws and properties of micro-world, so it seems necessary to understand the most important rules
and methods of this field of a physics student.

xi
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Chapter 1. The eigenvalue problem in
a central force field, radial equation

Goals: In this chapter we recall one of the most important results of quantum mechanics, the solution of the
energy eigenvalue problem of the Coulomb potential. We assume that the reader is acquainted with the basic
concepts and notions of quantum mechanics: state vectors, operators, eigenvalues, and stationary states. We also
assume that the problem of angular momentum in coordinate representation, i.e. the properties of the spherical
harmonics are known.

Prerequisites: Basic QM concepts and notions: state vectors, operators, eigenvalues, and stationary states;
angular momentum in coordinate representation; spherical harmonics.

1. Introduction

It is difficult to overestimate the significance of the Coulomb problem in atomic physics. One aspects why this
is the case, is that the experimentally observed primary spectrum results here from an elegant mathematical
treatment based on first principles of quantum mechanics. Secondly, the significance of angular momentum as
appearing in this special case hints to its significance in quantum physics. Thirdly the results for the Coulomb
problem are fundamental and ubiquitous in the whole atomic and molecular physics.

In a central field potential the Hamiltonian of a single particle takes the form:

=

Pz
H=— + V(R]).

2m

1.1)

Using the notation |R| = R, |P| = P \we have to solve the energy eigenvalue equation:

J2 . 1.2
e V)1 =< @
2m

As it is known from quantum mechanics, the square and the z component of the orbital angular momentum
operator L? and L. commute with this Hamiltonian because the latter depends only on scalars. As it will turn
out, restricting oneself to orbital motion (neglecting spin) H, L2 and L- form a CSCO.

Problem 1.1 : Show that the commutator of L and L with the Hamiltonian (1.1) vanishes

Therefore we can look for common eigenvecors of H,L?and L-. In order to do so we shall use an identity
connecting L with P and R..

In classical mechanics the definition of L=rXxp leads to
"2 2.2 502 2 9y . . 2 . .

S =ropisinta =rp(l — COS o) = 1°p” — (- P)* where av is the - generally time dependent -
angle between r and P, while (r-P)is the scalar product of the two vectors. Accordingly in classical
mechanics we have :

f.-"j - (.I' . p}jf‘l‘f'j + -'C'j,r':lrj = 1”:2 + I‘:E.f':.rj' (13)

In quantum mechanics, on the other hand, there will be a correction term of the order of /i as the consequence of
the noncommutativity of the components of R and P, and we obtain for the corresponding operators:

L= (RxP)?=R’P’— (R-P)?+ ihiR - P (1.4)



http://en.wikipedia.org/wiki/Mathematical_formulations_of_quantum_mechanics
http://en.wikipedia.org/wiki/Spherical_harmonics
http://en.wikipedia.org/wiki/Spherical_harmonics
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In order to see this, let us take into account that L!;‘e,ff,[” Jr)),,r)&*u-—)‘} Piﬂ (€t X Pn} where one has to
sum for indices appearing twice. Using the identity we get

L; = X;PX; P, — X;P.XP; = X;(X; P, — ihd 3.) P, — X;( X, P — 3ih) P; =(L5)
PuPy — ih6 X, Py — X, X, P,Py + 3ih.X,P, =
G F
.

[
=,
:

%Py + 2ih X Py — Xj(P; Xy + ihdy) Py =
. Py, .‘;_,F_I.h.j i + thX;P;.

and this is just the equality ( 1.4 ) in coordinate form. From ( 1.4 ) we obtain the quantum variant of ( 1.3 ):

s 1 1 (1.6)
P = R-P hR - P —1°.
g (RP) - iiR-Pl g
Problem 1.2 : Prove that h—(—r;i_—j + : ) = (_“r;l r;f } = [%(%P + P%}]_ = Pfj

Problem 1.3 : Prove that £ is selfadjoint by using also coordinate representation.

We present the solution of ( 1.2 ) in coordinate representation:

_r_;\.: (r) + V(r)u(r) = e(r) -

2m

and a natural choice to look for it spherical coordinates. We can separate the solution into a product of a
function depending only on r, the distance from the center (the origin of the coordinate system) and of a
function depending only on the angles assuming:

U(r.0.) = R(Y™(60,6) = “Lym(6, ) 8

r

Here y ‘(#,0) are the spherical harmonics, the common square integrable eigenfunctions of — iy and — —Dgo

—1d, Y (0, 0) = mY,"(0,0) (1.9)
Ao Y (0,0) = —£(6+ 1)Y"(0, 0)

The differential operators on the left are - apart from factors of /1 - the coordinate representations of the angular
momentum operators L. and 1.2 respectively, £ is a non-negative integer and 72 is an integer with the 20+ 1

different values obeying lm| <€, Using the radial and the angular part of /A

1 e 20 1 (1.10)
A A + -‘Lﬂu — a5 + T + _.;":.—\HL')
ore  rdr

and substituting ( 1.8 ) into ( 1.7 ) leads to an ordinary differential equation for R(r)

h: (o 20 1 ff+1 (1.12)
{ ’—(‘—+—_"—)P )4 R D e ) L VIR = eR(1)

2m \odr?  rir 2m 2

which is called the radial equation. For (1) = 1TR(7) we get the simpler

he d=u  h* {(f —|: 1}“(.” L Vr)ulr) = culr) (1.12)

2mdr?  2m  r?

2
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The eigenvalue problem in a central
force field, radial equation

equation also known as the radial equation.
Problem 1.4 : Show that %(7") obeys the equation (1.12 ) above.

This has the same form for %) like a one dimensional energy eigenvalue problem on the positive semi axis,
but instead of the true potential energy, we have an effective potential of the form

V. (F) _ I'(F} + i“f-l—l] iﬁf-l—l] i . i i
eff - am  r2 . The termzm +2 is called the coordinate representation of the centrifugal
"2 [ . .
potential which is the analogue of the centrifugal (repelling) potential £/ 2m1= i classical mechanics.

2. The asymptotic behaviour of the solutions

2.1. Asymptotics for r — x

For Vi) — U, which is the usual case, for r — ©C we can omit the potential energy term and the
centrifugal term in Eq.( 1.12 ) and for large 7 the unknown function %! r) obeys

h? d*u (1.13)
—_———— = U
2m dr?

Recasting it into the form

d*u  2m (1.14)

2m . 1.2

and introducing the notation nZ = ", we recognize a simple equation with solutions sin k7 and cos kr, if
2m -

_ 1.2 . . . — -
i k= > “. As these functions are not square integrable on [U- -,x-)7 these are the scattering or unbound
states corresponding to energy eigenvalues = > (), describing the physical situation when the energy is large

enough (positive) so that the potential Ver (7) cannot keep the electron bound to the nucleus or the core. The
same is true for £ = (), because the solution is then a linear function, which is not square integrable again.

— I

Square integrable solutions can be obtained only if = << (). Then we apply the notation

2m

e g2 (1.15)
"

0<—

and among the two appropriate solutions of Eq. ( 1.14 ) " and € ", we have to choose the latter one, because
now s > (), and therefore only ¢ =" is square integrable. Then sufficiently far from the center the probability of
observing the particle is exponentially decaying.

u(r — 0o) ~e ", (1.16)

States represented by such wave functions are called bound states.
2.2. Asymptotic behaviour closeto » =0

We shall assume here that the potential energy V(7) remains finite close to 1 = 0, or even if it diverges, this is
slower than 1/ 7~ This latter case covers the Coulomb potential which goes to o< as 1/7 close to the origin, i. e.

slower than 1/ 7~ Then in the radial equation ( 1.12 ) we can omit the potential beside the dominant centrifugal
term, and we can neglect the term =1z, as well. We then obtain the second order equation

du ((+1) 0 (1.17)
iz 2
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having the two solutions 7**! and 1/ r , where £ = 0 as we know.

Problem 1.5 : Look for the solutions of Eq. ( 1.17 ) in the form 7°*.
Problem 1.6 : Prove that the function 1;""”-, with £ 7 U, is not square integrable on the (0,00) interval.

The solution of the form 1;"""4. is not square integrable between 0 and an arbitrary small positive number if
> 10. But the £ =10 case cannot be afforded, either because then in the vicinity of 0 we had

Ty el 1 Al e
R(r) = ==~ 7 and applying the kinetic energy term we would obtain 27 = —4md(r)

(as it is known
from electrostatics: the potential of a point charge density given by 4(r) is ﬁ according to Poisson's equation).
Thus the singularity of d(r )stemming from the kinetic energy in the eigenvalue equation could be compensated
only by the potential energy, if the latter was also S|m|IarIy singular asV () ~d(r ). But we stipulated that the
singularity of V (7 )should be less than that of 1/7° , therefore a § singularity is not possible. This means finally
that the solution 1/7" cannot be good for any f that may occur. In other words, with the prescribed condition for
the potential, the function () must be of the form 7+ around 0

ulr — 0) ~ rtt, (1.18)

which means that (7 = 0) = 0 and it must converge to zero as 1 1,

The radial part of the wave function behaves as

R(r) = ulr)/r~r", (1.19)

i.e. it goes to zero if £ # “, and remains finite for £ = 0.

We write down the radial equation that is used for finding the bound states of a central potential with & given by
(1.15):

d*u L +1) 2m_ 2m (1.20)
U — -"(r')uz—,r cu = K.
=

dr? rZ h?

It is useful to introduce the dimensionless variable

Kr = /=2mz/h?r =: o (1.21)

and then the equation for # - which we use for the determination of bound states, i.e. when = < () - takes the
form:

(i (e+1) {.f('y;.-'ﬁ)_l) ¥ (1.22)

0) =0,

do? B o* ||

—Q

which is to be solved together with the two boundary conditions: “ (0= 0) ~ o*gngulo— o) ~e

This radial equation is often used in atomic physics, but a solution with simple elementary functions is possible

only for a few exceptional forms of the potential energy V(7). In most of the cases one has to rely on numerical
methods to obtain the solution. We shall come back later to this point. Before doing that, however we shortly

present the solution of (' 1.22 ) for one of the most important cases, the attractive Coulomb potential, when Vir)
~ —=1/r

2.3. Eigenvalue problem of the attractive Coulomb-potential,
bound states
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The potential energy of the electron in a the Coulomb field is

Vir)= -1 (1.23)

1 2D
where 7 > 0. This is the potential energy of an electron in the Hydrogen (H) atom, with ' imeg 20 —* €0,
where o denotes the elementary charge measured in Coulombs. In the case of Hydrogen like atoms where the

e L w3 D _
number of protons is Z in the nucleus binding a single electron ' — lmuzqﬂ Ze b, The simplest examples

are the singly ionized Helium: He™ (Z = 2), doubly ionized Lithium: Li"™ (Z = 3) etc. As discussed in
the previous section the Hamiltonian and therefore the energy eigenvalue equation is spherically symmetric

P? 4
H=|—-=]v
('Bm R) I

and therefore it can be solved in coordinate representation by separation in spherical coordinates:

(1.24)

e
I
L]

=

o

o o w(r).. . 1.25

(0, 0) = R(r)Y™(0,0) = (—)Y,-‘”'(H. ). (1.25)
"

With the notations ( 1.15 ) and i7" = & the radial part determining ¥ (o) is now

> e+1) 2my1 . (1.26)

- - . + ———1u(o)=0.
(rfy-] o? Rk o (e)
Let us introduce another dimensionless constant:

2mey (1.27)
90 = —5—
LoH

then the equation take the form:

d? (E+1 0 . (1.28)
(—,, - (7} + 2 1) u(o) = 0.

do* 0° 0

Based on the asymptotics (boundary conditions) discussed in the previous section it is more or less
straightforward to assume a solution of the form

u(o) = o' Hw(p)e?. (1.29)

The factor ot ensures the correct asymptotics around 0, the exponentially decaying factor ™ ¢ does the same
at infinity, while w(2) s to be found so that the above form of “(€) be the exact solution of (128)

everywhere in [U- 00), Inserting the form of @ ( 1.29 ) into ( 1.28 ), performing the differentiations and dividing
by £~ 2, we get the following differential equation for 1 :

P . T . . 1.30
0= +'2'(|’+1—y}i-l-(yt}—?”‘i‘l}}“':U- .

" do? do

Besides obeying ( 1.30) w( ) must not undo the asymptotic forms ( 1.29 ), therefore w( ) must have a power
expansion around 0, otherwise it would destroy the correct behaviour of « around 0, and for large £ it has to
grow slower than e to keep the exponential decay in .

2.4. The confluent hypergeometric function
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In-orgey to present the solution in terms of a standard spegigk function, we introduce here the new variable
, and obtain from ( 1.30 ) the following equation for

f Tu ) 1.31
LY 1) — :]'ji —(f+1—00/2w =0 (30
iz

In the mathematical literature an equation of the form

Fw Tw 1.32
- e,i —|—(b—:}{u —aw =10 (132
dz* dz

with constant & and & is known as Kummer's equation. One of the solutions of this second order equation is
called the confluent hypergeometric function, defined as

. L a (u—i—l): (a)p2F = (a) z* (1.33)
Flabz)=1+pet gyt + ('b};\.ﬂ"'_g” () K
where
(a)p =ala+1)a+2)...(a+k —1), (a)p=1 (1.34)

(and similarly for (.b}k ) is the so called Pochhammer symbol.

We note that there are other frequently used notations for the confluent hypergeometric function:

Fla,b,z) = Fy(a,b,z) = M(a.b, z) = ®(a, b, z) (1.39)

Problem 1.7 : Prove that ®(2) = F'(a,b, 2) is a solution of (1.32).

Problem 1.8 : Substitute & = z' "y in (1.32) and prove thereby that another independent solution of this

Cfa — b ‘ )
equation can be written as wa(z) =z Fila—b+1,2-0,z)

Inour case @ = £ +1 — 9[};"2, while & = 2(£ 4 1) is a positive integer: b = 2. The latter fact shows that
for such b, the function w2(2) is singular around z = (), so it cannot be an acceptable solution, as the

corresponding t would not obey the boundary condition “ (.U} = 0. The solution we have to consider is
therefore:

w(z) = Floo/2 - (€+ 1), 2(6+ 1), 2) (1.36)

It is obvious that F(€ D. 2} is either an infinite power series or a finite one, that is a polynomial in the latter
case. Looking at (' 1.33 ) we see that this happens if and only if @ is zero or a negative integer to be denoted here

by —Ttr, as then all numbers (@) = Ugor & > " vanish, and F reduces to a polynomial of degree 7. We
show now that in order to satisfy the other boundary condition at infinity

w(z) = F(oo/2 — (€4 1), 2(£ + 1), z) cannot be an infinite series. Suppose to the contrary that it is,
Lk

then from ( 1.33 ) it js seen that the k -th term is proportional to =/ K which is the property of the power

expansion of e = ('-" (A more detailed analysis shows that the preC|se asymptotlc form of F is (

f _4 Y o—
L'(b)/T(a)z" "€ This means that in (1.29 ) we would have (o) ~ e*e 2 = e for 0 — o<, which
cannot be the case.

Comment: A simple way to demonstrate the exponential behaviour of the infinite series of F is to look at the
quotient of the k + 1 -th and the k -th term of the series with sufficiently large k> g, £, which is

6
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(@)er1 (B)e K at+k 1 o/2—((+1)+k 1 1 (137)

an .;i,h.__](p;u!_h+ﬁ-,ﬂ-+l_ 200+ 1)+ K f.-+1m£~+

a characteristic of the ratio of the consecutive coefficients of the power series of e-.

So we see that the solutions of ( 1.30 ) obeying the boundary conditions must be polynomials be of the form

w(z) = F(—n,, 2({+1), z) (1.38)
which requires € + 1 — 00/2 = —n; o
0o = 2(n, ++1). (1.39)

Where Tty - the degree of the polynomial w - is called the radial quantum number. It is easily seen that this

gives the number of zeros (the number of i intercepts) of the radial wave function ! ). We define now the
principal quantum number by

no=1,+f+1 (1.40)

which is a positive integer. This is the quantum number which determines the energy eigenvalues. In order to
see this we recall the definition of &0 Eq. ( 1.27 ), which is to be equal to 2n

2my N may 1 (1.41)
= ——=2n, yielding Kp =

h? n

Then with 7 = £¢€j

mefl 11 (1.42)

where the quantity

h2 R? (1.43)
g — 7 == —E—lﬂ'(-'[}
mey gy

is of dimension of length, and we recognize that this is just the Bohr radius of the first orbital in Bohr's theory
of Hydrogen atom. The energy eigenvalues are obtained from ( 1.15)

B2 72 meg 1 {9 (1.44)
— = — — n = R
2m 2h? n*

or alternatively

o _ij-_gi (1.45)

2a, n2

Note that in the case of the Hydrogen atom Z = 1. In the radial part of the eigenfunction ( 1.29 ) the variable
@ = KT js then written as

1r (1.46)
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These energy values belonging to the attractive Coulomb-potential are discrete (which is a feature of bound
$tates)]and to a very good approximation they give us the primary term structure of the Hydrogen spectrum (

), i. e. the Lyman-, Balmer etc. series. The result for the energy eigenvalues in this case coincides with
the one of the Bohr model. This does not mean however that the Bohr model is correct. First, the meaning of
is totally different in,the quantum mechanical calculation. Second, the number of the corresponding eigenstates,
the degeneracy of , to be discussed in the next section, does not follow from the Bohr model. Third, for
systems with more than one electron the Bohr model is unable to predict the energies of the stationary orbitals,
while QM can treat those cases with high precision. We stress once again that in the quantum mechanical
treatment the spectrum of the discrete energy eigenvalues resulted from demanding the fulfillment of the
boundary conditions.

The function F for which the parameter @2 is a negative integer is proportional to a so called generalized
Laguerre polynomial, defined as

. " An+a\ P et dr (1.47)
Ly .= -1 YL i it
v (2) Z( ) (n. — k) k! nl  dx" (€ )

k=0

The expression after the second equality sign is called a Rodrigues' formula. Comment: The particular case

. o) ¢ -
a=0:  Ln (2) = La(2) s called simply the 2 -th Laguerre polynomial.

Problem 1.9 : Prove the validity of the above Rodrigues' formula for generalized Laguerre polynomials.

Problem 1.10 : Pove thatLE:U(-C) = ((n+a)/n)F(-n, a+1, z),

It can be shown that

I'n+a+1) : (1.48)
Dnm
n!

)
/ e T LN () LY (2)dx =
‘[}

lex) ¢ . A ) A
which means that the set of functions L~ (%) with fixed cv form an orthogonal system with respect to the
weight function e ~* on the positive real axis. Let us note that in certain books a somewhat different notion
of the associated Laguerre polynomials is used instead of the generalized ones used here.

3. The primary spectrum of the Hydrogen atom

The result obtained in the previous section yields the primary spectrum of the H atom when Z = 1. We shall
consider several refinements and corrections forced on us by quantum mechanics in the end of this section to
obtain the real spectrum of a H atom.

Animation:

We can
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spectral lines in
several  steps
with thisn
interactive
shockwave
animation:

+ Observing
the actual
spectrum  of
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The energy value 252 equal to 2.2 x 107 1*J = 13.6 eV is called 1 Rydberg.

i
MES o ianoar _ 19)

Sometimes one uses so called atomic units where the energy is measured in

1
me (1.50)
2 = 1la.u
h?
i L c — L a1t e
another name used for the energy atomic unit is the Hartree, i. e. IRy = ja.u= gHartree 1, energy

eigenvalues corresponding to the stationary bound states of the H-atom are

- —i,, Ry (1.51)

=

where 71 is the principal quantum number. From the results of the previous section we have 1 = 7t + £ + 1
where 7t is the degree of a polynomial, thus a nonnegative integer. We also know that £, the orbital angular
momentum quantum number is a nonnegative integer £ = 0,1,2... 1t follows therefore that the possible
values of 7 are the positive integers. The stationary state having the lowest value of energy is the ground state
with . = 1 and its energy is ~1 R.", compared to the state where the potential energy of the electron is 0, so
that its kinetic energy also vanishes. Therefore the energy to be put in to make the electron free from the
proton's attraction is at least LRy in other words this is the ionization energy of the H atom. Increasing the
value of 1 we obtain the energies of the excited states, which rapidly approach the 0 energy level, i.e. the

ionized state.
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Figure 1.1. Energy diagram of the stationary states of the Hydrogen atom.
http://www.kutl.kyushu-
u.ac.jp/seminar/MicroWorld2_E/2Part3_E/2P32_E/hydrogen_atom_E.htm

10 20 rifag
0
Eﬂ- n=3

Coulomb potential

Energy

Energy diagram of the stationary states of the Hydrogen atom.

We have to emphasize that the spectrum has a continuous part as well, because to each value £ > () there
correspond eigenstates of the Hamiltonian ( 1.24 ). These are called scattering or unbound states. They describe
a situation when a particle, say an electron with fixed energy is coming from infinity and it is scattered by the
potential created by a positive nucleus and then it goes again into infinity. Quantum mechanics yields us the full
machinery to calculate the amplitude, as well as the probability of scattering into different directions. The
physical situation is described better if instead of stationary scattering states, which cannot be normalized and
have infinite extensions, one considers the scattering of a localized wave packet. Such states, however are
nonstationary, and the treatment is rather lengthy and only numerical studies are possible. We shall not consider
the scattering problem here.

In the previous subsection, where we have determined the eigenvalues of the bound states, we have actually
found the eigenvectors, as well. As we have been using the coordinate representation, these have been the
coordinate eigenfunctions, which are to be discussed now here. The radial equation in the Coulomb potential (
1.28 ) has 1 linearly independent solutions, as for given 1, according to the definition 72 = 72, + £ + 1 the
values

10
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n, =10, £ =n-—1,; (1.52)
n, =1, { =n—2;
n, =n—1, £ =10

all give different polynomials. They are labeled usually by the values of 72 = T, + £+ Land ¢, therefore the
radial part of the eigenfunctions n¢(7") = tne (K7) /7 take the form

[/ 5 \3 (n—{—1)] - (1.53)
Roue(r) =1/ [ = — —(20) L&+ (20)e2
LJJE( } \II| (Hf}[}) 2;;((;;_’.()[};( _) Ty ( _)
1 2\ (n+ £)! (1.54)
R,.r) = I — : — (20)F(—n+ 4+ 1,2 +2:20)e
o Q'El‘-!—l}!\' nag ) 2n(n—f-=1)1" ~ ( -
where we have taken into consideration the previous results, among others the dimensionless radial variable
F
0= — (1.55)
T

(in certain books nap is denoted by £/ 2) this and the factor with the square root ensures proper normalization
2r

on the positive real axis. The function Rone(r)is a product of a polynomial of nag of degree iy + £ =n —1

and of the function & ™20,

Figure 1.2. The figures show the position Qroba_biligy densities of the electron-nucleus
densties in  the states ( "IRadr)® ). http//www.kutl.kyushu-

u.ac.jp/seminar/MicroWorld2_E/2Part3_E/2P32_E/hydrogen_atom_E.htm
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05 h Probability density = r2|Rp (1) |2
“
|
0.4 H1
|
0.3 ! | Ground state
) n=1
0.2 i /=0
|

0.1 Dashed line : Radius by Bohr's quantum theory

S 10 15 20 25

r/a, (ao:Bohrradius)

The figures show the position probability densities of the electron-nucleus densties in the states.

Including the angular part the form of the eigenfunctions is

U1, 0, 0) = Rou(r) Y0, 0). (1.56)
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We see tnat ivhereas the energy depends only ong, the wave functions are deterginednby-all, three Guantuth
numbers . As we have seen, for a given we have the possible values f a2 + 1 ,
white fth¢ -admber. cf fthe possible spherical harmonics for a given is p2 determined by

. Therefore the total number of independent eigenfunctions is , as it follows from
the summation

n—1 (157)

D (204 1) =n"

£=0

According to this result the energy eigenvalues Zx» corresponding to a given 7, are n° times degenerate. In
reality, however, we know that the electron has an additional internal degree of freedom, its intrinsic angular

momentum or spin, given by the quantum number J=1s=1/2 (We follow the custom that in case of the
spin, instead of J we use s ). The corresponding magnetic quantum number #12s can take two different values

:l:lx"“—?, which means that - say - in the z direction (actually in any chosen direction) the electrons intrinsic

angular momentum can be measured to have only the values j:hf': 2 Therefore the degeneracy in the Coulomb
field is actually

g, = 2n. (1.58)

The independence of <n from £ is a specific feature of the Coulomb potential, in other spherically symmetric
force fields one has { dependent energy eigenvalues Sx¢. The factor 2 in ( 1.58 ) comes from the fact that neither
(1.1) nor specifically ( 1.24 ) did depend on spin. This will be changed in the relativistic approach.

Here the states with different 72, £, or 7, as well as with different 772 are not only linearly independent but also

= ¥
orthogonal, as they belong to different eigenvalues of the self-adjoint operators H, L L., 5. Using the Dirac
notation and labeling the eigenstates with the corresponding quantum numbers, we have

Hn, t,m,m,) =z, |n, {,m,m,) (1.59)
. y
L |n t,mymy)y = R0+ 1) [n,d,m,my)
L.|n t,mm,) =m|n,{,m,m,)
S. |n,€,mom) = hmg|n, £, m,my)
with
' Om' m n, £m,my) = O b mbmm, (1.60)

a T
This characterization is possible because H, L7, L., 5. forma complete set ot commuting operators (CSCO)
in the subspace of the bound states with negative <x. This is the good place to emphasize that the vectors

\ . :
i, € m ) are orthogonal, but do not form a complete system, as [{ has also a continuous spectrum with
positive eigenvalues ¢ > (). Stated in another way: there exist square integrable functions of *.Y. % or

alternatively of 7", 0, ¢ which cannot be expanded in terms of the infinite set given by ( 1.56 ).

5
We can express the ground state energy of the Coulomb potential, —¢6/ 7 as

meg mc® 1 (1.61)

where m¢? is the rest energy of the electron and

1 ﬁ 1

Ameg he  137.04

e (1.62)
Ck -—

= =7.297 x 1073

13
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(here 4o is the charge of the electron in Sl units (Coulomb) a dimensionless constants introduced by A.
Sommerfeld and which is called the fine structure constant. The origin of this name comgg from the more
refined relativistic theory of the H atom, where the corrections are determined by the value of . We shall come
to this point below.

Further reading: Interesting speculations on the value of cv can be found at http://en.wikipedia.org/wiki/Fine-
structure_constant.

The determination of the energy spectrum and the eigenfunctions as we did it above is originally due to Erwin
Schrodinger in 1926. Let us note that in the same year but a few months earlier Wolfgang Pauli did also obtain
the energy eigenvalues with a purely algebraic method.

Further reading: The explicit forms of the eigenfunctions can be found in several books, or at the url:
http://panda.unm.edu/courses/finley/P262/Hydrogen/WaveFcns.html.

We give here only the normalized wave function of the ground state:

7,0 LY (1.63)
thoo(r, 0, 0) = F - e Tian
0

Figure 1.3. Constant surfaces of the position probability densities of the electron in the
n = 3 stationary states of the Hydrogen

14
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Wyaol® = 0.00117893

s o4 = 0.0000835161

10

o

Wysol’ = 0.0000767743 s = 0.0000267904 2
%120} 61 Wl 1 [¢y25" = 0.0000287904

0 ™ X
Y 8.7 "0

0
1o

-10

w

Constant surfaces of the position probability densities of the electron in the n=3 stationary states of the
Hydrogen

This is a spherically symmetric state not depending on the angular variables 0, 0. The set of states Vnim
corresponding to a given pair 7, £ with all the possible 11 -s are called shells, while the wave functions
corresponding to the different values of the orbital angular momentum quantum number values are called
orbitals and are denoted with letters for historical reasons:

¢ 01 23 4 (1.64)
orbital s p d [ g

The orbitals are usually given by the value of the principal quantum number plus the letter according to the
convention given in the table above. The ground state is denoted therefore as 1s, the first excited states the 2s,

and the 2P orbitals, then follow the 38, 3p, 3d orbitals etc. As we have noted in the simple Coulomb-potential
the energy depends only on 7, states with given 7: but different £ -s have the same energy.

Animation:
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m | -31-2

Hidrogén atom staciondrius allapotai

ni112|3141516{7

¢10]1]2§3

-110}112}3

The figure shows the constant surfaces of the

position probability densities of the electron in
certain stationary states of the Hydrogen atom. The
state can be chosen by setting the quantum numbers

n, I, m.

5 ¢

? = 00000355055

Sometimes an additional letter combination is added to the sign of the orbital especially if a real linear
combination of states with given £ but different 172 -s are used, which refer to the symmetry of the states with
respect to rotations about specific axes in space. With respect of this directional structure of the different orbitals
to visualizing web pages:

Animation:

This java
applet
displays the
wave
functions

(orbitals) of
the hydrogen
atom
(actually the
hydrogenic
atom) in 3-D.
Select the
wavefunction
using the
popup menus
at the upper

right.  Click
and drag the
mouse to
rotate the
view.  This
applet

displays real
orbitals  (as
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Hydrogenic Atom Viewer v1.5 — typically used
in chemistry)
by default; to

Real Orbitals {(chem.) display

1 complex

orbitals  (as
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423 ‘ in  physics)
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Further reading:
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Here you find a presentation on the different possibilities of visualizing the
Hydrogen atom.
http://www.hydrogenlab.de/elektronium/HTML/einleitung_hauptseite_uk.html

Further reading: Visit the Grand Orbital Table: http://www.orbitals.com/orb/orbtable.htm, where all atomic
orbitals till . = 10 are presented.

Another terminology calls the states with different principal quantum numbers as shells and coins a capital letter
according to the convention:

n 1 2 3 4 (1.65)
Shell X L M N.

4. Corrections to the primary spectrum of the H atom

It must be noticed that the model of an electron moving in the Coulomb potential as given by ( 1.24 ) is a very
good, but still approximate description of the real Hydrogen atom. The energy spectrum derived from the
Coulomb potential is the primary structure of the H atom spectrum. In reality there are other interactions not
contained in (' 1.24 ), and therefore the real spectrum is different from the simple result above. Not going into the
details here, we just shortly enumerate the corrections. Later on we will come to a more thorough explanation.

1. Finite proton mass. The H-atom is a two-body problem, as the proton mass is not infinite. One can simply
show that like in classical mechanics the center of mass motion and the relative motion of the particles can be
separated. The results derived above remain valid, the only difference is that wherever we had the mass of the
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Mg
L 7 . .
electron we have to replace it with the reduced mass m+my where 'p is the mass of the proton. As "'p
is much larger than the mass of the electron (1837 times) this causes a very little change in the results obtained.

n, =

Figure 1.4. Introduction of the center of mass, and relative coordinates

M=m-+mp m,

_mpr, +mr

R=
M
_)
;
z
A
_)
r
-y
X

Introduction of the center of mass, and relative coordinates

2. Relativistic corrections. These corrections are &> == (0.53 x 10~* times smaller than the typical IRy
energies of the primary spectrum. They, however, resolve the degeneracy in part, resulting in a splitting of the
primary levels, which appear in a refined spectroscopic resolution. This is the fine structure. In the relativistic
case the Hamiltonian is different from the one given by ( 1.24 ) and it becomes spin dependent and a so called
spin-orbit interaction energy appears. Then the Hamiltonian and the components of the operators L (orbital
angular momentum) and S the spin angular momentum do not commute separately, the latter are not constants
of motion. In this case the conserved quantity is the total angular momentum J=L+S, which still

commutes with /1. The operator J? has eigenvalues R2j(5 + 1) where the guantum number J can be shown to
take the values either J =L+ 1/2or 7 =1~ 1;""2, the latter only if ! 7 U, The corresponding state is
denoted b ”‘I.j, where [ is to be replaced by one of the letters S; P d, [ etc. according to the numbers
I =10,1,2ghown in the table 1.64 . The spin orbit interaction causes an energy difference e.g. between the
states 1/2 and P3/2 because here the energy is J dependent. This difference between levels 2p3/2 and 2P1/2
corresponds to a frequency about 10.9 GHz. The theoretical explanation of the fine structure giving the
experimental value is the great merit of P. Dirac, who constructed the correct relativistic description of the

electron which also gives account of the electron spin from first principles. We come about more details later.
Let us note that the first attempt to explain theoretically the fine structure of Hydrogen is due to A.
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Sommerfeld. His explanation gave the correct experimental result of the splittings, but with an argument that
turned out to be erroneous later.

3. Lamb shift. This effect got its name from W. E. Lamb who first measured it in 1947. This is a quantum-
electrodynamical effect explained first by H. Bethe in the same year. The shift appears as the consequence of
the quantum properties of the “electromagnetic vacuum" which is always present, surrounding the atom. The

energies of the states 251/2 and 2P1/2 become a little bit different, in spite of having the same quantum number
of ] =1/ 2, and therefore , according to Dirac's theory they should be of equal energy. The order of magnitude

3 ~ —6 . . ) . )
of the Lamb shift is @ || 2= 1.9 % 107 times smaller than the differences in the primary spectrum, in
the case of the states mentioned this is 1.057 GHz.

4. Hyperfine structure. This is caused by the magnetic interaction between the magnetic moments coupled to
the spins of both the electrons and the proton. For states with 7 > 1 the hyperfine splitting is about 10~ times
smaller than the fine structure. The hyperfine interaction splits the 1z = 1 ground state, as well, where its value
is 1420 MHz, much larger than for an excited states.

Figure 1.5. The order of magnitude of the corrections

25,2p ————————— | """~ """- *— -1 ¢
\ 113.10°° eV 22P,,
22p,, t | FS
Iz 46-10 " eV
228,
453-10°° eV 6
43110 " eV
cmmem Yo,
2 281;21 2 Epwz T 6-10 "eV o 2P1f2
Schrédinger Dirac Lamb shift
theory theory quantum electrodynamics
without spin fine structure

The order of magnitude of the corrections

Problem 1.11 : Explain qualitatively why is the hyperfine interaction larger for the ground state than for excited
states? Why is this splitting twofold? Make a rough estimate of the energy of the splitting of the ground state by
using the classical interaction energy of two magnetic moments. The magnetic moment of an electron is twice

the Bohr magneton, and that of the proton is smaller by 2-06 x electron/proton mass ratio,
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Chapter 2. Perturbation theory and
applications in atomic physics

Goals: As we have to remember, the determination of the eigenvalues of the Hamiltonian in a quantum
mechanical problem is of fundamental importance. In most of the cases this is not possible exactly with analytic
methods, but approximate analytic procedures may work. One of them is perturbation theory to be introduced in
this chapter. In order to understand the material one is asumed to know the most important facts about operators,
eigenfunction expansions, and the significance of concept of degeneracy from quantum mechanics.
Prerequisites: Linear operators; eigenfunction expansion; concept of degeneracy.

1. Introduction

In most of the cases the exact solution of the eigenvalue problem of a Hamiltonian is not possible, except for a
few cases like the harmonic oscillator or the Coulomb potential. Then one has to rely on either numerical
methods, or very often on approximate analytic procedures, that give more insight in the nature of the solutions.

One of the most important approximation methods is called perturbation theory, and we outline it here. More
precisely in this chapter we restrict ourselves to the stationary perturbation theory, in contrast to time
dependent perturbations, which we shall consider later.

The method is applicable in the case when the Hamiltonian of the system in question is of the form:

H=H,+W (2.1)

where we assume that the eigenvalues and the eigenvectors of fo are known while, 1 is a small correction
term called a perturbation to Hy. our task is to find the approximate eigenvalues and eigenvectors of H. We
write the eigenvalue equation for Hyas

Hy|gy) = Ey|¢}) (22)

i
pl

. . . oty .
where  labels the different eigenvalues and # is a degeneration index so that the set of all |“f‘P«’ -s constitute
complete orthonormal system with the properties:

.i'r."!".F oty = 8 e AN,
\Pp | Ppt = Oppr it E |'3"’pa’ (%p

ip

—1 (23)

Equation ( 2.2 ) is called the unperturbed problem.

We assume now that the perturbation is proportional to a real number A, and has the form of 1V = M7 Nis
called the perturbation parameter, which - in many of the cases - can be tuned from outside. We look for the

spectrum of H(X\) = Hy + /\TI", i.e. the solutions of the equation

HN[(N) = B[\, 2.4)

where we assume, that for A —+ U the eigenvalue E(A) goes continuously to one of the Ep eigenvalues of Hy
and we assume that this Ep belongs to the discrete part of the spectrum of Hy. Note however, that the method
used here allows 5 to have a continuous spectrum, as well, but we consider here only the changes in the
discrete part as a consequence of the presence of A}, The perturbation of the continuous part of the spectrum

of Hy, will not be treated, because it requires a procedure different from the one presented here. The
requirement of the continuity with respect to A is not always satisfied, which raises difficulties again, and then
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the method to be presented here is not applicable either. So let us keep the continuity condition, which means
that £(A) and | i ,‘\)} can be expanded in a perturbation series according to the powers of A :

E(,\} =&y + /\Cl + ’\ECQ + ... (25)
[(A)) = [0) + A1)+ A% |2) +

. I .- \ L . .
Our task will be the determination of the corrections =4 and |4/, and this will be done by expressing them with
the unperturbed eigenvalues and eigenvectors. We substitute these expansions into the eigenvalue equation of

and we get:
o0 ; o0 (2.6)

l: o+ /\\TI Z ‘\ff q Z /\\f,' erl-' Z /\\f,' l’_{}

g=0 q'=0 g=0
Consider the above equality for the different powers of A and rearrange the terms. Then we obtain according
H[}|U:3 — Zp U} =0 (2-7)
(Hy — 20)| 13+ (W — )]0y =0 (2.8)
(Ho — 20)|2) + (W — 21)[1) — 200y = 0 (2.9)

: (2.10)

(Ho —zo)|q) + (W —21)|g— 1) —g4]0) =0

The equation ( 2.4 ) determines |* (A)) onIy up to normalization, and even if we stlpulate \ ("‘}| (,\)} =1j
leaves us a free constant: a complex number of unit modulus |* ,\ Jand €' |* ,\ { have the same norm for
real V. Therefore we may prescribe that the inner product (012 A)) should be real, i.e. Im (0] (A)) =0,
Now we normallze|*- ,\ ,, and obtain

1= (X)) = {0]0) + A({1]0) 4+ (O]1}) 4+ A2({2]|0) + (1|1} + (0]2}) + O(N (11

which should be valid for all A.

The other requirement Im(0]2(A)) = 0 means that

0 = Im(0[1»(\)) = Im{(0]0) + A0 |1) + A2(0|2) +...} (2.12)

again to be valid for all A. From ( 2.11 ) we have

0[0

1
2

1 (2.13)
0
0

R

(
(10} + (
(210 + (1]1) + (0]2}
The  first of this leaves the phase  of |“} arbitrary,  the  second  requires
0) + (0 1} (0]1) + (0]1)* = 2Re(0|1) = 0, From (2.12'), on the other hand, we see that in first
order Imj[ = U'as well, therefore we have

0|1y = (1]0) =0 (2.14)

With a similar argument in the second order we get
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(2/0) = (0 (2.15)

2 = —

. Y . . .

From ( 2.7 ) it follows that|“: is an eigenvector of Hy with an eigenvalue <o, therefore <o belongs to the
- . 0 . .

spectrum of Hy We choose now a special <o, let it be E‘u, the upper index refers to the unperturbed eigenvalue.

co = E" (2.16)

- 0. . . .
There can be several £(A) -s, that goes to it goes to zero, the maximum of this number is the degree of

0 . L .
degeneracy of E% To determine the corrections in the sums ( 2.5) we distinguish between the degenerate and
the nondegenerate cases.

2. Perturbation of a nondegenerate energy level

- _ 0 . . . . . .
Let S0 = £, pe nondegenerate. Then there is only one linearly independent eigenvector belonging to this

. . . ; AN .
eigenvalue of Hy, which according to ( 2.2 ) must be proportional to |'~r'w, with a complex factor of unit
modulus. Without loss of generality we can choose it to be 1, and accordingly we have

0) = ln) (2.17)

In what follows we calculate the energy corrections up to second order and the state vector correction up to first
order.

2.1. First order corrections

. . L . . a Y
The first order energy correction obtained if we project the vector equation ( 2.8 ) on | ¥n/

{:i,-_?”| (.H[} Saol C[})|1} + {:-,:‘”| (”_ S C[} U} =1{. (2-18)
i i Hyi ioint and Hol ) = ol @n)
The first term is 0 because {10 is selfadjoint and 40| %n, 0l%¥n/. From the second term we get
g1 = {‘3—?n| (u”‘a—?n} (2.19)
AL — Ao — fon (T A .
Therefore the first order correction is & £ = A1 = (-3.,-,,| (W }|-3.,-,,}, and the energy eigenvalue changes

according to

EX(N) = E] + {wal (W)]en). (2.20)

This is an important and simple result, saying that in the nondegenerate case the first order energy
correction is the expectation value of the perturbing operator in the corresponding unperturbed
eigenstate of Hy. The one dimensional projection obtained in ( 2.18 ) does not yield obviously all the
information contained in ( 2.8 ) because we can project the latter on the invariant subspace of Hy which is

Y . oty oY .
orthogonal to the selected |'~r'n:. We do so now, and project ( 2.8 ) on each|“f‘P«’ (orthogonal t0|‘5——'n,’ ) which can
be degenerate of course (that is why we keep the upper label ¢ now):

(W—c)l0)=0 o) #len). @21

<33H (Ho — c0)|1) + <3:;’

AT . .. .
In the first term we can use again that |“J"P=’ is an eigenvector of the selfadjoint Hy, so we obtain

g | I (ot Y i i . _ .

(Ep ”“Mﬁ”p‘ 1) there, while in the second term product containing €1 vanishes, because we have
=l 0 = 2 (ot o) = CAY A . :

“l\“fpmf’ “l\“ﬂﬂ|3’”f 0 as|5’w is orthogonal to|~r'w. Rearranging the equation above we get:
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o 1 (2.22)
Al :
(‘:‘-"p 1;’ E[} E-{} ("r’p T[ | p ?é 1.
On). We know however, that
w n| 1\ = ]| 1* - “accordlng to ( 2.14 ) so the prOJectlon on |vw is zero. This means that we know the

i

Vin the complete orthonormal basis |} i,
ALY

Z |"r’p; \'r’p'la we have:

Z Z E” E[} (*P

p#En 1

) itself, as according to

(2.23)

| ¥ p; ‘:‘-" )f

Multiplying this expression with A, and adding it to |'a-3'n} = |“} we get the eigenvector of H(A) up to first
order in A

| (/\\. ‘§ = 5: \+ZZ El[} El[}|3’j)} (“r’p

pEn i

(2.24)

oty . .
In the correction term appears the linear combination of all the |“f’p=’ -s for which the matrix element

. . . . Y .
“fp does not vanish. One says that the perturbation mixes to|'~r'w the other eigenvectors of Hy. we

nt 4P .
also se now, that in order to have a small correction the matrix elements (*’p‘ 4! |a=n: must be small in

comparison to the energy difference E E” In other words, the perturbation approximation is the better the

farther is the perturbed level from all the other ones.

2.2. Second order correction

We start now from ( 2.9 ) and follow the same procedure as in the first order case. We project the equation on
|.n. Y
¥n/

{nl (Ho = c0)|2} + {n| (W = c1)[1} = (pn| 22[0) =0 (2.25)
The first term vanishes again because Hyis selfadjoint and Hy |~r”n\f gives =t ’}|~r”n\f In the second term the
(;;-,,|:l|1 = ai{ ]|1; = Upecause of (2.14) and the third is just £2.Accordingly we get €2 = ww| W |1\
is:
(2 26)
‘r .h'.'

£9 = Z Z .’:,”' _E.“ 3:- p Viga) {@al ”-|‘;f.a_\ Z Z E{i_; _ |}

pER i pER i r

meaning that the energy up to second order is:

E2(A) = B [{p Wlen) [ IW ’ (227)
200 = B2+ (ol (W)len) + X 50
p#ER 1
0
We see that the sign of the second order correction coincides with the sign of E E , therefore one says that

up to second order the levels repel each other the mor the closer they were origlnally, and the stronger is
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s o . . . : H fanti
coupling ‘(“fw?‘ u |3“”f | The correction of the eigenvector in the second order is obtained after projecting ( 2.9

) on the rest of the eigenvectors of Ho, i.e. on the|5':':9} -s with P 7 . We omit the formulae, and will not
continue the procedure up to higher orders. An important question is whether the perturbation series is
convergent, which would require further mathematical analysis. Avoiding this problem we only state that in
many cases in atomic physics the second order energy corrections and the first order eigenstate corrections give
results that coincide with the experimental values with great precision.

The results above need the evaluation of infinite sums and even integrals if the spectrum has - as in most of the
cases - a continuous part as well. The absolute value of the second order energy correction can be estimated,
however, without performing summation. Let us consider in Eq. ( 2.26 ) the denominators, and let

AF — 0 i
AE = min |E E | the minimum distance of the level in question, E”, from all other energy levels. Let
us look at the absolute vaIue of the sum ( 2.26 ) which is certainly less or equal than the sum of the absolute

0 0
values of the individual members in the sum. If we replace ‘E” o Ep ‘ in the denominators in each of the terms
by A F, we increase them, because all the nominators are nonnegative. Therefore

2 (2.28)
("r’p "r’ ”.'

21 122 [EQ — EY] = 7 EZZ‘("P

;-‘n i pFER .l'

ZZ \"r’-‘r-’| “ ZZ |'~,::;} (“;p

pER 1 pER

y
One observes now thatzr‘u Z |*‘Pf (""P is a projection operator on the subspace orthogonal to the one

dimensional line given by the projector|5-fw wn|, and as all the vectors|“fpe with P 7 7 plus the smgle|a-fw
forms a complete orthonormal set, we have the resolution of unity:

| @n) (0] + ZZM,} (i| = (2.29)

Therefore

|- < L |H [ 1o lo ]H 1 ] [ ” N0y — Lo | TV ,(2.30)
B — AF \¥n L L ¥/ ‘_"Lf_, ' Sl ¥n

Multiplying both sides with A%, we obtain the following upper bound for the second order correction:

. 1 - (2.31)
Moo < —(AW)2
2| < N AR
- 5
where (AW }r is the variance of the perturbation operator in the unperturbed state |v n/,
Animation:

=Fz : This animation shows perturbation theory applied to the harmonic oscillator. We
can study how the ground-state energy of the harmonic oscillator shifts as cubic
and quartic perturbations are added to the potential.

3. Perturbation of a degenerate level
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, , ' . , . 0
Let us assume now that - in contrast to the case consideredy,in=th¢ previous section - the eigenvalue Eyis

gggeneﬁﬁ‘e, and let the degree of degeneracy be ql[]r’gumber , but finite. In such a cape the eq1@§}y
1 = 1,2 .1s.npt enough to determine the unknown Hl!p|1¢§ause @@M]Eﬁnear combination of the|[]} vectors ,
obeys the eigenvalue equation (2.7 ) , and we know only that is an element

of this subspace, but it is unknown a-priori, how to get it from an arbitrarily chosen set of basis vectors in this
subspace. In other words W_a(h‘a}/‘,e to det;e\rm_ipe{s]the proper zeroth order approximation of the eigem%ectors giving

the limits of the possible -s for EH . To this end we project again ( 2.8 ) to the now dimemﬁjonal

subspace corresponding to the eigenvalue , as we did it in the nondegenerate case in ( 2.18 ), where  was
equal to 1.For the same reason as in ( 2.18 ) the projection of the first term vanishes and get the eigenvalue
equation

0) (2.32)

W |0y =

where 17 is the operator TV restricted to the subspace in question. In more detail this means that we multiply
N . AT C__ : .
(2.8) on a set of arbitrarily chosen orthonormal set of eigenvectors |S-f':u of Hy:1=1,2,... g, belonging to
0 . . : .
E”. The nonvanishing terms yield the 9n equations:

e
<"J"’J.'

A = o . - y . .
The numbers G'L | 0) = ¢i are the expansion coefficients of the vector|“: we are looking for in the chosen
A .
basis |~r'j;;. We can write therefore that

0= Je) (et o0 e

1'=1

0) (2.33)

W0) =& (¢,

where the summation remains in the given subspace. Plugging back this into ( 2.33 ) we obtain:

Hn
At A A
('J"’l.' n n
=1

which is the matrix eigenvalue equation of 17"} in the |o3) representation (with a given 11.):

-Z“:[(a;i}

1'=1

0 (2.35)

/

W

0) =21 (¥}

- 2.36
W (239

;,.:-jf> — g10]cp =0

o= LAt . L . . .
Gt = (?’u “«’. The number of the £1 eigenvalues is 9, as we know, and these will be the different first order
corrections to the energy eigenvalue E,,, while the corresponding solutions for the coefficients yield the proper

. . . . i ) G (1)
zeroth order eigenvectors, using them as expansion coefficients in the basis chosen. Let ~1 (J=12...fa")

- 1 .
all the different eigenvalues of 137"/, then the degenerate E, splits into a number of Jn" different sub-levels

E,;(A) = B2 + A\ j=1,2...fM <g, (2.37)

as a result of the perturbation. It may occur that all the roots of the characteristic equation ( 2.36 ) are different,
(. . .
then fn ' = fn, and one says that the perturbation fully resolves the degeneracy. Should this not be the case,

(1) : . . i _q .
and fn* < gn then the degeneracy is resolved only partially. It may also turn out that fn’ = 1, i.e. the
degeneracy remains there fully, even after the perturbation is switched on. Higher order corrections, which are
not to be treated here can further decrease or even remove the degeneracy completely.
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4. The Stark effect of the H atom

It is known from experimental physics that if one places a gas of atoms into static electric field, a shift and
splitting of the lines can be observed, this is the Stark effect. We shall consider its theoretical description in a
Coulomb field, as an example of perturbation theory. The results describe very well the observations of the
effect for the Hydrogen atom.

Figure 2.1. Shift and splitting of a spectral line in static electric field in case of Helium
gas.

Stark effect splitting of the helium
transition at 438.8 nm.
note asymmetry of the line splitting

l

{

Increasing
electric field

SR TAY
Light polarized Light polarized

paraliel to field perpendicular
to electric field

Foster, J. S., J. Frank. Inst. 209,
585, (1930)

Shift and splitting of a spectral line in static electric field in case of Helium gas.

A perturbation operator in a homogeneous electric field is: W = —qER. we choose the direction of E to be
the z axis, then W= —4tZ (where § < 0 for an electron) and the perturbation parameter is naturally the
strength of the external field £, we can change it externally. If £ goes to zero the perturbation vanishes. As the
ground state in the Coulomb potential is nondegenerate, while the excited states are, we treat the two cases
separately.

5. The ground state

The diagonal matrix elements of the perturbation operator

Al = (n, 6, m|W|n.t,m) = —qE (n,{,m|R|n.{,m) . (2.38)

do always vanish due to parity reasons.

. : y . : ;
Let us show now a little bit more than that. The 2. £; 172) eigenstates of Ho are eigenstates of L2, as well as that

of the parity 11 with the eigenvalue (—1)°. As parity anticommutes with the position operator: IIR = —RI],
the matrix elements obey (' 0/ MR n, £,m) = — (n, €, m|RI|n, 6, m)  since 11 is selfadjoint,
therefore on the left hand side 11 can act on the first factor of the inner product. We obtain
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(=) (', ¢, m/|R|n, £, m) = —(=1)* (n, £, m|R]|n, £, m) (2.39)

We see that if £ — (" is even, then the two equal sides are the negative of each other, so they must be zero:

if £ — { even,then (n'. ', m'|R|n,f,m) =0 (2.40)

One can show also that there is a more strict selection rule, the matrix elements of R do vanish except for
{ — " = +1. The same is valid for the momentum operator P, because it is also an odd vector operator.

Comment: Another proof uses coordinate representation: The integrand contains three factors: ¥ *, one of the

coordinates of #(Z: ¥: OF 2) and Yi™ | The parity of the spherical harmonics is (-—1)6, and that of the
(‘_1)9’+e+l

coordinates is -1, therefore the parity of the product is . If the parity of £ and " are equal, then

(-—1)6 = —1, so the integrand is odd, and the integral vanishes.

Accordingly the first order correction in the case of £ = £’ = ) does not appear, meaning that there is no first
order correction to the ground state. The first nonvanishing correction is of second order:

2 (2.41)

A2 — 262 Z | <S-:'w_f_m.| z |s:'lu[}:3
e BV _ RO
n'#£1,6=1,m=0 ! n

where E[l} is the energy of the ground state, and the summation over all states with 72 > 1 must include the
continuous spectrum , as well. So in reality the correction is an infinite sum plus an integral over the states with
E =0, where the role of the states ¥='.£;m is taken over by the eigenvectors ¥ E'.¢£;m belonging to the
continuous spectrum of the Coulomb Hamiltonian. Nevertheless it is sufficient to perform the summation and
the integration over the states with quantum numbers £ = 1, 112 = (), since the selection rules show the absence

E[} . . . . .
of the other terms. As +1 is the smallest among the unperturbed eigenvalues the denominator is negative for all
n', as well as for the positive eigenvalues of the scattering spectrum, therefore the whole expression ( 2.41) is
less than zero.

The experiments show, in agreement with our result, that the ground state energy of the H atom is shifted
downwards in external static electric field and it goes with the square of the field strength, so the ground state
Stark effect for the H atom is quadratic and negative. We note also that in the case of the Coulomb field (H
atom) the sum plus integral in ( 2.41 ) can be calculated exactly. Still it is interesting that the perturbation series
cannot be convergent in the case considered, because for sufficiently large |Z | depending on the strength of &,
the perturbation energy W = —¢€Z will be lower even than the ground state energy in the direction where
—qEZ is negative. This means that the electron can tunnel out through the emerging potential barrier. This
tunneling probability is so small, however, that for normal values of F' this will happen only in astronomical
times.

Figure 2.2. Potentials in an external electric field
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6. Polarizability of the H atom in the ground state

With the help of perturbation theory one can also calculate an approximate value for the atomic polarizability, g
defined by the equality:

d = 354& (2.42)

This assumes that an atom responds linearly to the external electric field, and a dipole moment is induced in it
which is proportional to the field strength. The dimension of Jis that of volume. Zo the "permittivity of the
vacuum” is included according to the convention in the SI system. As the macroscopic polarization density is
proportional to

P=Nd=N Geof = ,\"C[}g. (2.43)

where A is the density of the atoms, (their number in unit volume), comparing Eqgs. ( 2.42 ) and ( 2.43 ) the
dielectric susceptibility defined by ( 2.43) is obtained from

v = N3 (2.44)

which connects the atomic feature 7 and the phenomenological constant X of the gas in question. Accordingly

by measuring the susceptibility of a gas of a given density or the relative permeability <r = 1+ X, one can
determine experimentally the atomic polarizability.

In quantum mechanics the atomic dipole moment is identified with the expectation value of the operator goR in
A . . -
the perturbed quantum state | '} emerging under the action of the external electric field:
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d_ — "{f'|fif[}R| !_, !:\,. (245)

Here 4o is taken to be the charge of the electron (negative), ensuring that the dipole moment points opposite to
R, which is the vector pointing from the nucleus to the electron. We restrict ourselves here to the determination
of the polarizability in the ground state, where have

|'rn A JJ.',’ \'rn e u.'| fjr[}Zf |':-’ l[l (2.46)
|! T |"r’l[}[}-' Z E[} E[}

i
n'#£1 "

keeping only the first order terms in £ in (W]goR| *\ then

\ ; [ {100l R | @nrtm) (@t t.m| £ |©100(2.47)
t|qoR|¥) = {2100/ goR |2 100) — 7GE2Re z - - f‘i } o J

dI
n' £l : v

Let us note that in very strong external fields we might obtain nonlinear polarizabilities, in higher orders, which
play an important role in atomic physics especially if they are time dependent, but we do not deal with such
effects here. In the sum above the first term vanishes, as we have seen above. In the products of the form

w lu}|l&‘ R |'rn ra m} ’{a» n' g, m| Z |~r 1 }[}, only the third the Z vector component remains nonzero, due to the
selection rules. The second factor is different from zero only if 112 = (). On the other hand the selection rules
exclude the X and ¥ components for 772 = 0, they have nonvanishing matrix elements only if Am = +1,
and in such cases the second factor is zero. This means that in the first factor only the Z component will
different from zero. Physically this means that a field of direction Z, induces a dipole moment in the same
direction and not in the others. This is why an atom is electrically isotropic, which is not generally true for
molecules for instance, which may posses a static dipole moment even in the absence of external fields.
Polarizability is therefore a scalar (and not a tensor) as expected, and its value can be seen from the above
expression:

9 |\‘u—’ l[}[}|z |"r"H £y u.'* — 9 |\‘:—' l[}[}|z|‘~r—n Sy |Ij (2-48)
~2q5€ Z —EY, € Z E? — E?

n'#1 n'#l

With the same procedure what we did with respect to the estimation of the second order energy correction we

0 _ 0 _ et
can give an upper bound for the polarizability here. As E, = ”_E 2ay the denominator in each term is
3 I|
greater than 4 2Zay. Therefore replacing the denominators in each term by this value and using the equality

g = epdmep (the definition of €0 ) we obtain

8(! ; 2.49
d <2353 Y el 21w em) P = (249

[} n'#£1

6

2 E(pro0|Z (1 — | @100} (P00 ) Z | p100) =
16 .
TFC[}H{}?S{Q[[}MZJ |l 100)

f"

== —lTTC[}EJ.[}

One can easily calculate the expectation value of 22 in coordinate representation, giving:
‘rl[}[}|Z l01,0,0)

= “u and we obtain

. 16 _
g < 47.'(13? = 5.3 x dmad. (2.50)

As we noted earlier the sum ( 2.48 ), which can be calculated exactly is identical to ( 2.41) gives
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3 =45 x 4mag. (2.51)

which shows how good is the upper bound obtained above using perturbation theory.

7. Stark effect of the first excited state

The first excited state of the Coulomb potential is the one with principal quantum number 2. The corresponding
0 _ L. . . . .

energy eigenvalue Ly =— 1 Ry is fourfold degenerate, ignoring spin again. The usual set of states are the

simultaneous eigenstates of L2 and L.. with eigenvalues corresponding to {=0,m= U, this is the 25 state

and the three states labeled by £ = L, m = 0, =1 these are the 2P states. According to degenerate perturbation

theory we have to find the eigenstates of the perturbing operator W= —-4&Zinthe subspace spanned by the
four states above. To this end we write down the matrix of the . operator in the for basis vectors above. The
matrix elements vanish for £ = {', we need only the elements between the 5 and P states, while we also know
that only those with 17z = .’ will not vanish. So the only nonvanishing elements are those between the 25

state: £ = 0,m =0 and the 2P one with £ = L.m" =0 This can be easily calculated in coordinate

) A I R . .
representation and one obtains (w200 Z |02,10) = 300, The original 4 x 4 matrix thus reduces to the
following 2 x 2 matrix:

0 —:31’1‘5(1[} (2.52)
—:31’1‘5(1[} 0

with eigenvalues :F3f1‘5f—!u, and the corresponding eigenvectors are:

1 2.53
|F) = 73 (l2,1,0) £ |w200}) - (2:53)

The result is a linear Stark effect that resolves partly the quartic degeneration (without spin).

Figure 2.3. Stark effect in Hydrogen: The until then degenerate excited energy levels are
split up if an exterior electric field IS applied.
http://en.wikipedia.org/wiki/lmage:Stark_splitting.png
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Chapter 3. Spin and addition of
angular momenta

Goals: In this chapter we assume that the reader is familiar with the most important points of the algebraic
theory of angular momentum in quantum mechanics, which will be shortly repeated in the beginning. Then we
recall the experimental evidences of the existence of spin in atomic physics. Then we turn to the problem of

addition of two angular momenta, determine the possible quantum numbers J, and m of the resulting angular
momentum

Prerequisites: Algebraic theory of angular momentum.

1. Introduction

Animation:

This webpage offers a two word explanation of spin. Check out the
spin tab with an animated video showing basic concepts of spin. You
can also find some additional information on application of spin in
technology.

Let us first recall from quantum mechanics that angular momentum is defined as a vector operator J with
components obeying the commutation relations

[J’T, jlr'] = FI:!-J-(-'I.'R.,I-},I. (3.1)

where €1 is the Levi-Civita symbol: the totally antisymmetric three dimensional tensor, where all the indices
run over ;Y. Z. It stems from the form of orbital angular momentum L = R x P, using the canonical
commutators, or more generally from the three dimensional special rotation group S O3 which is the symmetry
group of a sphere excluding mirror transformations. The infinitesimal generators (i. e. the Lie algebra
generators) can be chosen as the infinitesimal rotations around the three Cartesian axes, and these are just the
components of the angular momentum operators in units of /.

As we know from quantum-mechanics from ( 3.1 ) follows that J* and any of the components of J do
commute, but the components themselves do not. Therefore it is customary to find the simultaneous
eigenvectors of JZ and one of the components which is chosen traditionally to be the z component I

J2|5,m) = R%j(5 4+ 1) |j,m) J. |j,m) = hm|j, m) 3.2)

The angular momentum quantum number J can take on only nonnegative values that are half of an integer:

0,1/2, 1, 3/2,. -, while the usual terminology calls the number 7 as a half- integer, when it is the half of an
odd number. For a given J the magnetic quantum number, 71i runs over the 27 + 1 gifferent values from —J to
7,50 is also an integer, or half-integer depending on the value of J.

Problem 3.1 : Recall the algebraic derivation of the above results from quantum mechanics.

1.1. Evidences of the existence of spin angular momentum
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In the case of orbital motidh We. use L instead of .J, and the corresponding quantum number is denoted by £,
which is always an integer . It turns out however that the half-integer value also occur in nature, which
is always connected with an intrinsic property of particles, and it is called spin. The first evidence came from
spectroscopy, where spectral lines in magnetic fields showed a splitting to an even number of sublevels. As a
charged particle that has angular momentum, always has a magnetic momentum coupled to it, as well, 50 its
energy levels will changé.in an external magnetic field. In the case of g;magnetic field in the direction , the
energy proportional to  will be differeri? jfop dtates with different . The observed even number of

sublevels corresponding to an even value of , meant that in that case  must have been a half-integer, and
as it was first proposed by S. Goudsmi}‘ &ad”;‘igﬂenbeck in 1925, this was due to the angular momentum of the
electron called spin, having the value . In contrast to orbital angular momentum, this value does not

depend on, and cannot be changed by any external action. It is an intrinsic property of the electron agd— 45}-’1}
turned outj-x.-"g?f many other particles in the microworld. In the case of the spin, one usually writes
instead of and speaks of a spin-half particle.

As we know, there was another earlier experimental result in 1921-22, by O. Stern and W. Gerlach, who
studied atomic beams of silver, and discovered that the beam is deflected in two different directions in an
inhomogeneous magnetic field. It turned out only later that this phenomenon was also the sign of the electron
spin. The magnetic moment of the silver atom originates from the spin of its outermost valence electron, and the

two beams observed corresponded to the quantum numbers 7'ts = 1/2 ang s = —1/2 where the subscript
& alludes to the spin.

One more experimental result was the Einstein-de Haas experiment, where a strong current impulse in a coil
around a cylindric piece of iron caused the latter to rotate and gain mechanical angular momentum around its
axis. The effect is attributed to the magnetic moment of the electrons in the metal, as this was aligned in the
magnetic field, aligning in this way their angular momenta, as well. The cylinder as a whole then began to
rotate, as it had to compensate the change of the mechanical momentum of the electrons, due to angular
momentum conservation. This idea - proposed in 1910 and realized experimentally in 1914 - did prove
qualitatively the reverse of Ampére's hypothesis about the existence of atomic currents in materials as the cause
of their magnetism. Here the magnetism proved to create rotational motion. It was much later when the more
subtle analysis of the experiment's quantitative analysis proved that the atomic angular momentum playing role
in the experiment was due to the spin of the electrons.

The existence of spin and its interaction with magnetic field led W. Pauli to set up a new equation for the
electron moving in three-dimensional space, which is written as:

; hr‘ﬁ) oy 1 (3.3)

5 o (P — qA)° |T) + @ |T)

where o is the Pauli spin operators, or as one often says & = (T Ty T-) are the three Pauli matrices,
connected with the spin angular momentum operator S as

h :
Sz%ﬁ 34

\ ) . .
In ( 3.3 )|‘I‘; is a two component quantity, where each component is an element of a Hilbert space 9
corresponding to the spinless motion. More precisely this |‘I’; is an element of the tensorial product N H,

where $% is the two dimensional complex space representing the spin degree of freedom. In particular, in an
external magnetic field B, the Pauli equation can be written also as

) |:_.'."= | '-'r.\-’ |!.‘.ﬁ‘- q 1, 1\3.5)
h— )= —[(P - gA)]” D) 4+ gd . ] — —SB ‘
! ,EH (|¢_.'_f.= 2m " il ( i.:_}) 4 (|t_} m Y

I.'+::'
0. N C L Y = "
Where( '-'--?-) is usually the basis in which @ or S is diagonal: 7= W) = £ ),

Problem 3.2 : Derive ( 3.5) from (3.3).
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The most important theoretical step was taken by P. Dirac, who introduced his famous equation for the quantum
mechanical description of the relativistic electron, where the concept Pl: gpin-emerges naturally from first

principles, and the Pauli equation follows as an approximation in the case for the electron.

2. The problem of addition of angular momenta

It is a frequent problem in atomic physics that a system has angular momentum from different origins. In a
simplest case, in a multielectron system all the electrons may have orbital angular momenta, and only the sum of
these will be a conserved quantity similarly to a classical mechanical orbital problem. In quantum mechanics
this means that in the case of, say, two electrons only the sum of their angular momentum operators Ly + Ly
will commute with the total Hamiltonian.

Problem 3.3 : Show that for a two body problem in classical mechanics the sum of angular momenta is
conserved, i. e. its time derivative is zero.

Problem 3.4 : Show that for a two-electron problem (say the He atom) the interaction part of the total
Hamiltonian

e2 (3.6)

Hin = Ts= 4
" |Ri—Ry|

does not commute with the components of Ly, and L2, but it does so with the sum of the two.

Another more intricate problem is if the constituents of the system possess intrinsic angular momentum i. e. a
spin besides their orbital angular momentum. In such cases the Hamiltonian frequently contains a term like

H,, = 'JELS, called the spin orbit interaction, and it turns out again that this term commutes only with the sum
J=L+8S

Problem 3.5 : Show that Hs commutes with the components of .J.
The situation is further complicated in atomic systems with the inclusion of the nuclear spin, I, and one has to

consider also the total angular momentum - denoted traditionally by F - consisting of all (orbital and spin)
momenta of all constituents.

3. The problem of addition of two angular momenta

Now we shall consider two angular momenta 41 and J2 in two different Hilbert spaces 1 and $2 thus we
prescribe the usual commutation relations for the components of each J see ( 3.1)

[-][,‘. j[!] = FI(-','I,,';L.-}[;L.. [-jj,'. ’I—-‘!] = FI(-','I’,';‘.-}QI;.. (37)

For simplicity we use here and in the following units where i = 1, if one still needs the original units, one can
always find the correct expression including /i by considering then the dimension of the operators in question.
The two momenta are considered to be independent, therefore components with different number indices 1 and
2 commute.

[']U- -]g,;-l - U (38)

n 2

In one of the spaces we can diagonalize simultaneously J7 and J1-, while in the other the same is true for J3
o ; y ; \ .

and -J2.. Therefore we can consider in each of the spaces the bases Ji,m 1/, and |72, 2} for which:

I imy) = 510G + 1) |51, my) i gy ) = my | my) (3.9
I2 5o, ma) = ja(a + 1) |2, ma) Jo. |Ja. ma) = mag |fo, ma)
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how=we; fix fhe-valyes of 21 gnd J2, and, thenj, asjwe-krqw - the-ppssible values of the corresponding 77 -s are:

9, @ Hy cand (27, + 1)(292 + 1) , respectively. We shall consider now the
space , which is of dimension , and which is spanned by the basis vectors:
|71, M) @ |Jo,ma) =1 |71, m1; Jo, o) (3.10)

where a simplified unambiguous notation has been introduced. These vectors are simultaneous eigenvectors of
the four operators

Peol=J, J.el=I., =71 [aJ.=J. (3.11)
Let us consider the operator
J=J,@l+Ixl (3.12)

which also acts in $1 & $2, and which is written usually in the shorter form as Ji +J2, and its components

Ji = Jyi + Joi(1=2,9,2) A short calculation shows that these /i -s obey the commutation relations
defining an angular momentum according to ( 3.1), i.e.

[J’T, jﬁ] == FI(-',';L.,I-},I. (3.13)

From this it follows that J?=(J1 4+ ) defined according to

J2 = el+lel) - (Jhel+lal,)=lBal+IaJi+2),0J,619
and
J.o=J.+ s, (3.15)

have a simultaneous eigenbasis.

Still it is interesting that J2 and -/1; or J2 and +/2: do not commute, because

[J_-‘j[,] :[Jf+J::+2J|J_Jj[,IZE[J[JQJ[,l: (316)
= 2['}13"-}25'- '}l.l'l = 2'-}23'['}[&- '}l.l'l = 2';('-.R~J'|"-'Il|"}2.f.'-

and

[Jj. -jj,'] = [Jf + J:: + 23,35, -jj,'] = 2[.] (Ja, -jj,'] = (3.17)

= 2Jipdops Joi| = 2014 o, Joi] = i€ Ty do
= 2ieyyJ 1y Jo,

where in the last equality we changed the summation indices & and I. The sum of the two latter equations ( 3.16 )
and ( 3.17 ) is however zero, showing that J* commutes with Ji = Jyi + Jo;i but not separately with the
summands. At the same time

(75,33 =74, 33 =0 (3.18)
since e.g.
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because the square commutes with each of the components. We see from this that the four operators

J4 0,08 08 (3.20)

do commute again, so they must also have a common eigenbasis |n the product space. These vectors will be
denoted in accordance with the operators by the symbol 7™, 1, J2). The latter i is, however, not identical with

the elements of the product basis |71, 1721; J2, 2} of ( 3.10 ), which are the simultaneous eigenvectors of the
four operators

J2 02 ., Jo. (3.21)

because from the two different operator quartets ( 3.21 ) and ( 3.20) one can select pairs of operators that do not
commute with other. These are, e.g the pair J? and Jy- or J? and /2. One can show by explicit calculation, see

the next two problems, that the vector 7151121, J2,MM2) s not an eigenvector of J* :
Problem 3.6 : Show that J? = J? + J% +olipdy 0y ey 20

- ] N ] ‘\ 1 1 :
Problem 3.7 : Using the result above, prove that 1 MTt1; J2,1M2] is not an eigenvector of J?, except for
My = Jrand M2 = J2, or when "1t = —Jiand M2 = — ]z,

The problem of adding two angular momenta means that we give those basis vectors |7, 1%, 31, J2) in which the
3 9 3
operators I T 3. IS are all diagonal.

4. The possible values of the quantum numbers j and

e

4.1. The possible values of m

Let us find now the possible values of 112 and 7, defining the collective basis. The elements of the product basis
are eigenvectors of =T+ o

Jogemy jeama) = (i + Jos) [ mys Jeama) = (my + ma) |71, my s ja, me(3.22)

with eigenvalues

= 1My + s (3.23)

Obviously all these 712 -s are integers, if both Jiand J2 are integers or if both of them are half-integers. 11 is
half-integer if exactly one of the J -s is half-integer. As the larest value of 11 is J1, and the largest 7712 is just J2

, the maximal 2 value is i+ — 7+ }3, and for similar reason the minimal value of 11 is "t— — —J1 — }3,
therefore
—j1—J2 <m < ji + Jo (3.24)

The eigenvalues 1 of J. are degenerate, in general, as a given 71 can be written in more than one way as a sum
of the two numbers 121 and 7722, In order to find the degree of degeneration of a given 2, we plot the elements
of the product basis in a two-dimensional Cartesian coordinate system with points so that the horizontal co-

ordinate is 711 the vertical one is 712, For fixed J1 and J2 we get then a axially symmetric set of
(271 + 1)(272+ 1) points. The states with a given 112 = 11ty + M2 are found along the line segments with

equation 77ta = —17ty + 112, Their slope is -1, and the one corresponding to a given 171 intersects the 77tz axis
at 71tz = 11, The number of basis vectors with a fixed 72 is equal to the number of points on the line segment

corresponding to the given 172. Figure shows the case J1 = 3, and J2 = 2,
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Figure 3.1. This figure shows the case /1 = 3, and j2 = 2.
A
M,
>
n,

This figure shows the case where the added angularmomenta are 2 and 3 respectively.

There is only a single vector for which 71t = J1 + Ja2 this is the point in the upper right corner of the diagram

and similarly a single one with 71t = —J1 —.J-E, this is the point in the lower left corner. Therefore in
5 =i€<1_5')2 these two eigenvalues are nondegenerate: their degree of degeneracy is unity glm=j+j2) =1
and 9(m = —J1 — J2) =1 From now on we shall not write out J1and J2 in the product basis states, and
will denote |71, 17215 J2, iz} simply by |_'” Ls '_”2} unless this is necessitated in order to understand the notation.
Then the vector corresponding to 7* = J1 + Jzand 7" = —J1 — J2 are

|j[ L,y = lj['.jj. Mg = j_]} = |}[}_J} (3.25)
|J1.my = —J13J2, e = —jJa) = |—=J1, —Ja)

Let us consider now the case 2 = J1 + J2 — 1. There are two orthogonal vectors in the product basis
belonging to this eigenvalue of J., these arelmi = j1 — Limy = .J-E}, and |11 = Jiima = ja — 1\ )
gm=j1+7j2 1) =2 The space spanned by these two orthogonal vectors is two-dimensional, and any
linear combination of them belongs to the J. eigenvalue M = Ji+g2—1

Figure 3.2. The ™ 9(m) function corresponding to the 71 = 3, J2 = 2 values.
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g(m)

s = w . . . =i +j.=1
412

The g(m) function corresponding to the example above.

We can continue this consideration, and find that decreasing 1 further, its degeneracy increases until we do not
reach the line segment which starts from the lower right corner where "2 = —J2and M1 = J1. (See Figure
3.1 ). (We assume here that J1 = J2, which does not restrict generality.) For all pomts along this line
M = J1 — J2, and the number of points i. e.the degree of degeneracy is glm=ji — j2) = 2j2 + 1 the
number of the possible 7722 -s. If we continue with still smaller 1 -s: M = J1 — J2 — l,...g does not
change until we reach the smallest value of 721 which is 711 = —J1, and 2 may still takes its Iargest value
M2 = J2, and therefore 7 = —J1 + J2. The product basis element corresponding to 7t = —J1 + J2 are on
the line segment of slope -1 and accommodating the point in the upper left corner of the figure. The number of
these points are still 9(71* = —J1 + J2) = 2j2+ 1 Next if m decreases further one by one, the degeneracy

is decreasing too, until we reach the minimal value 77t = =J1 = J2, which is the point in the lower left corner
of the figure, which is obviously nondegenerate again.

We summarize now the above statements in a more general way, including the case when J2 = J1, as well:

.f}( n)=ji+jo—m+1, if |j—jo] <m< g+ o (3.26)
g(m) =2min(jy, j2) +1. if —|j1 = jo| £ m < [j1 — 2
gim)=gj+j+m+1, if —j —jp<m< —|j — Jo

Figure 3.2 shows the 772 =+ 9(77) function corresponding to the Ji = 3, J2 = 2 values, the case for which the

product basis elements have been shown in Figure 3.1 . The function 9(m)is presented in a specific way, along
the vertical line corresponding to a given 172 discrete points with unit distance are plotted so that their number is

g(1m). soon we will see the advantage of this visualization.

4.2. The possible values of J
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From the general theory of angular njumentym it follows that;ttie qnﬁqttum numbers J and 172 gAreespqnding, to

the operators representing the sum:  and the inequality J2 must hold. Further, as is
the largegt-eng,that accur, the larglept-popsible ejgenvaliig 9f + ust by the one corresponding to the quantum
number , which is , as it could be seen straightforwardly

by solving problems 3.1 and 3.2.
421.a)J=h+J2s m=Ji+Jo ntJ—1...=J1—Je

We know that besides the state with 772 = 7 there are additional eigenstates of J2 belonging to this same
J7=n+J2 quantum number, corresponding to other, smaller values of 712, namely those with
m=7j—1,...,—7J, and their number is 2/ + 1 =2(J1 + J2) + 1 As we have seen in the previous
subsection, such 71z -s occur actually among the eigenvalues of J., but as we have seen, there are in general

more than one such states that belong to a given 112, because according to ( 3.26) for| ”?| <h+ .J-E, we have
glm)>1

In order to find other states that belong to the largest Jie. to Ji+ 72 let us apply the operator
J_ =0 +.Jo tothestatel] = J1 + J2,m = ji + J2). This does not change the value of J = J1 + J2
as [JE- '}—] =0 ,  Whereas it decreases the wvalue of 1 by one, Vvyielding the state
7 =71+ J2.m = ji+ j2 = 1} and we can continue the procedure applying & times .J_, producing in this
way a vector proportional to 1] =Ji+ Jasm = ji+ ja — f‘\ and finally we get the zero vector for
k=2j+1(J }R which cannot be an eigenvector. Note that this can be visualized if we look at Figure 3.2 in
a different way. The rightmost point where 77 = J1 + J2, and g(m) = 1 can be identified as a representation
of the state J = J1 + }3, and 77t = J1 + J2. Each time we apply .J_ we move one step to the left and each
point in the row of the < 201+ J2+ 1) points with glm) = 1 can be considered to be one state with this
same J and decreasing until its final value with 71t = —J1 — Jz,

422.b)i=git+tp-1, m=p+p-1, p+p-2,...~n—-J+1

Let us consider now the subspace belonging to 77 = J1+ J2 — 1. As we have seen, this is of dimension two,
(unless one of the J1 and J2 is not zero). In this subspace we have already found the vector

J=hi+m=j+75]—1) by the procedure described in the previous paragraph. But due to the
twofold degeneracy there must be another one, with the same 712, which is orthogonal to the latter for which

m=j;+j2—1 again. Because the J and m values must obey j=n | this 1 can belong only to
J=J1+J2ortoJ =J1+ J2 — 1. On the other hand this vector cannot be one with J = J1 + J2, because
it must be orthogonal to the state with J =71+ J2,m = Ji + J2 — 1 Therefore the only pos'5|ble state can
be only one with 7 = J1 + J2 — 1, and then the state|} =Nt 1,m= J1+ J2 = 1) has the largest
p055|ble m for this J. We can apply again /- =.Ji_ +J5 suff|C|entIy many times and obtain

2(j1 4 J2 — 1) + Lthe vectors |7 = J1 + J2 — 1,72) whose number is 2(J1 + J2 — 1) + lasforthe last
one with M = —J1 — J2 + 1 the effect of .J_ will be zero. In Figure 3.2 the point with glm) =2 ang
m = i + J2 = Lwill be considered to represent |J = J1 + Jj2 — L,m = ji + j2 — 1}, and the points in
the row with this same 9(11) = 2 are those with the same J = J1 + J2 — 1 and the appropriate 77z -s.

423.¢c)J=nh+tl—2 m=Jj+j~2, ht+tje—-3...~n—Jo+2

We can continue the procedure with vectors where 7t = Ji+J2—2, They form, in general, a three-
dimensional space, where two of which have been already obtained by applying the lowering operator .J_ from
two orthogonal  starting states as described in points a) and b). These are the states
J=ht+rem=j+j—2) andli =h +j2—Lm=j+ J‘ — 2} The third state orthogonal
to the latter ones can be only the vector |7 = J1+ J2 — 2,m = ji + j2 — 2) pecause the quantum numbers

J and m indexing a should still obey j=z |““| while there are no other states with J > Ji + J2 — 2,
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Applying .J_ again we obtain the states with this same 7, and m decreasing till —(j1 +J2 — 2}, and this can
be interpreted by stepping down along the row with glm)=3

We continue this procedure so that the rightmost point in Figure 3.2 in each row is considered to represent the
state with J = J1 + J2 — g(m) + 1, and those with the same 9 (772} but with 1m going down the other states.

As we see from the figure, we arrive flnally at = |j1 — Jj | where the largest possible 772 will be just this
value from which .J  creates the 2lj1 —Jjo| +1 orthogonal ones 7= |j1 = Jjal,m) ., Wwith

m = |j1 = ja| ;... = |71 = J2l. We see that this is the smallest possible value of J as we exhausted all the
possibilities.

We can check that the number of orthogonal basis vectors, in the collective basis obtained in this way is the
same as in the product basis. Assuming J1 = J2, the number of the elements of the collective basis enumerating

u+r> :
them in the reverse order, is given by <=1 —r>( ]+ 1), which can be calculated as
Ji+jo 253 ) 2ja ) (327)
S 2541 =) Rk jo) + 1] =22 k+ (250 + 12051 — jo) + 1] :
J=n-=jz k=0 k=0

2272+ 1)252/2 + (22 + 1)[2(1 — 32) + 1] =
= (2ja+ 1)[2j2 + 2(j;, — j2) + 1 _[}j,-}-li[ 71 + 1]

where we introduced the new summation index k=j- Ul — J2 ) and made use of the well known rule

heo = 1(1 4 1)/2 The result shows that the number of the orthogonal basis vectors in the collective basis
is identical to that of the product basis as it should be.

5. Clebsch Gordan coefficients

The considerations given in the previous subsection provides us with an actual procedure that yields explicitly
the vectors of the collective basis as linear combinations of the elements of the product basis.

As we have seen above, by fixing a possible proportionality constant of unit absolute value, we can |dent|fy

[J1s 74 = JiiJ2., ™2 = Ja with the unique collective basis vector |/ = Ji + J2: 70 = Ji + J2). Then
using

J = -j[_ + -.-Ij_ (3.28)
we get
J_ |Ji' =N+ Jz.m =1 -I'-Ji'_"rt =1 Jfl + j:l_.,|j'|. my = j|' Ja2, Ma = Ji' = (3.29)

= [Si- |71.ma)] 2. ma) + g1, mu) [Jo | j2, ma,

The rule

I_|j,m) =+j(j+1) —=m(m—1)|j,m—1) (3.30)

known from the theory of a single angular momentum yields normalized Jym - 1\ if the initial |7 77 is
normalized as well. Therefore we can explicitly calculate both sides of ( 3.29 ) and obtain for the left hand side:

ViG+1D) =G =D,d=1) = /25,5 - 1) (3.31)

with J = J1 + J2, while the right hand side will be similarly
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}J j] manl 1\ (332)

V271 |j1,J

The equality of the two gives

+\/7’} |31, J1)

7.0 = 1) = V3 /Uy + 32) lgn.gn = W ldas dod + 32/ (G + 32) s dn) g da — 16:39)

We can again apply .J_ to the left hand side of and Ji— + Ja to the right hand side of ( 3.33 ), and using the

rule ( 3.30 ) obtain the expression ofli = Ji + ja,m = j —2) by the appropriate vectors of the product
basis which will contain the linear combination of the vectors with Tt — ”?l +Mma=Jj1+ J2 — 2, i. e

those of |71+ J1 — 2} f“ s J1s 1) |j2, g2 = 1) |fl J1) d2s g2 — 2) . Continuing this procedure
through all the -}+1 steps, going to the left in the first row of Flgure 3.2 we arrive at
] = J1+ J2;m = —j1i — J2}. which the leftmost point in Figure 3.2 , and at the same time the lower left

pointin Figure 3.1 .

Now we go over to the second row of Figure 3.2 . Its rightmost point|f =h+j-lm=j+75p-1)
must be orthogonal to the one represented by the point below it, which is of the same 712, but has a different
J7=1+J2. The expressmn of this one must be therefore in the two-dimensional subspace spanned by

Js gt = 1) |72, 32) and 15 710 1725 2 = 1) put orthogonal to ( 3.32 ). There is a single normalized vector of
this property (apart from a possible phase factor), which is thus:

J=n+dr—Lm=j1+ j2 = 1) = 3/ 32/ (51 + J2) |dnsdn = 1) d2. J2) =+ 30/ O + 32) |Fr o) L d2s o (3.34)

where we simply exchanged the two coefficients and changed the sign in front of the second one, yielding an
orthogonal vector to that given by ( 3.32 . We repeat now the procedure with Jo=d 4y applylng them

to the left and right hand sides of ( 3.34 ) respectively and obtain all the vectors ] = J1 + J2 — 1,m} in terms
of those with |71, 721} [ 72, 712) where 11 + M2 = 12 will be valid necessarily.

The first vector in the third row of the figure will be obtained (See Figure 3.2 ) again by finding the third vector
with J =™ = Jj1 +J2 — 2, that should be orthogonal to the other two with the same i1z but with
J=J+J2, and 7=J1+J2—1 found previously in the first two rows with this same 1 .
J_ = .J,_ 4 .J5_then yields again all vectors with this same J = J1 + J2 — 2 put smaller 1.

In this way all the vectors of the collective basis can be obtained as linear combinations of the elements of the
product basis:

- Yo lf”n' 1
|7, m) = Z C et jama [ 41111} [ 72, M) (3.35)

m=1mj +ma

m
where the coefficients '.':1m-1.jema { are called Clebsch-Gordan coefficients. As can
be seen from their construction they are nonzero only if 72 = 1121 + 722, and they are real numbers, due to the
phase convention used above. They arose first in a different context in mathematics, the theory presented here
comes from E. Wigner, who considered the problem of adding angular momenta in quantum mechanics. He
introduced a somewhat different notion called Wigners 3j symbols. Their notation and connection to the
Clebsch-Gordan coefficients is the following:

BRI (=1 . (3.36)
(FL F.:i}ll .;fr-a) = ﬁ{; m| g,y Ja, Ma)

There is no simple closed expression for the values of the CG coefficients or the 37 symbols, in general. A
complicated sum can be given for them which we need not to include here, as these are tabulated in many books
on atomic physics and quantum mechanics.

= (j3,m |1, My, jo,ma)
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Further reading};See also the page http://www.volya.net by A. Volya, which gives the explicit values of CG
coefficientsand  symbols.

Further reading: Many of the properties of the Wigner coefficients are given in the page
http://en.wikipedia.org/wiki/Wigner_3-j_symbols.

Animation:

B Visualizations of the procedure given above is seen on this Mathematica
T demonstration page. Although quantum formalism is indifferent to such
interpretations, the addition of angular momentum in the absence of any electric or
magnetic field can be pictured by a vector model in which J1 and J2 precess about

J =J; + Jo, which itself precesses about a z axis.

Problem 3.8 : Perform the general procedure exposed in this section for =]z = 1;""2. What are the
symmetry properties of the resulting collective basis vectors with respect to the exchange of the two spins.

Problem 3.9 : Find the result of adding two spin half angular momenta H=J2= 1;""2 in another way, as well
by writing up the matrix elements of .JZ and -/~ in the product basis, and diagonalize the -/~ matrix. Find the
eigenvectors explicitly, as well.

Problem 3.10 : Find the result for a general J1 = { and 72 = 5 = 1/2 This is the case of spin-orbit
interaction for a single electron.

Problem 3.11 : Add the two angular momenta h=J2= 1, i.e. find all Clebsch-Gordan coefficients for this
problem.
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Chapter 4. Fine and hyperfine
structure of the H atom, Lamb shift

Goals: The energy spectrum derived from the Coulomb potential (see Chapter 1) is the primary structure of the
Hydrogen atom spectrum. In reality there are other interactions not contained in that model. In this chapter we
elaborate these interactions and explain the origin of the necessary corrections.The necessary prerequisites
beyond the knowledge of the previous chapters are the most elementary facts from relativstic dynamics.

Prerequisites: Chapter 1 ; Chapter 2 ; Chapter 3 ; Elementary facts from relativistic dynamics.

1. Introduction

In this chapter we make a step forward and investigate in detail the various corrections that are necessary
beyond the simplest quantum mechanical model of the H atom. We shall not follow the first principles approach
based on the relativistic theory of the electron worked out by P. Dirac, which proved to be one of the greatest
successes of 20-th century theoretical physics. There are a number of reasons why we do not so. The first among
them is that the introduction of Dirac's theory is rather complicated and needs a longer discussion. It is usual
therefore in texts on atomic physics, to present the corrections to the Schrédinger equation without proof
obtained after an expansion of the Dirac Hamiltonian, and to give then the physical picture behind the terms.
Another reason is that there are corrections which do not follow simply from Dirac's theory, these are the Lamb
shift and the hyperfine structure, they must be included "by hand" in any way.

So we shall follow the traditional approach in atomic physics, and consider first the fine structure corrections,

resulting from relativistic considerations. Then we present the Lamb shift, which is a typical quantum-
electrodynamical effect, and discuss finally the hyperfine structure of Hydrogen and Hydrogen-like ions.

2. Fine structure in the Coulomb potential

We have seen in Chapter 1 that the eigenvalues and eigenfunctions of the Coulomb problem (H atom) with
nuclear charge 2 and potential energy

Ze2 4.1)

V(R) = -

are provided by the following eigenvalue equation,

o

P? :
Hy|ntm) = {)— + T-”(R}] Infm) = =, |némy ,
2m,

(4.2)

where we had

i 2 2
Smgen 1 ex 1 O , 1 4.3
72 =0 7 ] ; Z(Ij . ( )

2h% n? 2ag n? 2 n?

“1

Equation ( 4.2 ) corresponds, however, to the simplest nonrelativistic treatment. In this section we shall find

explicitly the relativistic corrections by perturbation theory coming from several terms. The correct way to

obtain these corrections, (see ( 4.5), (4.13 ) and ( 4.22 ) below) is to consider the relativistic equation of the

electron, the Dirac equation. We do not present here the) Dirac equation for electrons in a central potential, we
2

note only that if one expands it up to first order in mzc=, one can obtain the expressions of the corrections,

reproduced here by heuristic arguments.
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2.1. Relativistic correction to the kinetic energy

First we have to look for the first order relativistic correction to the kinetic energy:

2 1
T 5 o . P 1 p (4.4)
T = /m2ct + e2p? — m.c? = N
v ! ' 2m,.  8mic?

which is the second term in the classical relativistic expansion above. As a result, we can infer the following
perturbation to the kinetic energy of the electron:

w1 Pt (4.5)
LT 8 mbe
7
When compared with the non-relativistic kinetic energy, 2m., one can see that,
1 (P2 (4.6)
W, =— — | —
f 2m.c? \ 2m,
P 22 o D
and that the perturbation is smaller by a factor of Zmzc- vt , Which turns out to be of the order (£
o amec? 2 _ 1 2 .
(seen from the comparison the energy expressions 1 — — 27 at = —gme ). This means that the

correction coming from the kinetic energy is a small number until Z = 137 Let us note that for the heaviest
natural nucleus Uranium 2 = 92. The first order perturbation expression should be obtained from finding the

) ) Lot 1T \ . )
eigenvalues of the matrix (1" [ f|”-””;, as the <y eigenvalues are degenerate in general, as we know

from Chapter 1 . The problem is not so severe, however, because W is diagonal in the |1€1m) pasis. The reason
is that P is a scalar, and therefore it commutes with L2 as well as with L-. For the explicit calculations we

. . . . Vo o i
shall use sometimes the wave functions (coordinate representation) (r|nfm) = tpu(r)

Problem 4.1 : Show that the vanishing commutators - [H- Lj] = [H~ L;] =0. imply that all the offdiagonal
elements of the matrix of ¥ vanish:

(nl'm’ [Wintm) = (We) im0 m. (4.7)

Then the result of degenerate perturbation theory can be found by simply by calculating the diagonal matrix
elements of 1%, which can be done by the following trick:

] 1 P2\ 1, o (4.8)
{T.[.'I}HEJH- = ( ) = a... o ((H[} - I ('{?'))_.-"1 =

2m.c? 2m. 2m.c?

nfm

' 3 o
= o ((Hg) — 2(Ho) (V(R))+ (V*(R))) =

2m,.c? !
1 . 2/ 1 - 1
= _ 22 420, 7e2{ — 2y { —
2m,c? ( T 5 <R>m i {[}<RE>”¢-)

Problem 4.2 : Show the validity of this equality, while be aware that Hp and 1/ B do not commute. Show also,
that the expectation values do not depend on 7.

In order to find the expectation value of the potential energy we shall make use the virial theorem, as formulated
in the 3 problems below.
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Problem 4.3 : Show that the expectation value of the commutator of the Hamiltonian with an arbitrary operator
vanishes on the stationary states.

_ T
Problem 4.4 : Consider a one-dimensional problem, WhereH - ’m +OX . Calculate the commutator

[H, X P| Based on the result find a simple relation between the expectation values of the kinetic and potential
energies in stationary states, with given energy eigenvalues.

Problem 4.5 : Generalize the result for the three-dimensional case H= ?m + v ("1‘" Y, Z}, where the

potential energy is a homogeneous function of the coordinates of degree k. The latter means that

ViaeX, oY, aZ) = a"V(X.Y, Z) for an arbitrary parameter cv. What are the consequences of this result
for the harmonic oscillator in 3 dimensions and for the Coulomb problem?

L
From the virial theorem for the Coulomb problem we obtain (Ein) = 3z (V) / and consequently
3 9
vy = Z9fl\N_o, _ ZG “9)
Vo indm g R n o ”_2

which we use in the second term of ( 4.8).

L
In order to evaluate the third term in ( 4.8 ) we shall also need the expectation value of FZ, which can be
obtained in the coordinate representation by using the solutions of the radial equation “ nel )/ 7 and calculating
o0 5
il —a—"jfj - J—,l._rr'-’rfr'
0 . The integrals for all 12 and £ can be obtained explicitly, but another way of obtaining this

expectation value will be given in the additional point and problem in the end of the next subsection. The result
is

1 Vi (4.10)
R/, (( +1/2)n3ad

Then the Kinetic energy correction in first order is

L 724 4.11
‘1—4 I!”1_‘F_:r}:|ll"}( )

AW = Py = (22 425,763

0N\NR/ ni

From this term alone, we expect the degeneracy between states with different values of £ of the total angular
momentum "to be resolved”. However, as well will see, this conclusion shall be refined below. We need to
gather all terms of the same order of perturbation theory before we can reach a definite conclusion. We can,

. L. i\.“'—"‘l]"" — (Za/n)2
however, confirm that (as expected) the scale of the correction is of order 2 ¥V /En = (Zajn)®,

2.2. Spin-orbit coupling

We now turn to the second important class of corrections. As well as revealing the existence of an internal spin
degree of freedom, the relativistic formulation of quantum mechanics shows that there is a further correction to
the Schrodinger operator which involves a coupling between the spin and orbital degrees of freedom. For a

general spherical potential I"r('R), this spin-orbit coupling takes the form,

1 14dV(R) (4.12)
L-S
)rn 2¢? R dR
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For a Hydrogen like atom with V(R)=-Z R,

1 z 4.13
{}L S (4.13)

Wio = 5
T 2m2e? RP

Physically, the origin of the spin-orbit interaction can be understood from the following considerations. As the
electron is moving through the electric field of the nucleus then, in its rest frame, it will experience this as a
magnetic field. There will be an additional energy term in the Hamiltonian associated with the orientation of the

spin magnetic moment with respect to this field. We can make an estimate of the spin-orbit interaction energy as
A~ dV {r)

follows: If we have a classical central f|eId then the electric fleld is qoE = -VV(r) = =5 dr , and for
the Coulomb field this gives —tZeq/r . (Remember we use €0 5 = o/ 4me 0.) For an electron moving with
velocity v, this electric field translates to an effective magnetic field B=—(vx E)/c ", according to the
leading term in the Lorentz transformation of the field strengths. The magnetlc moment of the electron
associated with its spin S is equal to Hs = 9e T:IH_S - ﬁ'—S where 9 = 2 the (almost) exact gyromagnetic

factor of the electron spin. The interaction energy between the field and the magnetic moment is

grﬂ'u_r.ﬁ B 1 e ;-:L _ (4.14)

3 K —) s = CIC G
I: r F.Irn" HJ:‘r"! i""

(v x E) 1 (m.v x B)dV(r) 1
pp= X Blg Ly Dg L
: I, ”'.';" [ rfr' |'r.|I"'I"'

which - apart from the factor 1/2 - is identical to Weo. In fact, there is a relativistic effect connected with the
precession of axes under rotation, called Thomas precession which multiplies the last heuristic formula by a

further factor of 1/2 giving the correct result (4.13).

Once again, we can estimate the effect of spin-orbit coupling by treating Weoasa perturbation. In the absence
of spin-orbit interaction, one may express the eigenstates of hydrogen-like atoms in the basis states of the
o v '
mutually commuting operators, Hy, L7, L., 5% and S.. However, in the presence of spin-orbit coupling, the
total Hamiltonian no longer commutes with L. orS.. It is therefore helpful to make use of the degeneracy of
the unperturbed Hamiltonian to switch to a new basis in which the angular momentum components of the
perturbed system are diagonal. This can be achieved by turning to the basis of eigenstates of the operators,
i 2 .
Hy, JJ=, 1., L and S2, where J = L + S denotes the total angular momentum. (For a discussion of the
form of these basis states, we refer back to the previous section) Making use of the relation,
3 o v I .
Jo = L7 4+ 57 + 2LS it follows

(4.15)

The total angular momentum can take the values J = £ + 1/2 and 7 = £ — 1/2 the fatter only if £ # 0

S \ 1/ . .
The corresponding basis states lj=€£1/2,m;,£) with $ = 1/2 implicit) therefore diagonalize the
operator

P 4.16
LS|j=¢6£1/2,m;. () = J—(f 1>|;—(:|:1 iy, ). (4.10)

As for the radial dependence of the perturbation, once again, the off-diagonal matrix elements vanish
circumventing the need to invoke degenerate perturbation theory. As a result, at first order in perturbation
theory, one obtains

i 1 R? ¢ , /1 (4.17)
{n .-fl-}}J.l_J:t‘:l:ll-"lj_JJn'-J't- = Im2e2 -_( - 1) Z(ﬁ <Rii> h
= ) (.

The solution of the second problem in the end of this subsection gives us that for t#0
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i _ [(mecZa ? 1 (4.18)
R/, \ hn (e+1/2)(6+1)
In this way one obtains:
W 1 Za\' n 1/7 (4.19)
VS0 j=E£1/2mg € T _l“}E{.j . i+ 1‘,.2 _11 (} I 1} .

For £ = (), the result is zero as there is no orbital angular momentum with which to couple the spin. We now
. AR . .
rewrite the result (4.11) for {TI t/ in the collective basis:

2 (Za\' [ /j 420
W) o =M (2o (3 (1 (4.20)
fnj=E+£1/2,m;¢ 4 " 1 lj (} " 1)

and combining both of these expressions, for £ >> ), we obtain:

W T  me? (Za b3 H (4.21)
Wi + 80/, j=f+1/2m;¢ — 2 T 1 - m

while for £ = (), we retain just the kinetic energy term ( 4.11).

! 132 =
Expectation values of 1/ R and 1/ R .

In order to find ( 4.10 ) we take into account that the functions tn¢ are solutions of the radial eigenvalue
L ) ) ) _ _ d? +m‘+11+£
equation in the variable ¥ = /00 © Hunely) = €xn,ne(Y) where 1 = a2 2 y and
L

Cbne = T E”, (see Chapter 1 .) The expectation values can be found by taking the derivative of
0| 2 ( Yo Sl B e )
the eigenvalue equation with respect to £ and taking the scalar product(“| o (Hu) ) = (ul 5 (en, 1)) \e
OH _ 2041
can express from the resulting equation & y= the expectation value of which will yield ( 4.10).
Problem 4.6 : Prove the form of H in the ¥ = f';""“[} variable, and using the hint given in the above paragraph

1
find the expectation value of & in the Coulomb eigenstates.

. . /a3
In the next subsection we shall also need the expectation value of 1/ R

Yy
Problem 4.7 : Follow the same procedure as in the previous problem and calculate< |”-'f( J'> and find
N
(7).

2.3. The Darwin term

The final contribution to the Hamiltonian from relativistic effects is known as the Darwin term, and arises from
the so called "Zitterbewegung" of the electron -trembling motion in German - which smears the effective
potential felt by the electron. Such effects lead to a perturbation of the form:

h . K2 | K2 I 4.22
LV = _—;2 = ZegVoi— = — Zegdmd () @22

8m?2c? 8m?2c lr|  8m2c?

T.[.—Jr) =

where we made use of the Poisson equation for the potential generated by the point charge density of the
s A [ T /- B . ..

nucleus: V-V = —0Onuc/€0 = —Go0"(T) /€0 Since the perturbation acts only at the origin, because of the

33 . . . .

0 (r}, it effects only states with £ = 0, i. e. the s states. As a result, one finds that
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h? . . 1,/ Za\! (4.23)
FA T L = — / 2 Yoo 2 ) = — 2 e 3 ¥
(Wh) - Zes|tn o(0)]“04 0 Qm,_.r ( ) nde g

’ T

Intriguingly, this term is formally identical to that which would be obtained from Weohatt = 0.

Further reading:

An article on Physics World about the successful simulation of the quivering
motion of a relativistic electron by manipulating a calcium ion with a laser
beam in this electrodynamic cage.
http://physicsworld.com/cws/article/news/2010/jan/06/physicists-catch-sight-
of-trembling-particle

2.4. The total fine structure correction

As a result, combining all three contributions, we obtain for the expectation value of the fine structure operator:

W, =W, + Wp + W,, (4.24)

by combining all three contributions obtained in the previous subsections the total energy shift is given simply
by

m.c2 [ Za\" (3 n (425
MY — (TS L FTA M7 Y — A~ — i -
(Wp) = (W) + (Wp) + (Wao) = Aenjmse = — ( r:.) (4 ir1/2

a result that is independent of £ and ""%i. If we express this energy in Rydbergs we have

AN n (4.26)
ﬂ:f”'”,._-': - . ey Ry
ek (n) “ (-l J+ 1,-"2) .

This is the first order correction called the fine structure. It can be written usually as A=, but as we shall see
in the next section, it makes no sense to take higher order contributions, as another effect not included in Dirac's
theory has an effect larger than the second order result of perturbation theory. Let us note here that the Dirac
equation can be solved analytically for an electron in the Coulomb potential, and the resultis (£ = 1)

-1 (4.27)
(lj

(n. I V) NN (I o) nf)

i
Snj = mec” |14 =

Problem 4.8 : Expand <7 in terms of o, up to second order, and compare the result with ( 4.3 ) and (4.25).

In order to discuss the predicted energy shifts for particular states, it is helpful to introduce the standard
nomenclature from atomic physics. For a state with principle quantum number 1, total spin s, orbital angular
momentum £, and total angular momentum J, we shall use the spectroscopic notation ”'EHH’(J to define the
state of the H atom, where we write ; P d, [ etc. depending on the value of £=10,1,2,3... we also note
here that the convention for atoms other than the Hydrogen is to use ”‘EHHLJ, with capital letters S, P.D. F

in the place of L, but this latter notation is also used sometimes for the H atom. For a hydrogen-like atom, with
just a single electron, 25+ 1 =2 In this case, the index 25 + 1 is often just dropped for brevity. Another
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point that must be remembered is, that in atomic physics the quantum number for intrinsic spin is often written
as a capital 5, instead of s.

Figure 4.1. The hierarchy of energy shifts of the spectra of hydrogen-like atoms as a
result of relativistic corrections. The first column shows the primary spectrum. The
second column shows the fine structure from relativistic corrections. The third column
includes corrections due quantum electrodynamics and the fourth column includes
interaction terms with nuclear spin The H- « line, particularly important in the
astronomy, is shown in red

I
_— 3P3/2, 3D32 3P3/a, 3D 5
n=3 3Ds/2 3Ds
3512 3P, 3Py F=2
I | 35,/ F=1
_n=2 2P32 2P3/ F—1
25‘]..'2, EPI_,"? 2P1-’2 F — O
253 F=1
F=0
>
>
Q
C -
Ll
| n=1
15,2 _F=1
15, F=0
Bohr Dirac Lamb Hyperﬁne

primary  fine structure | ,.p shift structure
specrum relativistic corr.
The hierarchy of energy shifts of the spectra of hydrogen-like atoms as a result of relativistic corrections. The
first column shows the primary spectrum. The second column shows the fine structure from relativistic
corrections. The third column includes corrections due quantum electrodynamics and the fourth column includes
interaction terms with nuclear spin. The H-alpha line, particularly important in the astronomy, is shown in red
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Let us see what do we obtain for the level shifts of H like atom, if we apply the perturbative expressign for the
refgivistic corrections (4.25). As we have seen, the non-relativistic Hamiltonian, each state of given  gxhibits

a Fifozldldegeneracyf qur[q givegi muuixpjget specified bys, ,the relativistig,pjorfeqipgs depﬂpf@wly on and

. For , We have and - Acy q/55then botif a2 [5Rtes, with _ 5 ¢ and , experience a
negatiye-enpray shift by an amouds, ; = 2pyy - For , can take the values of 0 or 1.
wgy_l:,.g_m_‘l__[} -—.-béib-_mf}gfg[‘mf«‘fz _5 gté}ee;—‘grﬁﬂltﬁe_datter states shgg@}f. e same negative shift in energy,
ﬂfz_:a,.a'z_m.d.-_l = _121(13;64 Ry n=17{ while  the ().1 experiences a shift of
As10  Apyse dpass  3dgRinally, for , can take values of 3d052. Here, the pairs of states

~ and ' , and ~ and ~ each remain degenerate while the state s unique. These predicted

shifts are summarized in Figure 4.1 . This completes our discussion of the relativistic corrections which develop
from the treatment of the Dirac theory for the hydrogen atom. However, this does not complete our description
of the "real" hydrogen atom. Indeed, there are further corrections which derive from quantum electrodynamics
and nuclear effects which we now turn to address.

Animation:

We can investigate the relativistic energy levels for Hydrogen atom with this
L interactive animation. The fine-structure constant can be conceptually from 0 to its
1= actual value, or equivalently the speed of light ¢ from o0 to 1 (meaning
o 3-10° M/S) to show the transition from nonrelativistic to relativistic energies

T for quantum numbers 7t = 1, 2 and 3,

3. Lamb shift

According to the perturbation theory above, the relativistic corrections which follow from the Dirac theory for
hydrogen leave the B'Sl.-*'ﬂ state, and 2P 1/2 states degenerate. However, in 47, a careful experimental study by
Willis Lamb and Robert Retherford discovered that this was not in fact the case: the 2P, L/2 state is slightly
lower in energy than the 25 L/2 state resulting in a small shift of the corresponding spectral line - the Lamb shift.
The observed shift, which was explained by Hans Bethe in the same year, provided considerable insight into
quantum electrodynamics. The correct theoretical description has to take into account that an atom can absorb or
emit electromagnetic radiation, and while this interaction is present naturally during the absorption or emission
of photons, it is manifested also in the so-called "virtual interactions", where the atomic electron in the Coulomb
field of the nucleus can absorb and then emit a photon of energy fiw during a time interval
At <h/AE =1/w The uncertainty relation AEA > T allows such processes without violating the
energy conservation law. This comes from a result in quantum electrodynamics, where the quantized radiation
field has a zero-point energy equivalent to the mean-square electric field so that even in a vacuum there are
fluctuations.

Figure 4.2. lllustration of the random shaky motion of the electron due to absorption
and emission of virtual photons. Motion of a free electron in a radiation field taking into
account the photon recoil
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hv
hv

hv
hv

Ilustration of the random shaky motion of the electron due to absorption and emission of virtual photons.
Motion of a free electron in a radiation field taking into account the photon recoil

These fluctuations cause an electron to execute an oscillatory motion and its charge is therefore smeared. If the
electron is bound by a non-uniform electric field (as in hydrogen), it experiences a different potential from that
appropriate to its mean position. There is also a slight weakening of the force on the electron when it is very

close to the nucleus, causing the 25172 state (which has penetrated all the way to the nucleus) to be slightly

higher in energy than the 21’-”1.-*'2 electron. Taking into account these corrections, one obtains a positive energy
shift for states with { = (.

Figure 4.3. The measured electric signal showing the Lamb shift.

Doublet
structure

of H, | |
—
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T T 1 T T T [ T — Av
0 10 GHz

The measured electric signal showing the Lamb shift.

This can be understood at least semiquantitatively as follows. The fluctuation in the electric and magnetic fields
associated with the QED vacuum perturbs the Coulomb potential due to the atomic nucleus. This perturbation
causes a fluctuation in the position of the electron, where the difference in the potential energy is given by
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(4.28)

V(r+dr) - V(r) = fsr-vt-«’(r}+%(’6r-‘€?)EV('I") T

. . . SR .
If we take the average in photon vacuum we get in the first term @I'; - “, because the fluctuations are
3

P
3 > f}::.zb:,; 0x;0T;
isotropic. In the second term which is  #.j= _ , the mixed terms vanish, after the averaging while

a0
Y 2% ((92)?) f
i=1 , Where each *

ini in, givi (6x:)%) = 5 {(dr)?)
the ones containing the squares remain, giving Fi 3 { because

L/ 52 82V L7002y w217/
] . E{:(ﬁr) }Zr—_rza{:(ﬂ'[‘} }T IIZI'}
of isotropy again. Thus we have i=1 . In the case of the Coulomb

-'2;- —_— -2 EL— ' -2-- S - . - - -
potential VAV(r) = =Z eV = 4mZego(r) yhere 9(T) is the 3D Dirac delta in the last expression. This
is the reason why this shift appears only for s states, where the value of the wave function is different from zero

2 i
in the origin, thus the factor from the integral over the electron coordinate yields AmZeg|Vme=ol” The

. Fvig - .
calculation of {(9T)%) in the photon vacuum needs the quantum theory of the electromagnetic field, which
would take us too far, so we present only the result

T N (4.29)
Acpamy = (;) noy” (;fl In E) deo Ry

(InL >0)

As a result there is no Lamb shift for the I states but there is a small increase for the s state.

In the experiment of Lamb and Retherford hydrogen is thermally dissociated in a heated tungsten oven. (In
modern devices, a higher degree of dissociation is achieved with a microwave discharge.) The H atoms
emerging from a hole of the oven into the vacuum were collimated by an aperture into a nearly parallel atomic
beam. The atoms were then excited by collisions with electrons crossing the atomic beam into the metastable

2""1.-*'2 state of lifetime about 1 second. (There is no dipole transition to the only lower state 1""l.-*'2 because of
the selection rule Af = £1.) The path length of the H atoms in their excited state was therefore long enough to
impinge a tungsten target, where they lost their energy, which was higher than the energy necessary to release
electrons from the conduction band of W, which were collected by a detector. The rate of emitted electrons
represented a small electric current that could be measured. During their flight to the detector the electrons
passed a radio frequency field with a tunable frequency. When the frequency matched the energy separation

Az =2(28172) — £(2p1ye) = 437 x 107%eV. corresponding to Wres/ 27 = 1.05 GHZ equivalent to
about Avae = 0.3 mm ), then the 25172 = 2P1/2 transition was induced by the field. As the lifetime of the
2D1/2 state is only about 2 x 107, because it decays spontaneously into the 181/2 state by emitting Lyman- &
radiation, (in contrast to the forbidden transition Q'Sl.-*'ﬂ - 1""l.-*'2 ) the current in the tungsten dropped, because

Hydrogen in its ground state does not excite conduction electrons in this metal. Therefore one obtained a sharp
dip in the current at the resonant radio frequency, witnessing the energy difference.

The Lamb shift is very small, therefore in most cases the Schrodinger theory or its correction with the
relativistic effects is sufficiently accurate to match the experimental results. Only in special cases, and in
particular for high precision measurements, does the Lamb shift have to be taken into account. The presence of
the Lamb shift explains, however why it makes no sense to calculate the second order correction in the
perturbation expansion of the relativistic corrections (n'sc), W, Whp ), which would already be less than the
Lamb shift.

Further reading:
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The Nobel Lecture of Willis Lamb on the fine structure of the
Hydrogen atom (December 12, 55),
http://www.nobelprize.org/nobel_prizes/physics/laureates/1955/lam
b-lecture.html

4. Hyperfine structure

So far, we have considered the nucleus as simply a massive point charge responsible for the large electrostatic
interaction with the charged electrons which surround it. However, the nucleus has a spin angular momentum
which is associated with a further set of hyperfine corrections to the atomic spectra of atoms. As with
electrons, the protons and neutrons that make up a nucleus are fermions, each with intrinsic spin 1/2. This means
that a nucleus will have some total nuclear spin which is labelled by the quantum number, I. Actually both the
operator and the corresponding quantum number are denoted by this same letter. Thus if the operators

P = I + I + I_ ,and £- are dlagonallzed S|multaneously, their eigenvectors are labelled by the quantum
numbers I, and M : so we can wrlteI |f- M;, R (I +1) |f- M;, and - |I~ *UH =M |I~ *UH.

The spin of the nucleus leads to a nuclear magnetic moment:

(4.30)

where M x denotes the mass of the nucleus, and 9 is the nuclear gyromagnetic ratio. Since the nucleus has
internal structure, the nuclear gyromagnetic ratio is not S|mply 2 as it (nearly) is for the electron. For the proton,
the sole nuclear constituent of atomic hydrogen, 97 = 5.96, Even though the neutron is charge neutral, its
gyromagnetic ratio is about —3.83. (The constituent quarks have gyromagnetic ratios of 2 (plus corrections)
like the electron, but the problem is complicated by the strong interactions which make it hard to define a
quark's mass.) We can compute (to some accuracy) the gyromagnetic ratio of nuclei from that of protons and
neutrons as we can compute the proton's gyromagnetic ratio from its quark constituents. Since the nuclear mass
is several orders of magnitude larger than that of the electron, the nuclear magnetic moment provides only a
small perturbation. According to classical electromagnetism, a pointlike magnetic moment in the origin
generates a magnetic field

_ Mo
Ay

A oo ot .
(BLHNT)E — gy }+%P’\M r)

(4.31)

The first term is the usual dipole field, while the second one ensures care that the divergence of B is zero also in
the origin (see e.g. J.D. Jackson: Classical Electrodynamics). If an electron with a magnetic moment (Ge == 2).
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_ (4.32)
Me

interacts with this field, then the resulting hyperfine Hamiltonian is

. . . 2 o -
Hy = —pu B = _1':'._;'{!1.4*:-.' — 3(punF) (e F)) — %n.\.;;,_r}e_:-} N

Hu. LH(4-33)

2m, dmr?

where the last term comes from the interaction of the nuclear magnetic moment and the magnetic field
originating from the orbital momentum of the electron.

To explore the effect of this interaction, we shall consider the 1s ground state electrons, where 7t = 1, £=0,
Then the correction is to be calculated in the subspace corresponding to the ground state energy. This is now
four dimensional, as both the electron spin and the nuclear spin are taken into account:
n=10=0,my =0,ms ==%1/2,m; = £1/2) The matrix elements of the last, orbital term in Hns

containing L: vanishes, as ¢ = my = Uin all of them. The first term can be shown to vanish, as well, because
of the spherical symmetry of the orbital 1 state.

Problem 4.9 : Prove that the expectation value of the first term vanishes in the ground state.

Therefore the only remaining term is the one containing the Dirac a(r).

. 2p . 4.34
n=10=0,m; = 0,mg,m| %#.\'P’n dMr)n=1¢f=0m; =0,ms. mj( )

The importance of this term was recognized by E. Fermi, and it is called Fermi's contact term. If we go to the
coordinate representation we can separate the orbital and spin parts of these matrix elements and obtain:

Almg, m} |IS|mg, my) (4.35)

where A is a number given by

_2mp Zgi

2e5 Zagn 1 I m,
! e
3 2M

fatn |53 0 i = 12—
Vitoo |07 (1) | 400 ) 'L]ul =i
\ | f o

3 Mym,dr 3

9. . I(4.36
i, r‘“tl/fr:]t—( )

My h

A

Now we come to the diagonalization of the operator .AIS. To this end we introduce the total angular
momentum F' = I + 5. (In general we would have F =1+ S + L = I+ J, but L is not present for s
states.) As both [ and S are 1/ 2, (here the capital letter will be used for the spin quantum number) the values
taken by F can be 1, which is three times degenerate (jlff«' =0,%1 ), and 0, with the only possible value
Mg =10, Then we can use the familiar trick, and write

(4.37)

P | =

(F2-1* -8 =18

where F2 and F- do commute with T2 and S?, and therefore instead of the product basis
1/ T =1/ Yo . . Ty .

1S =1/2,1=1/2.mg,mr) itis better to use the collective basis | £ 1F S I} which are eigenvectors of
IS

(4.38)

IS|F.mp, S, 1) = I - S*)|Fmp, S 1) =

—
bt

REIF(F+1)—~I(I+1) - S(S+ 1)||F.mg, S, 1

Bl | e | =

Then only the diagonal matrix elements are non-zero, and we get the following corrections:
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A, 3 3 A, i - (4.39)
Sh |2 1-1) = —h~, for F =1 (2F 4+ 1 = 3 times degenerate
A, 3 3 3A .,
—h | —= - = = ——h", for FF = 0, nondegenerate
2 4 4 1 N

The hyperfine splitting of the ground state is shown in Figure 4.4 .

Figure 4.4. The effect of the fine structure Hamiltonian is a global shift down by
—m.c*a /8 with respect to the —1 Rv of nonrelativistic quantum mechanics. .7 can take
only the value / = 1/2 as ¢ = 0. When the hyperfine coupling is included, the 151/2 level
splits into two hyperfine levels F = 1 and F' = 0 levels. The transition between these two
is the famous 21 cm line used in radioastronomy

|5
———f———————————
- l m ot
g8 “
F=1
/ ry
/ ,
l-'ﬁ' 173 " 1
\ | /h?
\ | g
\ .’ 4
\ |
\ ¥ v
F=0

The effect of the fine structure Hamiltonian is a global shift down.
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The transition frequency between the two ;Leyglf,r:;'::f 140 %I ewn experimentally with a very higblp@ﬁision,

up to twelve significant digits. It is about corresponding to a wavelength of . The
frequency was measured by a Hydrogen maser. H atoms, prexiofisly sorted by magnetic methods of the Stern-
Gerlach type, so as to be in their upper hyperfine state , are stored in a gas cell. This serves as an

amplifier for the hyperfine frequency. The cell is put into a cavity that is tuned to resonance. If the losses are
low enough the system becomes unstable and begins to oscillate. Its frequency can be stabilized with a high
precision and yields the value of the hyperfine transition.

As cosmic space is mostly filled with atomic Hydrogen, and the energy difference between the ground state
hyperfine levels is sufficiently small, a significant percent of the H atoms can be excited to the upper hyperfine
state and the field emitted during the transition can be observed. Almost all information about the H distribution
in space comes from these radio frequency observations.

Problem 4.10 : Calculate the ratio of excited H atoms at the 2.7 I temperature of the cosmic background
radiation.

Figure 4.5. The fine and hyperfine structure of the n = 2 level. The separation S
between the two levels 251/2 and 2P1/2 is just the Lamb shift which is about ten times
smaller than the fine structure splitting AE separating the two levels 2p1/2 and 2Ps/2, the
corresponding frequencies are & =1057.8MHz , AF = 10969.1MHz . When the
hyperfine splitting is taken into account, each level splits into two sublevels. The
hyperfine splittings here are much smaller than for the ground state 23.7 MHz for 2pas ;
177.56 MHz for 251/2 and 59. MHz for the 2P1/2 level.

B B F=2
1 2p3, F=1
s
4
V4
) F =1
R T
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o
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The fine and hyperfine structure of the n=2 level. The separation S between the two levels is just the Lamb shift
which is about ten times smaller than the fine structure splitting. The corresponding frequencies are 1057.8
MHz, 10969.1 MHz. When the hyperfine splitting is taken into account, each level splits into two sublevels. The
hyperfine splittings here are much smaller than for the ground state .

For completeness we also show the hyperfine splitting for the 1. = 2 level of the H atom in Figure 4.5 . These
can also be calculated, but we omit here the details.

A further contribution to the hyperfine structure arises if the nuclear shape is not spherical thus distorting the
Coulomb potential; this occurs for deuterium and for many other nuclei.

Finally, before leaving this section, we should note that the nucleus is not point-like but has a small size. The
effect of finite nuclear size can be estimated perturbatively. In doing so, one finds that the s levels are those
most effected, because these have the largest probability of finding it close to the nucleus. This effect is even
more pronounced for the so-called muonic atoms. If a muon /4 (which differs from the electron only by its
mass, it is about 207 times heavier) is captured by an atom, the corresponding Bohr radius is 207 times smaller,
thus enhancing the nuclear size effect, but the effect is still very small in hydrogen. It can be significant,
however, in atoms of high nuclear charge Z, e.g. for lead, where the Bohr radius is already of the order of the
nuclear radius, the latter being 8.5 - 107 m.

Problem 4.11 : Calculate the first Bohr radius for a muon in the field of a Pb nucleus.

If one of the electrons is substituted by a muon, then it will be much closer to the lead nucleus and it is
practically unaffected by the repulsion of the other electrons, which are located much.more outside. The muon
will be essentially inside the nucleus and the energy corresponding to this volume effect should then be
calculated by other methods. One simple model is presented in the following problem.

Problem 4.12 : Assume that - instead of being point-like - the proton in the H atom is a sphere of radius "o,
with a uniformly distributed elementary charge 4. The potential energy of the electron is then

—i (: — J—i) < Ty (4.40)

2 7 [ Ae
where €0 = o/ *7€n,
» Show the validity of this potential by using the laws of electrostatics.

+ Calculate perturbatively the first order energy correction in the ground state by using coordinate
representation.
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Chapter 5. Energy levels of the He
atom

Goals: To begin the study of atoms with more than one electron, we investigate in this chapter the He atom,
which represents the simplest atom with two electrons. The theory is based on the solution of the Coulomb
problem, perturbation theory and the addition of angular momenta treated in the previous chapters. We shall
also make use of the prescription of antisymmetry (Pauli principle) for the two-electron problem. The electronic
structure of He will help us to understand the building up principle of the electron shells of atoms with several
electrons. Prerequisites: Coulomb problem (Chapter 1), perturbation theory (Chapter 2 ) and the addition of
angular momenta (Chapter 3), Pauli-principle.

1. Introduction

In atoms with more than one electron additional problems arise that are caused by mutual electrostatic
interaction between the electrons. Another complication in quantum physics that we also have to take into
account the requirement of antisymmetry of the state vector if two electrons are exchanged. We will first study
these phenomena for the helium atom, which represents the simplest system with two electrons. Another reason
for considering He is that He gas and liquid Helium at low temperatures are very important technological
materials and show unusual macroscopic properties, the most spectacular of which is superfluidity. These can be
understood only on the basis of quantum mechanics.

The electronic structure of He will help us understand the building up principle for the structure of electron
shells for larger atoms. We will see that the electron configurations for all atoms can be obtained from the
minimum energy principle, the correct coupling of the different angular momenta of the electrons and the
observation of certain symmetry rules. This results in the determination of all possible energy states of the atoms
and the characterization of these states by quantum numbers.

In this chapter we will study all the He like ions, those that have a number Z =12 protons in their nuclei and
two electrons. In the specific case of the He atom £ = 2. We restrict ourselves to the nonrelativistic variant of
the simple perturbed Coulomb problem, where the Hamiltonian of the system takes the following form:

e2 (5.1)
H=H,+ Hy+ ﬁ
1—h
with
o Zeg (5.2)
T 2m R T

WhICh |s the Hamiltonian of a single Hydrogen like ion with nuclear charge Zeg, (We recall the convention that

} = ffnx 4o where o is the elementary charge measured in Coulombs, and (4mep) ™t = 9- 10°Nm? C'
in Sl units.) The sum H, + H, represent two independent electrons, and

el (5.3)

W=
|Ri—Rs|

is the interaction between the two electrons repelling each other. We shall consider the interaction 11" as a
perturbation, and we first we recall the energy eigenvalues of Hy+ Hs | as well as the corresponding
eigenstates with the antisymmetry principle take in to account.

Figure 5.1. Coordinate system used for the helium atom
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|ro—n|

+2e

Coordinate system used for the helium atom

Problem 5.1 : Write down the Hamiltonian in coordinate representation.

2. The eigenvalues in the zeroth approximation

The solution of the eigenvalue problem for each of the /; -s is known from the quantum mechanics of the
simple Coulomb potential:

H.l' |¢.-":r.l,|',u.'.,:: = Zn; |3.-"n,|',u.l.,} (5'4)

where the eigenvalues are:

z? (5.5)

2
n;

“ng — T

measured in Rydbergs (1Ry = meg/20%) and the stationary states are labelled by angular momentum
quantum number 0 < I; << 11, and the magnetic quantum number |72 < Ti 1 we neglect spin for a moment,
then these correspond to the CSCO H, L7 and L.. As it is known the energy eigenvalue given by the principal
quantum number 7t is “'?j -fold degenerate without the spin.
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It is obvious that the tensorial products of the solutions of the individual e{genyalué protiterhgaf jthe H; s will

be the solutions of the unperturbed eigenvalue problem. Using the notation , denoting the
orbital part of the state we have:

(Hy + Ha) [nylymy)

noloms) = pyny [alimy} [nalams) (5.6)

where

( Z? Zj) (5.7)
Same = | ——= — =
n?  nl

The product states nilymy) ”-EIE"”E}, however do not obey the antisymmetrization postulate valid for
fermions and therefore they cannot be true eigenfunctions of a two-electron operator. We could, of course
antisymmetrize these product states, but before doing so we shall have to make use of the spin degree of
freedom of the electrons, as well, in spite of the fact that the Hamiltonian ( 5.1 ) is independent of the spin. The
spin variable will play an implicit, but still important role in the symmetry properties of the two-particle states,
which must be taken into account before we proceed.

Problem 5.2 : Recall the Coulomb eigenfunctions in coordinate representation and write down the explicit form
of the products|”-lfl"”l} [nalams)

As in this nonrelativistic approximation the H operator does not contain the spin operators of the electrons H
commutes with S1 and Sz. Therefore by simply multiplying the two-electron orbital states with any of a two-
electron spin state, the resulting state will remain an eigenstate of H.

From the point of view of antisymmetrization it is important that the collective spin states of the two electrons
7 4 0 ¥ i v
that are eigenstates of S* = (8 + SE}', as well as of 5. = Si. + Sa., with respective eigenvalues
s
h*s(s + 1) ang fin, are the singlet state:

1, 58
b = 543110, = )y ) s = 0m, =0 oY
which is antisymmetric, and the three triplet states:
Xs1l = |+ [+)a s=1m,=1 (5.9)
Xs0) = \Tl§(|+:31 [4+)e + =2 [=)2) s=1,m;=10
IXeo1) = |=)¢]|=) s=1m, = -1

that are symmetric with respect of the exchange of the two particles. Accordingly, the total state can be made
antisymmetric in one of the following two ways. We symmetrize the orbital part and multiply it by the
antisymmetric spin state, or we take an antisymmetrized orbital and multiply it with a symmetric spin state:

Ly — Y
‘ U = |1,

W o PP =) ) (5.10)

. VY . . . . ! \
where 15} and [¥a) are obtained by symmetrizing and antisymmetrizing the product|”'lzl“*‘l: [n2lamz) The

total state which must be always antisymmetric will be denoted by|lLIJ Yand|*¥) respectively. Our notation
follows the spectroscopic convention where the multiplicity of the spin state, which is equal to 25 + 1, is put as
an upper left index to the sign of the state. In the case of two electrons as in He, the multiplicity is either 1: spin
singlet, or 3 : spin triplet.

Let us investigate first in more detail the state of lowest energy which is the ground state. The value given by (
5.7) is the smallest when Tt1 = i — 1, and accordingly its value is:

e11 = —2Z°%(Ry) (5.11)
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which in the case of the Helium atom (£ = 2)jsc1.1 = —=8RY The energy given by 711 = 72 = 1 cannot

e, degenerpte=viithouf spifl))tie.oehithl bar=off the cerréspend|ng @igeny/ector(Ean be only the symmetric state
,  which  cannot be

antisymmetrized.

Therefore the total ground state in the zeroth approximation is:

1150 = 1,0, 0} |1,0,0)

Xa :: (5 ' 12)

having a symmetric orbital part and an antisymmetric spin singlet part. The notation 1S5 will be explained
below.

Let us consider now the excited states, in which one of the principal quantum numbers 72 must be greater than 1.
It seen, however, that in growing sequence of energy first those levels come where one of the 7z -s is increased
by one, while the other remains 1:

L[ 1 (5.13)
Sn1l = _ZE (_-, + 1)
n?
with Tt = 2-;3- -+, This is because all these values, including the limiting case 1 = =0, (vvpen it is
Soo,l = _Z_) are smaller, than the energy value corresponding to "1 = Tt2 = 20 290 =272 1pe

limit 21 = 0, 12 = 1 means that the energy of one of the electrons became zero, thus it went out to infinity,
s0 in case of Z = 2 the He atom is ionized, or for an ion with Z > 2 the ion lost an additional electron. In the
case of He therefore energy is usually measured from the value ~Z%= -4 R.", rather than from 0, the latter
means a state of doubly ionized He. The ground state which is ~8 R¥ on the original scale, see ( 5.11) turns
out then to be only ~4 R.", which is the energy needed to remove one of the electrons from the atom, or in
other words the energy of single ionization, at lest in this zeroth approximation. The levels 711 = Tia = 2 and
above this, fall into the continuous unbound energy spectrum of the singly ionized He atom: He™. The
experimental observation of these states is not simple, because giving the appropriate resonant energy to the
atom, instead of staying on the 111 = Ttz = 2 level, one of the electrons goes back to the ground state, while
the other one leaves the atom and takes away the rest of the energy in the form of positive kinetic energy. This
process is called autoionization. Real bound states are therefore only those where one of principal quantum
numbers is one: 1= = 1, while the other is << >, The corresponding antisymmetric states are then the following
ones:

|l'LIJ:) =
")

(11,0,0%, |n,l,m)y +|1,0,0), |n, L, m),) |xa) (5.14)
(11,0,0), |n,l,m}, —[1,0,0), |n. L,m), ) |xs)

5

¥

Sl

from which we see again that the ground state - where both 12 -s are 1 - can only be a singlet state The notation

of these states is based on a convention stemming from practical spectroscopy. The sign is ”'JHHLJ where 1t is
the principal quantum number in the kets above, In the place of L we put one of the letters S,P.DF. ..
depending on the values ofl=10,1,2,3.. ., Jis the quantum number labelling the eigenvalue of total angular
momentum J?, which we know to be an integer now between [+ s and“ - ‘>| as now the value of 5is an
integer 0 or 1. For a singlet (5 = 0) we have obviously J = . For triplet($ = 1) whenl =0, i.e foran$
state J can be only J = $ = 1 while forl > ()it may take three possible values: J = { + 1,11 — 1 The
possible stationary states are therefore the following ones:

Table 5.1. Possible stationary states

energy (R¥) singlet triplet

2

11 = -27° ].lS[} -
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5 o B Y ‘ HENa O
g1 = =327 218, 2P 2351, 2Py 10

Eaq = — 2 Z? 318y, 3P, 3D, 3351, 3Py 10,3 D30y

Problem 5.3 : Determine the degeneracy of the energy eigenvalues =n.1.

The energy values belonging to the states found in the same rows of the above table are identical in this zeroth

i.e. nonperturbed approximation. The state 1355 does not exist because antisymmetry ( 5.14 ) then requires the
orbital part to vanish.

3. First order energy corrections

1

I.'ﬁ
Let us take now into account the electron-electron interaction described by the term [1—Rza| and calculate the
first order correction perturbatively. Note that because of this interaction the total Hamiltonian / does not
commute any more with the components of the orbital angular momegta separately I:'jl and L2, Their sum is
however still a constant of motion, and therefore the eigenvalues of L* = (Li+L2)" remain good quantum
numbers, and the same is true for S, as well as for the total angular momentum J = L+ 5. As the
perturbation does not depend on the spin, when we calculate the matrix elements of the interaction term, the spin

parts give (Xa|Xa) = 1, etc. Therefore, as we will see, the spin part will influence the result only implicitly
through the symmetry properties of the orbital part.

3.1. Ground state

The ground state is nondegenerate, and the first order energy correction is:

3 5.15
2|R"$R||1.u.u;:l|1.u.m2 o
|2

/

Alzyy = (1,0,0], (1,0,0]

We shall calculate the explicit value of this correction in coordinate representation.

,-'i\lCH =

= £

* Pipphrl W pn ire Jioo (e oo ira) 33 0 33 .

f i ii Bryd3ry = (5.16)

=) 2

J‘ poiry )| “[voo ire)[°
r{—T2

[l o)

EI:;I'[J;BI'Q

[l o)

We remind that the normalized ground state wave function of the Coulomb problem (H atom) is:

_ 1 /7 ZN\3? _ (5.17)
{:I‘|1U“} = !_.-'[[}[}l[['} = v"‘_" (:) L‘.K})(—ZF';’IEJ[}).
i 0

where o is the Bohr radius. Therefore

1/72N\° ? ) W oo exp(—=2Zr{/ay —2Zrs/a
ﬂ\.lfu == (—) f'[_}/fjlaf'lfjlaf'jl P /%0 "I{[}}

fp Ty —12]

(5.18)

_
i

The integral can be calculated by going over to spherical coordinates:
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ZN\" 5 [ . a | ' 1 | (5.19)
— (_) €2 / r2dr, / ,-j;;,-_,/;m] /;mg'—.:x];{...:z;:.;_r] 1) /o)
T \dg . ) ) : ry—rs

Omitting the technical details, we present the result:

5 e? 5 (5.20)
Ay, =72 = _ZRy
T 9, 4T

5p.,
which is 2 Ry for He. The correction is positive as expected, because the electrons repel each other. This means
that first order perturbation theory gives the following ground state energy, which is the negative of the energy

of double ionization for He(Z =2) :

5

g1 = (—8 -+ :3} R\' = % R\- = _T__LS U\,—" (521)

This is to be compared with the experimental value: —79.0 V. It is sometimes better to compare these values
with the ground state energy of singly ionized He, which is —4 Ry = —544 eV Therefore according to
perturbation theory the energy necessary to ionize singly a He atom is 20).4 eV, while the experimental value is
24.57eV. Below we shall see another procedure (the variational method) which yields a much better value
than first order perturbation approximation.

3.2. Excited states, exchange interaction

As it is seen in Table 5.1 the excited states are degenerate. Then according to degenerate perturbation theory, in
principle we should calculate the matrix elements of the interaction operator in the basis formed by the
unperturbed states of the given degenerate energy level. These are the ones found in a single row of the table.
Note that each state with a total angular momentum quantum number .J is still 27 + 1 times degenerate. The
corrections are the eigenvalues of the matrix of 117, It turns out, however that the off-diagonal matrix elements
of the perturbation operator all vanish in that basis, so we have to calculate only the diagonal elements. This can

be seen as follows. 17 is independent of spin, and because of the orthogonality of the spin states: (XalXs) = 0
the matrix elements between singlet and triplet states vanish. We write down here only the diagonal
correction,which is different for the singlet and the triplet, and we do not care of the fine structure of the energy
levels. The diagonal elements are then the following:

0 . \ \ Y2
ﬂ:l.ili — ! P100(01 Wt (r2)E V100 (02 Vntm (U7 73, By, — (5.22)
" 3: ’ 7 ”_lja
_ %2! Y1000 ) Wntm (0217 3, g3, 4
R r{—Tra
3¢ Yo e Jnim (T2 W{pp (2 )t (1) g ;
+e52Re | fm 101 nbn T e Py
. Fp— 2

where the upper + or __ sign correspond to the singlet or the triplet state respectively. It can be shown that it is
sufficient to perform the calculations for 712 = (). The integrals can be calculated in a closed form, what is
essential, however, for us is that the result can bee written as

Actd =K, +.J,, (5.23)

I

where ey is the first term of ( 5.22 ) and this is called the Coulomb integral, while the second one, “'=.! is the

so called exchange integral. Both of them are positive. The reason of this terminology is that Koy is exactly the
2

energy of the Coulomb repulsion of two charge densities of the form €0 |t,..'(r}| , Whereas the second term T

is a consequence of the antisymmetrization, i.e. it's appearance is a typical quantum effect, it has no classical

counterpart. So while the Hamiltonian H does not depend on spin, the requirement of antisymmetry of the total
state leads to a dependence of the energy on whether the spin states are symmetric or antisymmetric, and in this

first order approximation the energy of the triplet state is by 21 lower than that of the singlet. That is why in
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table ( 5.1 ) the energies belonging to the states in the right column are lower. Perturbation thus splits the
unperturbed energy level, and the singlet-triplet degeneracy is resolved. The difference arising because of the
exchange interaction is of the order of a few tens of electronvolts.

2 ‘ a9
This result can be reformulated in another way. Let us use S° = (51 +52)" and its consequence
‘ _ a2 2 2 . .y P
25,8, = 8% — 87 — 53 for the two electron spin operators. Then we see that both |-‘w: and |‘\ is an
; . 2 Q2 2
eigenvector of 255 because they are eigenvectors of all three operators S, Sl, and Sz, and we have:

5 3, 5.24
QS[SE | }\'u_.-«} = (ﬁ.'.‘s(,‘s -+ 1} ol 2 X Eﬁ_) |}\-L!__-«} ( )

(o 25189 3 ..
where 3(8 4+ 1) takes the value 0 for | Xa} and 2 for | Xs).Then ~ a2 - transforms | Xa) to — 3 Xa /, and for )

L, . . . . .
to T2 | Xs/, Therefore the first order correction can be written as an effective spin-dependent operator of the
form:

']H_ll 2 n.l
2 B2 T

W= K, - (5.25)

the matrix elements of which give just the required result ( 5.23 ) depending on the multiplicity (singlet or
triplet) of the spin state. This effect is called exchange interaction, first recognized by Heisenberg.

We note that this is the reason of the spin-dependent interaction of neighbouring atoms in solids, which is thus
not related to the magnetic moments of the atoms depending on their spin. The magnetic interaction is many

orders of magnitude smaller than '}H-f. The exchange interaction is effective through the symmetry properties of
the orbital states. This interaction lies behind the ferromagnetic or antiferromagnetic behaviour in certain bulk
materials, which is studied extensively in statistical physics.

As we have seen the energy levels of singlet and triplet He are different a little and only a spin dependent
electromagnetic interaction could trigger a transition between them. Such interactions are extraordinary weak, so
practically no such interactions can be observed. Therefore before the quantum-mechanical theory of the He, it
was thought that there exist two different types of He the singlet, called parahelium and the triplet called
orthohelium. The ground state is energy belongs to parahelium, and orthohelium which can be created through
collisions from parahelium with close energy are very stable.

Let us add that in reality the spin orbit interaction, which is the strongest among the relativistic effects, causes an
additional splitting of the triplet states, and their triplet structure, i. e. three different energy levels can be
observed in the experiments. This splitting is however of the order of 10~* &V, which is much smaller than the

singlet triplet splitting 20,

Animation:

On this
interactive
animation
we can
investigate
the lower
excited
states of a
Helium
atom. We
can switch
on and off
the effect
of
exchange
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4. The Ritz variational method and the ground state
energy of Helium

Goals: First we get acquainted with a simple but very powerful method -the Ritz variational method -that
enables one to get a good approximate value for the ground state energy of a quantum mechanical system.

Than we will apply this variational method to calculate the ground state energy of He.

4.1. The Ritz method

Let us con5|der an arbitrary quantum system given by the Hamiltonian /. We show now that the expectation

value \* |H| '} calculated in an arbitrary normalized state %', is always larger than the smallest eigenvalue
Soof H.

AW .
In order to prove that statement, we expand | ¥/ in the basis formed by the complete system of the mutually

) = E Cre [ty
. . \ o — fanlag
orthogonal and normalized eigenvectors i) of H . k , where €= = (V[uk}. Then the
following inequality can be written down:

(W H[Yy = 2@ |H|“A”HA|* 0 = 2ok (V) (e} = (5.26)
= 2okl (Wu)|* > 20 3o H*.- |ux)|* = o,

where €n is the smallest eigenvalue of H. As a consequence, if we take an arbitrary normalized state which is
now depending on an appropriately chosen set of parameters {3} = }3, and we look for the minimum of the

function £ ( (B) = j‘ }3)|H| of several variables, this minimum will be an upper bound of the ground
state energy. By simple |ntU|t|on we can expect that the more the number of the parameters we choose, the
closer we get to the exact ground state energy. If accidentally the trial function coincides with the true ground

. a0y — g0 S
state at a certain set of values {7 I = 3" we can get in this way the true ground state energy.
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As to how to choose a "good" probing function, intuition can be gained from the nature of the physicatproblem.
In spite of the empirical observation that using sufficiently many parameters the value of can be
approximated with a great precision, one must not think that the state providing the minimal energy is a good
approximation of the ground state wave function, as well. Or, stated in another way a variational trial function
and the ground state are not necessarily close at all to each other in state space, while the corresponding energies
are near to each other.

5. The ground state energy of the He atom

We shall determine now the ground state energy of He with the variational method. As trial function we choose
the product of two 15 type hydrogenic states, but with an effective nuclear charge Z*, different from Z = 1 or
Z = 2. We shall use coordinate representation:

w372 2 (5.27)
1 (Z_> e—Z*(r1412)/a

(re, 12 Z7) = @ro0(ri)Pro0(re) = AT
T\ ag

and let £* the variational parameter. We write the Hamiltonian in the form:

2 o 7

H = P P} Zel  Zed -2 P Zrel | P Z'ef (5.28)

f
2 2m Ry Ra + R1—Ra J_ 2m Ry + 2m  Ra
‘ #ye2 f 14 1 0
-(Z-Z }f[} (m + h’g) + Ri—R3

Then we obtain

Pz Z*ed| o o | e2 I e | (529
—_—= | &(1) - 7" 9 7+ = |—| & 4+ | —2— .
2m H.nr“> 27) -2z ﬁ<r“'=fn_ T”> < R—Ry| |

The factor 2 here and in the next term arises, because we have two identical and independent electrons in all but

the last term in (/ 5.28 ). The first term is just QCI(Z*}, the exact ground state energy of a Coulomb problem
corresponding to the effective nuclear charge Z*. This term comes from the first four terms in ( 5.28 ). Making a
small trick in the second term above, we get then

: PR VAR A B Zrel| .
"«_f'|”r [Ty :3:“‘2 +_}T <‘trﬁ|1:'"- H!“§;|.1.L'>+<J’.'

| H| ) = '2‘<r"l_l]

2
o

'(5.30)
R,~R;

[
i

Zred

In the second term we have than the expectation value of ~ #1 which is again the potential energy operator of
a hydrogenic atom with effective charge Z*. Knowing the ground state wave function H:'l-f}-ﬂ(rl}one can
. . . —2Z%r fap /.. L. .
calculate it by integrating € /71 which is the product of the square of the ground state wave function
and the 1/ 71 factor coming from the potential.

The other option is to use the virial theorem stating that in any system of particles kept together with Coulomb
forces the expectation value of the kinetic and potential energies are connected by the equation:

1 (5.31)
(Ehin) = -5 Vi
. - . . (B, % = E
(More generally, if the potential is homogeneous function of order / of the coordinates, then V=#in/ 2
holds. In the case o fan oscillator & = 2, for a Coulomb field k = —1.
|.'ﬁZ"

As in the case of the potential — R1 we have in the state o
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{E.R'.I'H + Ir(Z*)} = :l(lZ*)- (5.32)

the difference of (5.31) and (5.32 ) we obtain

(V) = 22,(2") (5.33)

therefore the second term of ( 5.29 ) gives:

Zz-7),

oz = a2

o i e (5.34)
7 (Z*) = —-4(Z - 22

2

as we know that iff expressed in Rydbergs, we know from the solution for the Coulomb problem that

Bl LA -
ei(Z%) = ~1{(Z* )" RY. The third term is just the first order perturbation correction, which we have already
calculated in Section 5.3 for the real nuclear charge Z. Here we have only to substitute Z* in place of 2 and we
get the result:

5 (5.35)
by ==z
> :

| Ri—Ry|

If we add now all three terms we obtain:

(5.36)

=4 =4
(W|H| ) = ~2(Z*)? — A(Z — Z*)Z* + iz =272 477" + iz

We have to look for the minimum of this expression as the function of £*. It is a quadratic function, with a

* = 2 . L .
minimum atZ =Z - 16, as it can be found by derivation or by any elementary method. So the effective
nuclear charge is smaller as the real one, due to shielding of the nucleus by the other electron. In the case of

Helium Z =2, we get Zr =27/16 Putting back this wvalue into ( 536 ) we obtain
¥ A E 7 Fo—_— riri o ."- . . . - T

(W |H| 1) = =57 Ry = =TT74eV , which is much closer to the experimental value —79.0 eV than

the result obtained by perturbation theory in Section 5.3—74.9 V.

Figure 5.2. Schematic drawing to demonstrate partial shielding of the nuclear charge Ze
by the other electron in Helium atom. The negative charge distribution of the other 1s
electron is Pelez) = el (r2)|*
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Schematic drawing to demonstrate partial shielding of the nuclear charge Ze by the other electron in Helium

atom.

The result shows the power of the variational method used widely in quantum physics as well as in other fields

of theoretical physics.

Animation:

On this interactive animation we can investigate the power of variational method
for determining the ground state energies of the Helium. Beside the variational
method shown in this chapter (with one parameter) we see examples of other (more
complicated) trial functions with more than one parameters giving better
approximation for the ground state energy of the Helium. This interactive
animation allows us to investigate the parameter space corresponding to these trial
functions and find the best fitting of these values with the exact measurement data.
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Chapter 6. Multielectron atoms

Goals: In this chapter we will consider the question, how to calculate - at least in principle - the electronic
structure of atoms with several electrons. We shall explain the method worked out first by D. Hartree in the 20-
ies and improved a little later by V. Fock and J. Slater. This approach is called the one electron self-consistent
field method. Prerequisites: Coulomb problem (Chapter 1 .).

Figure 6.1. Electrostatic ~ potential maps from  Hartree-Fock  calculations
http://science.csustan.edu/phillips/CHEM4610 Docs/CHEM4610_All Bonds Same.htm

Electrostatic potential maps from Hartree-Fock calculations

1. One electron approximation and the Hartree
method

As we have noted earlier, due to the several corrections already the spectrum of simplest atom of the Hydrogen
containing only one electron, shows a complicated structure. In the first approximation however the spectrum is

. . — 2 -
simple, according to the result <n = (_1/’” }R}' the energy depends only on the principle quantum number
n, and this eigenvalue is 2n.° times degenerate.

For an atom with several electrons strictly speaking only the stationary states of the whole system of electrons
exist in the field of the nucleus and each other. In the case of [V electrons and a single nucleus with 2 protons
the stationary states are the solutions of the following Hamiltonian

=

(6.1)

i=1 i=1

where we consider the nucleus fixed. In spite of the interaction described here by the third term, a surprisingly
good approximation is the independent particle model, which we shall explain in this chapter.
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Multielectron atoms

Our aim here is to determine the stationary states of this Hamiltonian, to bg@enoted by|‘1" (1,2,3... N}} that

must be a vector in the tensorial product state of the one electron spaces: . To determine the exact form of
such a function is impaossible, even for a two electron system (He atom). Therefore we shall use the one
electron approximation, where we assume that if we consider a single electron separately from all the others,
the electron-electron interaction term can be approximated by a potential enerpy of thé?lt single electron in

the field of all the others. Therefore this function, which is to be written as for the -th electron should
depend only on the coordinate of that single electron. Mathematically this means that we make the following
replacement

Y L Yvw) ©62)
R, J_

i,ji<i

So far we do not know the explicit form of I"r(Ri}, but the procedure we explain below will also yield us the
expression of this potential energy. It may seem that we distinguish between the electrons by taking out one, but
as we will see later, this will not be the case. We have then the following approximate Hamiltonian:

H' = (i) (6.3)
where

P?  Ze: (6.4)
hiz) = om ?ﬂ +ViR)

is an effective one-electron operator that depends only on the coordinates of a single electron. This one-
electron approximation, is also called as independent particle approximation, because the terms in H*, are
independent of each other. Special and mathematically correct solutions of the eigenvalue equation

H"|tIJ} =& |v) (6.5)

can be written as a product of one particle eigenstates:

V) = |Pay) [Pas) - - - [Pan} s (6.6)

where each factor in this product obeys

h(2) |9a;) = Ca; |Pay) (6.7)
with
{H‘—?n, aj'-?rlj} fl)rljrlj (6-8)

E Z e - (6.9)

y . . A
We shall call the state |V 1) as the Hartree state, or Hartree function. Note that each one-particle Hamiltonian

Y . . - - .
h(7)in ( 6.3) has several eigenvalues and eigenstates, these are labeled by ~«i and |'a>'rw, and as in our case all
the particles are identical electrons the set of possible ©¥; -s are the same for all ¢ -s.

Problem 6.1 : Show the validity of (6.5 ).
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Now the procedure is the following. We assume an initial product with properly chosen one electron states,
these are usually the well known eigenstates of

P?  Ze: (6.10)

hu (i) = 2m R,

which is the Hamiltonian of a H-like ion, as it does not contain even v (i } the simplified and so far unknown
electron-electron interaction. We go over now to coordinate representation. Then the Hartree product above is a
function

Ui, ovn) = [ [0aitn) = @as (1) as(B2) 0y (2n), (6.11)

1

which in principle must be complemented by spin states. The Hamiltonian is, however spin independent,
therefore spin will be taken into account only implicitly. The Pauli principle in its elementary form says that in
the product above all the one-electron states must be different and orthogonal, or rather because of spin, the
spatial part of a pair of electrons can be the same, as they can be multiplied by the two possible eigenstates of S
. This means that if we wish to determine the ground state of the /V electron system we can chose those one
electron states in the product which belong to the lowest one-electron eigenvalues, where orbital and spin
degeneracy must be taken into account, as well.

The use of coordinate representation is useful because the potential energy of the 7 -th single electron in the field
of all others can be expressed by the spatial charge density of the other electrons:

N—
E E _7'
FE=D

J#

(6.12)

The Coulomb potential of the 7 -th electron created by this charge density is

Ep |¥
"(r;) 2:/ 6l €5 1wl I;I'.,i

iFi

(6.13)

and this is the effective one-electron potential giving the one-electron eigenvalue equation according to ( 6.7)

h Zeg P (6.14)
( )“}A R.. +{( })'}-"J(r.l}_:-'.l'j'-".l(r.l)'

The solutions to this equation yields the one-electron eigenvalues and eigenfunctions. Note that the operator on
the left hand side contains the unknown functions themselves in V(i) according to ( 6.13 ). This problem can
be circumvented in the following way. In the first step we take as trial functions H:'.J(r.f') the exact wave

functions of the Coulomb problem and calculate V(r:) according to ( 6.13 ). Then we have already the potential
and solve ( 6.14 ), yielding new eigenfunctions. From the latter we can again form the potential according to the
prescription ( 6.13 ) and repeat the solution of Eq. ( 6.14 ). So in the k -th step we use the solution obtained in
k — 1 -th step:

2 (6.15)

B oz Nore
_?Hfi" R + Z/

This iteration procedure is continued until in the final step one obtains self consistency, i.e. the starting (1 — 1
-th) and the resulting ( 2 -th) one-electron wave functions coincide with a prescribed precision. Then of course
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the potential I"r(‘ri)will also be equal to the one in the previous step. This method is therefore a so called self-
consistent field, or shortly SCF method, introduced by D. Hartree.

Let us find the meaning of the one-electron eigenvalues <: obtained in this way. To this end we multiply ( 6.14 )

byv; ir i) and integrate with respect to the coordinate. As the functions w(rJ}are assumed to be normalized
we obtain.

2 o N-1

I _ Ze? sl (6.16)
ml ful (1; ) &) H:Jl‘r:-"- r:)|” / Z |‘r-"l I|| / ALF), ,rf'l “i r; = g;pi(r

Here in the first integral we can use the identity ' (r)Ap(r) = V]p*(r)V(r)] = V' (r)Ve(r), The

volume mtegral of the first term vanishes, as we can apply the divergence theorem of Gauss, and assume that in
infinity ¥ () V(r r') vanish exponentially, since these the p(r ) are assumed to be bound states. Therefore :

2 . Ze? Plor)l o 6
i = ;m (|Tr'ﬂ ! T 2il(ri) )”r I + Z‘u[ 1_;"!]

jFEi

Let us compare this with the total energy of the system which is to be calculated by the expectation value of the

.I'J— /l | £ |
. I T omt A; - iy Z R
original Hamiltonian ( 6.1) i<3 " in the state obtained in the coordinate representation in
the state obtained:

N 2 N 2
By = (H) = (V| H|¥) = /Hrﬁ:[rﬁ! [Z( :Jri-.' . ’/‘“) Z ‘] Hlv‘-"ﬂ-'““
’ i <3

(6.18)

St Vo (1 R . .
The one electron functions are orthonormal, therefore J ?.j(r.f)?ﬁ'(r-f}d T'j = Ojk ang using the same trick
for the Kinetic energy as in getting ( 6.17 ) we obtain

N . 2 = 0

h A
Eit = (H) = Z/ (m Vi(r)? /i L

T

N o1 s 13 "
AN - ed lwilr;)|” lei(r;)]° ,(6.19)
(ri) )"'Ilf"- E / R, J'lr.l'l

I".ll o

N
The first term here is equal to the sum of the first terms in ( 6.17 ) In the last term we can write <3 i
Therefore the result we obtain is

™
)

o
Z Z Z i |w |w J)| 3. 43
E.llhl = £ = _) / l."I I‘J-ff T;
i i j#E
- .2
£ o0
The reason for having the last term is that in the sum 5 we count the ij interaction energy twice.

One can simplify the method by taking the spherical average of V(ri) after each iteration step according to

1 o T (6.21)

M

where the integration goes over the surface of the unit square with df) = sin #dfdo Then the solution of the
partial differential equation can be reduced to a radial equation, since then the angular part of ©i(Ti) will be one

73
XMLmind XSL-FO Converter



Multielectron atoms

of the spherical harmonics. With his method D. Hartree could find the total energy of certain atoms with a hand
driven computing machine.

2. The Hartree-Fock method for atoms

The SCF method of Hartree has now only a historical significance, as the naive form of the Pauli principle -
stating that in the independent particle approximation all quantum numbers of the individual one-electron
functions must be different - is not satisfactory. The rigorous prescription is that the total state must be
antisymmetric with respect to the exchange of the electrons, as they are fermions. From this general statement
the validity of the naive Pauli principle follows, but it is not true the other way round. Namely all the quantum
numbers may differ in a product like ( 3.10), as it was supposed by Hartree, still it obviously not antisymmetric,
as it expected to be. The solution to this problem came independently from V. Fock and J. Slater in 30, and it is
called now the Hartree-Fock method.

The important difference is that from the one-electron functions we construct a state which is an element of the
antisymmetric subspace of the tensorial product of the individual spaces. This is most easily done by writing the
wave function in the form of a determinant

o1 ':-f-'l ) (:-!-'2) ©1 (:-I-'.\;) (6.22)
._"!,j .I.I -_'-!,-Il -I.l'j . e '-r!'] .I.I -
(g, ao...25) = \fl\___(lut ?_(. ) ?_(, 2) . ?_(, ~) =
pn(ry) on(ra) - on(ry)
= \,—lT det |@i(x)palza) . .. on(zy)]

called the Slater determinant. We shall follow here a variational procedure to derive equations similar to those
in the previous section (where we could have done the same). We take the expectation value of the Hamiltonian
( 6.1 ) and we are going to minimize it, but this time with respect of the one electron-functions in ( 6.22 )
stipulating the normalization constraint for them.

We note first that the determinant consists of V! pairwise orthogonal terms and the one electron operators effect
only functions of those variables on which they depend. Therefore the expectation value of the kinetic and the
nuclear potential energy turns out to be the same as in the simple product case of the Hartree probe function (
N 9
2 e o2 Zed) w2 g
F |T‘:—T(r4)| - T,I ‘a‘—?i(ri”l) f‘”ri

2m

3.10), that is ¢ J ( . In order to find the expectation value of the two-
N

2
Eq

9
L Rig R i £f - ) -

electron operators i<j ' we consider first only one term Fiz and consider its matrix element between terms

that contain ¥1( 1) and ¥2(x2)

1 : . . . (6.23)

_\,[[531(1)5:'2(3} —wa(1)1(2)]. ..
where .. . " refer to the other factors. The contribution of this term to the expectation value will be

Lro _ _ - S _ . (629
NI [21(1)pa(2) — wa(1)1(2)]* —[w1 (1)a(2) — wa( 1)1 (2)]d ridr
St I'y2

re the expectation value All pair of functions like that of pilay) and QE('-I-'E}turn up in ( 6.22 ) exactly N1/2

times, therefore we get

(6.25)

it 1 "€ [ 2] (a2 ; ae v g
!I!l Z ;-—l[J' = E Z / :_—“\__"_,I:_l‘.l ) ‘J:'_Jl:.r ] - 1'?;'- 'r.:l“.'ﬂ_.'l:'rl ) T?::I ‘ll:'“.'ﬂ_.ll:.'r'.!'\u:_m_l_fllll.l"'lrﬂ
i & 3]

(|
5 | i=j
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where the ?mim; comes frota the scalar product of the spin eigenfunctions with s 772 = +1/2 \we obtain
with the Slater determinant

- . R s Zeg AT
(H) = (V|HY) = Z / (mﬁ_#llnl TR |~.~;ir ) ') d'ri+

N

N a \ i 9 . . I

1 R U U1 | 1. @i (r)es(r)ei(r)eilr) 5 5

t E Z .l ri; | .I_.l"'iI r; Eﬂu.',r.-.- Z - i I,rf r
i :

t]

(6.26)

i

which differs from the Hartree result by the last term. This term is called the exchange energy because it is
connected with the prescribed antisymmetry of the wave function, as we have seen it already in the case of the

. y . . A f . .
Helium atom. ’{Hr a functional, the energy functional of the ©i(T:) functions. Now we take into account the
normalization of all one-electron functions, by adding the additional constraint

ZCJ (1 e /|53,-('r;)|jfj;3ri) =10 (6.27)

where <; -s are Lagrange multiplicators at this stage. Now we shall minimize the sum of ( 6.26 ) and ( 6.27)

<H> = (H) + Z S (1 s / |5—3,‘(‘I‘;)|j rf;;r,-) , (6.28)

with respect to#; { ). This means that we set the functional derivative of this sum zero, which is defined in the
case of a general functional Glioi(r) - on(ry)] by the operation

oG [',:,.(r,.}] = lim G [',:,.(r,.} + ”f\jiljf\j(ri - rl,i)l -G [',:,.(r,.)l (6-29)
fj:.j_f‘! (I‘!} n—0 ] I
The result is:
h? Zel o (6.30)
( )“}f—\ - R—.. + vV ': }) "r’.'(r.'} - ‘-'."i‘.l""."l:r.")‘

where now

A -
i(r — (T )y [1‘? rr} N
_, ll:} = E [} Z / ” 1‘ - Z il'h,r.l.,n:., / - - R i ff‘l‘_.
; . Ly
J+t ’

JFt

(6.31)

The system ( 6.30 )-( 6.31 ) is a system of integro-differential equations, as the unknown functions figure both
as integrands in ( 6.31 ) and as solutions to be found from the differential equations ( 6.30 ). These equations are
called the Hartree-Fock equations, and can be solved again by the self-consistent field method as explained for
the Hartree method. It is often written as

Rg‘,(l‘,) = & (-I‘,'}. (6-32)

where Fis called the Fock operator. It consists of four terms:

F,=T, - Ze}/R; + K; — I.. (6.33)
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Her T is thie kinetic energy, the second term is the potential energy of the electron in the nuclear Coulombk-figld,
the third, is the Coulomb interaction of the electron with all the others, while the last term in ( 6.31) is
an extra term called the exchange po(tﬁﬁ}ial, which is negative, if present. When compared with the Hartree

potential, as explained with respect{tpf ) it arises because of the antisymmetry of the wavefyggtion, as it has

already been noted wjtbﬂqspect to . This is a non-local term, as an unknown function appears with
different arguments , which makes the calculation even more difficult, which is possible, of course, only
numerically.

Problem 6.2 : Show that solutions corresponding to different < -s of the HF equations are orthogonal.

The physical meaning of the Zi -s that entered the formalism as Lagrange multipliers, can be seen from the
following consideration. By multiplying ( 6.30 ) with i (ri) and integrating the resulting equation (i. e. taking
the scalar product ¥ with Hyp; ) we obtain that < is equal to those terms of {H \ that contain just ¥i. Therefore

—&; can be interpreted as the energy necessary for removing the particle in the state ¥4, while stipulating that all
the other functions remains the same. This is called Koopmans' theorem obtained in 33.

Comment: An interesting biographical fact is that T. Koopmans received the Nobel memorial prize in
economics in 75 for his studies in the theory of optimal use of resources.

The Hartree-Fock method is called an ab initio (meaning: "from the beginning" in latin) calculation, because it
does not use any parameter to be fitted from other considerations. By the end of the 70-s efficient program codes
for atoms have been worked out to perform Hartree-Fock calculations for atoms, and the electron density of the
ground states of atoms could be routinely obtained by this as well as other (hon ab initio) methods to be
described to some extent later. The application of the method for molecules is also possible, and will be outlined
in chapter 7 .

Figure 6.2. Simplified algorithmic flowchart illustrating the Hartree-Fock Method.
http://en.wikipedia.org/wiki/Hartree-Fock_method

Input
3D Coordinates
of atomic nuclei

Initial Guess _
Molecular Orbitals Fock Matrix
(1-electron vectors) Formation
Fock Matrix
Diagonalization

Calculate
Properties SCF
Converged?
End

Simplified algorithmic flowchart illustrating the Hartree-Fock Method.
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Figure 6.3. lonization energies of the elements. http://www.tannerm.com/first.ntm
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Chapter 7. Atomic spectra, Hund's
rules, the periodic system

Goals: The one electron approximation works very well for atoms with several electrons, and this feature
appears in their spectroscopic properties, to be considered in this chapter. In order to understand atomic spectra
one has to know well the results of the quantum mechanical Coulomb problem, antisymmetrization of the many
electron states, and the addition of angular momenta.

Prerequisites: Coulomb problem (Chapter 1), antisymmetrization of the many electron states, and the addition
of angular momenta (Chapter 3).

1. Introduction

As we have learned in chapter 6 the one electron approximation works very well for atoms with several
electrons, and this feature appears in their spectroscopic properties, as well.

A selected electron is attracted by the nucleus and repelled by all other electrons. In the one-electron
approximation we solve the eigenvalue equation for only one of the electrons, where we use an effective

potential Ver (R) as described in the previous chapter. In the case of atoms we can assume that Verr is
spherically symmetric, from the point of view of the selected electron the potential originating from all the
others depends only on the distance from the nucleus. In practical calculations described in the previous chapter
this is achieved by a spherical averaging of the charge density in each step of the SCF process. The effective
Hamiltonian can then be written as

P’ g Z(R) (7.1)
2m, Admweg R

Hvif -

where Z(7") 4o i the effective nuclear charge if the distance from the center is 7. We prescribe that Z(r) = Z

Jif 7 — 0, i.e. in the vicinity of the nucleus, and Z(7") = L for — oo, In the latter case the other Z — 1
electrons screen off the attraction of the total nuclear charge A o, and the electron moves effectively in the field
of a single elementary positive charge 4. The operator of the potential energy is obtained of course by the
replacement 1 — [t.

Due to spherical symmetry, the orbitals can be characterized similarly to the case of the /{ atom. Spherical
symmetry implies that L* and L- commute with Hesr therefore their eigenvalues, £ and 12 remain good
quantum numbers. A stationary state can be characterized therefore by the energy eigenvalue (principal quantum

number) and besides £ and 172, also by s, the spin component quantum number (which can be onlyilf’li?).
As in the approximation considered here Heris independent of the spin, the total spin is also a good quantum

number, but its value S=1/2j fixed, as an intrinsic property of the electron. The eigenstates of Heg are
frequently called as one electron states, or orbitals, but we must be aware that this does not mean any orbit in the
classical sense. The corresponding eigenvalues are the one electron energies, or orbital energies.

In the H atom the orbital energies do increase with 72 and in the nonrelativistic approximation they are
independent of £. For an atom with several electrons the situation is more complicated, because due to the
electron-electron interaction the orbital energies depend also on £, so the degeneracy valid in the pure Coulomb
field is lifted.

Accordingly we have 1s, 2s, 2!-’, Js, etc. orbitals, so that in a multielectron atom, their energies depend on the
letters in the symbol. Because of the spherical symmetry, however, an energy eigenvalue labeled by 72 and £ is

still (26 + 1) times degenerate according to the projection of orbital angular momentum along one of the axes
(this is usually taken to be the z axis), this is the magnetic quantum number r72. As we know there is an

additional double degeneracy because of spin, so the total degree of degeneracy is 2(2¢+ 1), This degeneracy
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is however lifted by relativistic corrections i.e. a fine structure appears, as well as hyperfine structure caused by
the interaction with nuclear spin.

The results show that, as expected from the H spectrum, for a given £, the energy is higher for a larger 1. Also
for a given 71 the energy is higher for a higher value of £. This is because, for the higher £ values, the electrons
tend to lie further from the nucleus on average, and are therefore more effectively screened. The states
corresponding to a particular value of 11 are generally referred to as a shell, and those belonging to a particular

pair of values of 1, £ are usually referred to as a subshell. The energy levels are ordered as below (with the
lowest lying on the left):

Figure 7.1. Ordering of the atomic subshells with respect to energy.
http://www.m2c3.com/c101/chemistry_in_contextx/ch2/simple_electron_configuration/el
ectron_configuration.htm

¥

£
Ordering of the atomic subshells with respect to energy.

Animation:

Orbitals in
atomic ground-
state electron
configurations
are filled in the

order of
increasing

n++{ . For
equal 12+ £
values, the

orbital with the
lower n s
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atomic
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from 1 to 92.

Note that the values of /N corresponding to the noble gases, 2,10, 18, 36, at which the ionization energy is
unusually high, now emerge naturally from this filling order, corresponding to the numbers of electrons just

before a new shell (%) is entered. There is a handy mnemonic to remember this filling order. By writing the
subshells down as shown in Figure 7.1 , the order of states can be read off along diagonals starting from the top

and going down along the diagonal arrows:

Table 7.1. Ordering of the energy levels.

Subshell name 1s 2s 2p 3s 3p 4s 3d 4p 5s 4d

1 1 2 2 3 3 4 3 4 5 4

¢ 0 0 1 0 1 0 2 1 0 2

Degeneracy 2 2 6 2 6 2 10 6 2 10
Cumulative 2 4 10 12 18 20 30 36 38 48

Figure 7.2. Energies of the shells.

http://commons.wikimedia.org/wiki/File:Orbital _representation_diagram.svg
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O

Energies of the shells.

In the ground state the electrons, whose number is /V fill up those one-particle states up to /N, which follow
each other along the arrows of Figure 7.1 . Accordingly the ground state can be given by the corresponding
Slater -determinant at least in this one particle approximation. We can say that we put electrons one by one in
the lowest lying energy levels according to the Pauli exclusion principle, until the electrons are all
accommodated, this is the so called "Aufbau (build-up) principle". We can use this sequence of energy levels to
predict the ground state electron configuration of atoms. An electronic configuration means that we specify the
number of electrons on an orbital or level. If there are more than one electrons on the subshell given by 1 and £,

then we write this number as an exponent to £ or sometimes to the pair \7%: £ )

Figure 7.3. Outer shells in the periodic table.
http://en.wikipedia.org/wiki/Electron_configuration

81
XMLmind XSL-FO Converter


http://en.wikipedia.org/wiki/Electron_configuration

Atomic spectra, Hund's rules, the
periodic system

s-block
1 p-block 18
<15 , 13 14 15 16 17 |1S™
- 05— - 2 >

d-block P
<35+ 3 4 s & 7 8 9 10 11 12 [ 3p >
< 45> 3d i 4p >
<= 55->1 4d e 5p >
~ 65— 5d > 6p »
i 6d > p —
f-block

- a4f >
- 5f -

Outer shells in the periodic table.

The ground state of the H-atom is 15. The two electrons in the He-atom in the ground state corresponds to the
152, while the first excited state of He is in the 152s configuration. The next element of the periodic system is
the Lithium (Li) with 3 electrons, with ground state configuration 15°2s, and this is continued until Neon (Ne)
with £ = 110), and configuration 1-‘532-‘5321’-’[], because I orbitals can accommodate at most 2(2- 1+ 1) =6
electrons because of the Pauli principle. From Figure 7.1 we also see that the subshell 3P is followed by filling
up 45 instead which is the outer shell of Potassium (K) and Calcium (Ca) having a little lower energy than that
of the 3d orbital. Very often a closed shell, a noble gas configuration is simply denoted by the sign of the
corresponding element.

Some additional examples of ground state configurations together with the resulting term in spectroscopic
b
notation > ! L ; are shown in the table below.

Table 7.2. Examples of ground state configurations together with the resulting term in
spectroscopic notation .

7 Element Config. 25+1F loniz. Energy (eV)
1 H 1s 2S1/2 13.6

2 He 152 LSo 24.6

3 Li He (25} 25‘[.‘;‘3 54

4 Be He (25?) LS, 93

5 B He (25%)(2p!) 2Py 8.3
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.
: c He (252)(2p)
7 N e (252)(20°)
: 0 e (252)(2p")
9 ; e (252)(2p7)
10 Ne e (252)(29)
11 Na Ne (33)

3p,
1S3/0
3p,
2Ps)o
1,

2812

11.3

145

13.6

174

21.6

5.1

Since it is generally the outermost electrons which are of most interest, contributing to chemical activity or

. . . . . 4
optical spectra, one often omits the inner closed shells, and just writes O as (QP ) for example. However, the
configuration is not always correctly predicted, especially in the heavier elements, where levels may be close
together. It may be favourable to promote one or even two electrons one level above that expected in this simple

picture, in order to achieve a filled shell. For example, Cu (Z = 29) would be expected to have configuration

2 L . L 1 10 . . -
(4s }(Bdg), while its actual configuration is (45%)(3d™), There are several similar examples in the transition
elements where the d subshells are being filled, and many among the lanthanides (rare earths) and actinides

where | subshells are being filled.

Figure 7.4. Periodic
https://www.phy.questu.ca/rknop/classes/enma/2010-
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This scheme provides a basis to understand the periodic table of elements Fig. ( 7.4 ). We would expect that
elements which( hag,‘e) similar electron configurations @::‘.;_Itﬁq.ir outermost shells such as Li, Na, K, Rb, Cs, Fr

which all have or F, Cl, Br, I, which all have , would have similar chemical properties, such as
valency, since it is the unpaired outer electrons which especialf¢ participate in chemical bonding. Therefore, if
one arranges the atoms in order of increasing atomic number  (which equals the number of electrons in the
atom), periodic behaviour is seen whenever a new subshell of a given s filled.

Animation:

mbl This is a nice interactive periodic table showing the basic properties of the elements.

2. Coupling schemes

The procedure outlined above allows us to predict the occupation of subshells in an atomic ground state. This is
not in general sufficient to specify the ground state fully. If there are several electrons in a partially filled
subshell, then their spins and orbital angular momenta can combine in several different ways, to give different
values of total angular momentum, with different energies. In order to deal with this problem, it is necessary to
consider the spin-orbit interaction as well as the residual Coulomb interaction between the outer electrons.
Schematically we can write the Hamiltonian for this system as follows:

HrHy+y % S UR)+ Y &(RLS, .2)
ij i :

1<l

He Hsp

where Hy includes the kinetic energy and central field terms, so this is a sum of one-electron operators, H.: is
(‘ R} — 1 1 av

the residual Coulomb interaction, and H so is the spin-orbit interaction with strength 1 2m’c? R AR

We can then consider two possibilities:

« He > Hso This tends to apply in the case of light atoms. In this situation, one considers first the
eigenstates of Hy+ He, and then treats Hso as a perturbation. This leads to a scheme called L.S or
Russell-Saunders coupling.

« He < Hso This can apply in very heavy atoms, or in heavily ionized light atoms, in which the electrons
are moving at higher velocities and relativistic effects such as the spin-orbit interaction are more important. In
this case, a scheme called .J.J coupling applies. It is important to emphasise that both of these scenarios
represent approximations; real atoms do not always conform to the comparatively simple picture which
emerges from these schemes, which we now discuss in detail.

2.1. LS coupling scheme

In this approximation, we start by considering the eigenstates of Hy + He we note that this Hamiltonian must
commute with the total angular momentum J? (because of invariance under rotations in space), and also clearly
commutes with the total spin S2. It also commutes with the total orbital angular momentum L?, since Heis a
scalar, it involves only internal interactions, and must therefore be invariant under global rotation of all the
electrons. Therefore the energy levels can be characterised by the corresponding total angular momentum

quantum numbers L, S,/
Hund's rules.

These are the rules determining the ordering in energy, set up by F. Hund based on spectroscopic evidence in
around 25-30.
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1. Combine the spins of the electrons to obtain possible values of total spin 5. The largest permitted value of S
lies lowest in energy.

2. For each value of S, find the possible values of total angular momentum L. The largest value of L lies lowest
in energy.

3. Couple the values of L and S to obtain the values of ./ (hence the name of the scheme). If the subshell is less
than half full, the smallest value of ./ lies lowest; otherwise, the largest value of .7 lies lowest.

In deciding on the permitted values of I and S, in addition to applying the usual rules for adding angular
momenta, one also has to ensure that the total antisymmetry of the state is respected, as we will see later when
considering some examples. These rules are empirical; there are exceptions, especially to the . and ./ rules (2
and 3). Nevertheless, Hund's rules are a useful guide, and we can understand their physical origin.

1. Maximising S makes the spin state as symmetric as possible. This tends to make the spatial wavefunction
antisymmetric, and hence reduces the Coulomb repulsion, as we saw discussing the exchange interaction in
Helium.

2. Maximising L also tends to keep the electrons apart. This is less obvious, though a simple classical picture of
electrons rotating round the nucleus in the same or different senses makes it at least plausible.

3. The separation of energies for states of different J arises from treating the spin-orbit term Hso as a
perturbation (fine structure).

_ (Jomy, LS| S &G(R)LS | Jomy, L, S) _
It can be shown that the matrix element i can be written as a

product of a coefficient C(L.,S) depending only on the quantum numbers of the total momenta and a matrix
element that can be calculated easily:

(Jomy, LS| Y &(RILS, | Jomy L. S) =((L,S){J,my, L, S|L-S|J,m;, L, S) = (73)
| ((L,S). |
_U.—;}_-"i-f+li LIL+1)-5(S+1)

This is the essence of the Wigner-Eckart theorem, not discussed here. Since one may show that the sign of

C(L,S) changes according to the whether the subshell is more or less than half-filled, the third Hund's rule is
established.

To understand the application of L.5' coupling, it is best to work through some examples. When we discussed
previously in chapter 5 the simplest multi-electron atom, helium, we have already applied implicitly the rule of
the L.S coupling, when we considered the electron-electron interaction as the main contribution to the model
beyond independent electrons.

Problem 7.1 : Recall the results of perturbation theory for He in Chapter 5 .

The Helium ground state with the 1s” configuration, had L. = § = .J = 0. In fact, this is true for any
completely filled subshell, as we have then L. = S = (Jand hence .J = (), since the total 7721, and 7.5 must
equal zero if all substates are occupied. In an excited state of helium, e.g. in ( 1-‘5[}(2!}[), in which one electron
has been excited to the 2P level, we have S = 1 or S = 0, with the S = 1 state lying lower in energy, because
of the antisymmetry of the orbital part of the wave function, and therefore a negative contribution from the
exchange term. That was a clear demonstration of the reason of the first Hund rule. Combining the orbital
angular momenta of the electrons yields L = 1 and thus, with© = U,/ =1 whilewith S = 1,J = 0. 1,2
with ./ = ) lying lowest in energy. Once again, as with the hydrogen-like states, we may index the states of
multi-electron atoms by spectroscopic term notation, 25ty The superscript 25+1 gives the multiplicity of
J values into which the level is split by the spin-orbit interaction; the I value is represented by a capital letter

- 1 el
S, P. D etc., and J is represented by its numerical value. Thus, for the { 15)(2p") state of helium, there are
four possible states, with terms: 3Py, 3P, 3Ps and 1Py, where the three 3 P states are separated by the spin-
orbit interaction, and the singlet 1 F state lies much higher in energy owing to the Coulomb interaction.
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The separations between the 3% and 31 and the 31 and 3 Fb should be in the ratio 2 : 1. This is an example
of the Landé interval rule, which states that the feparation between a pair of adjacent levels in a fine structure
multiplet is proportional to the largef of th¢ two]  values involved. This is easily shown using Eq. ( 7.3 ) - the
separation in energy between states  and is

Ajgym J(J+1)=(J=1)J=2J (7.4)

Actually in the case of helium the situation is a bit more complicated, because it turns out that the spin-orbit
interaction between different electrons makes a non-negligible additional contribution to the fine structure.

el o ]
Other excited states of helium, of the form (1s%)(nt ) can be handled similarly, and again separate into singlet
and triplet states.

Problem 7.2 : Find the ground state term of B (boron), with the electron configuration (-1-‘52}(-2-‘52}(21}}, by
using Hund's rules.

We next consider the case of C (Carbon), which has ground state electron configuration (1s%)(25%)(2p? }
This introduces a further complication; we now have two identical electrons in the same unfilled subshell, and
we need to ensure that their wavefunction is antisymmetric with respect to electron exchange. The total spin can
§=0: 5

either be the antisymmetric singlet state with ff}, or one of the three

: y IS
symmetric triplet states with S=1: | T}l |T}2, ﬁ | Tf" |J,,,2 + | J,;1|T;j}7 | l}l H}z. We must
therefore choose values of L with the appropriate symmetry to partner each value of 5. To form an
antisymmetric orbital state, the two electrons must have different values of 712, so the possibilities are as shown
in the next table on the left. Inspecting the values of 772z we can deduce that L. = 1.

Table 7.3. Forming of antisymmetric orbital states.

mi“ mij] My, mil] mij] iy
1 0 1 1 1 2
1 -1 0 1 0 1
0 -1 -1 1 -1 0
0 0 0
0 -1 1
-1 -1 -2

By contrast, to form a symmetric total angular momentum state, the two electrons may have any values of i1z,
leading to the possibilities shown right in the table. Inspecting the values of 77t~ we infer that L. = 2 or 0. We
must therefore take S' = 1 with L = 1 and .S = O with L = 2 or 0.

Finally, to account for the fine structure, we note that the states with S' = 1 and L. = 1 can be combined into a
single J = 0 state, three .J = 1 states, and five J = 2 states leading to the terms 3£0, 3Pt and 3P
respectively. Similarly the S =0, L = 2 state can be combined to give five .J = ?states LDy, while the
S =0, L = Ugtate gives the single J = O state, 150, Altogether we recover thel +3 +5+5+1= 15
possible states with the ordering in energy as given by Hund's rules. The terms and the corresponding energies,
relative to the lowest one, are shown in the table below:

Table 7.4. Terms and the corresponding energies, relative to the lowest one.
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1Sy 1D, 3P 3P 3F;

c~T/f cem! 20649 10195 43 16 0

Here the experimental energy values are given using the conventional spectroscopic units of inverse wavelength,
and the corresponding level scheme is also shown in Fig.( 7.5).

Figure 7.5. Level scheme of the carbon atom (15%)(25°)(2p°). Drawing is not to scale. On
the left the energy is shown without any two-particle interaction. The electron-electron
interaction leads to a three-fold energy splitting with L and S remaining good quantum
numbers. Spin orbit coupling leads to a further splitting of the states with .7 remaining a
good quantum number. Finally on the right, the levels show Zeeman splittings in an
external magnetic field. In this case, the full set of 15 levels become non-degenerate.

15 150
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Level scheme of the carbon atom. Drawing is not to scale. On the left the energy is shown without any two-
particle interaction. The electron-electron interaction leads to a three-fold energy splitting with L and S
remaining good quantum numbers. Spin orbit coupling leads to a further splitting of the states with J remaining
a good quantum number. Finally on the right, the levels show Zeeman splittings in an external magnetic field. In
this case, the full set of 15 levels become non-degenerate.

Note that the Landé interval rule is approximately obeyed by the fine structure triplet, and that the separation
between I and .S values caused by the electron-electron repulsion is much greater than the spin-orbit effect. In
. l:‘-) ]l}('-g Jl} . .
an excited state of carbon, e.g.\ <" /\2F" ), the electrons are no longer equivalent, because they have different
radial wavefunctions. So now one can combine any of S = 0,1 with any of L=10, 1-2, yielding the

following terms (in order of increasing energy, according to Hund's rules):

3D 04, 3Fy10 35 1Dy 1P 15 (7.5)
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Foe=N3 (Ritrogen), the electron cgnfiguration is given by (15*)(25%)(2P%). The maximal value of spin is
while can take values and 0. This result would also be aq’parp;ni—if we recall the that angular

momentum states are eigenstates of the[ parify opefatar vith eigenvalue . Since there are just two
electrons, this result shows that both the and wavefunction must be symmetric under exchange.
Since the spin wavefunction, yielding a maximal s syfametrit, {the-spatial wavefunction must be completely
antis;@@eijic. This den}aads:}ghgt all three statelss\,g\{jgh must be involved. We must therefore

have , leading to and the term,

Problem 7.3 : Construct the L = () state involving the addition of three £ = 1 angular momentum states. Hint:
make use of the total antisymmetry condition.

As a final example, let us consider the ground state of O (oxygen), which has electron configuration ("2';.:*}.
Although there are four electrons in the (2p) subshell, the maximum value of S' = 1. This is because there are
only three available values of 77 = 1,0, and therefore one of these must contain two electrons with opposite
spins. Therefore, the maximum value of 7ts = 1, achieved by having electrons with 7ts = +1/2in both the
other 77t¢ states. By pursuing this argument, it is quite easy to see that the allowed values of L, S and J are the

same as for carbon (21”3). This is in fact a general result - the allowed quantum numbers for a subshell with n
electrons are the same as for that of a subshell with 1z "holes”. Therefore, the energy levels for the oxygen
ground state configuration are the same as for carbon, except that the fine structure multiplet is inverted, in
accordance with Hund's third rule.

3. jj coupling scheme

When relativistic effects take precedence over electron interaction effects, we must start by considering the
eigenstates of

Hy+ Ho = Ho+ Y & Ri)L:S;. (7.6)

: 2
These must be eigenstates of JZ as before, because of the overall rotational invariance, and also of J i for each

electron. Therefore, in this case, the coupling procedure is to find the allowed J values of individual electrons,
whose energies will be separated by the spin-orbit interaction. Then these individual j values are combined to
find the allowed values of total ./. The effect of the residual Coulomb interaction will be to split the .J values for
a given set of js. Unfortunately, in this case, there are no simple rules to parallel those of Hund. As an example,

consider a conflguratlon np°) in the JJ coupling scheme, to be compared with the example of carbon which

we studied in the LS scheme. Combining & = 1/2 with £ = 1, each electron can have 7 = 1/2or 3/2 1 the

electrons have the same J value, they are equivalent, so we have to take care of the symmetry of the
wavefunction. We therefore have the following possibilities:

i =72=3/2==J=3,2,1,0 of which J = 2.0 are antisymmetric.
e 1=12=1/2==J0=1,0 of which.J = 0is antisymmetric.

ci=1/2j,=3/2=J=21

In J.J coupling, the term is written (J1: J2 }J, so we have the following terms in our example:

(1/2,1/2)q (3/2,1/2),(3/2,1/2),

(3/2,3/2)2(3/2,3/2)o (7.7)

in order of increasing energy. Note that both L.5 and .. coupling give the same values of .J. In this case, two
states with .J = (), two with .J = 2 and one with .J = 1 and in the same order. However, the pattern of levels
is different; in L.S coupling we found a triplet and two singlets, while in this ideal 77 scenario, we have two
doublets and a singlet. The sets of states in the two coupling schemes must be expressible as linear combinations
of one another, and the physical states for a real atom are likely to differ from either approximation. In fact, this
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idealized form of jj coupling is not seen in the heaviest such atom in the periodic table, lead ( GI-’E}. However, it
is seen in some highly ionized states, for example in ELCI'[H, which has the same electron configuration (2p%)
as carbon, but where, because of the larger unscreened charge on the nucleus, the electrons are moving more
relativistically, enhancing the spin-orbit effect. However, a classic example of the transition from LS to /7
coupling is seen in the series C-Si-Ge-Sn-Pb in the excited states (2P)(3s), (3!-’)(4-‘5), . (6p)(7s) see Fig. (
7.6).

Figure 7.6. Transition from the LS to the jj coupling as going down in the 1V. (14.)
column of the periodic table
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Transition from the LS to the jj coupling as going down in the IV. (14.) column of the periodic table

Here, the electrons are not in the same subshell, so their wavefunctions overlap less, and the Coulomb repulsion
is reduced compared to the spin-orbit interaction. Analysing this situation in the L.S coupling approximation,

one expects a triplet and a singlet: 3P 1.2, 1Pl, while in the .JJ scheme one expects two doublets:

(1/2.1/2)0,1,(1/2,3/2)21 Experimentally, C and Si conform to the LS expectation and Pb to the JJ
scheme, while Ge and Sn are intermediate.

4. Atomic spectra

Atomic spectra result from transitions between different electronic states of an atom via emission or absorption
of photons. In emission spectra, an atom is excited by some means (e.g. thermally through collisions, or by an
electric discharge), and one observes discrete spectral lines in the light emitted as the atoms relax. In absorption
spectra, one illuminates atoms using a broad waveband source, and observes dark absorption lines in the
spectrum of transmitted light. Of course the atoms excited in this process subsequently decay by emitting
photons in random directions; by observing in directions away from the incident light this fluorescence radiation
may be studied. The observation of these spectral lines is an important way of probing the atomic energy levels
experimentally. In the case of optical spectra and the nearby wavebands, the excited states responsible generally
involve the excitation of a single electron from the ground state to some higher level. In some cases, it may
simply involve a different coupling of the angular momenta within the same electron configuration. These are
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the kinds of excitations which we are about to discuss. However, other types of excitations are also possible. For
example, X-ray emission occurs when an electron has been removed from one of the innermost shells of a heavy
atom; as electrons cascade down to fill the hole, high energy photons may be emitted. The basic theory
governing stimulated emission and absorption, and spontaneous emission of photons will be outlined in detail
when we study radiative transitions. Here we must anticipate some of the basic conclusions of that study. In the
electric dipole approximation, the rate of transitions is proportional to the square of the matrix element of the

o
", In addition, the rate of

spontaneous transitions is proportional to C‘-’ii‘, where wif = (Ei — E‘f )/h denotes the energy separation
between the states. The symmetry properties of the dipole operator ID (it is an odd vector operator) imply that
the matrix elements may vanish identically between a large number of pairs of stationary states ™ and t; This
leads to a set of selection rules defining which transitions are allowed. Here we consider the simplest case of a
single electron, but the principles can be generalized. We just enumerate these selection rules shortly.

electric dipole operator between the initial and final stationary states: | (“I|D| ;)

» The parity must change;
« AJ = £1,0@ut0 ¢ 0is not allowed) and AM; = +1,0

Atomic states are always eigenstates of parity and of total angular momentum, ., so these selection rules can be
regarded as absolutely valid in electric dipole transitions. It should be emphasized again, though, that the electric
dipole approximation is an approximation, and higher order processes may occur, albeit at a slower rate, and
have their own selection rules.

In specific coupling schemes, further selection rules may apply. In the case of ideal LS coupling, we also
require:

« AS =0and AMs =10
« AL=41,00put0 ++ Ois not allowed) and AMr = +1,0: ang
o Ab; = £1if only electron z is involved in the transition.

In LS coupling, the states are eigenstates of total spin; since the dipole operator does not operate on the spin
part of the wavefunction, the rules on A.S and AMs follow straightforwardly. This, and the absolute rules
relating to ./, imply the rules for L and ML The rule for Af; follows from the parity change rule, since the

parity of the atom is the product of the parities of the separate electron wavefunctions, given by(_l)h.
However, since .5 coupling is only an approximation, these rules should themselves be regarded as
approximate.

4.1. Single electron atoms

In this context, “single electron atoms" refer to atoms whose ground state consists of a single electron in an 5
level, outside closed shells; it is this electron which is active in optical spectroscopy. Our discussion therefore
encompasses the alkali metals, such as sodium, and also hydrogen. We take sodium, whose ground state

configuration is (35").

« The ground state term is 251/2. The excited states are all doublets with J = L = 1;""2, except for the s
states, which are obviously restricted to J=1/2

e The parity is given by ('—1}6’, so the allowed transitions involve changes in £ by =1, ie.
s 4+ Ip,p <> d,d ¢ [ etc. Changes of more than one unit in £ would violate the A.7 rule.

« The S ¢+ P transitions are all doublets. All the doublets starting or ending on a given P state have the same

spacing in energy. The transition 3s > 3p gives rise to the familiar yellow sodium “D-lines" at 589 nm ,
see Figure (7.7).

Figure 7.7. The yellow D line doublet of Na. The transition which gives rise to the
doublet is from the 3P to the 3s level. The fact that the 3s state is lower than the 3p
state is a good example of the dependence of atomic energy levels on orbital angular
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momentum. The 3s electron penetrates the 1s shell more and is less effectively
shielded than the 3P electron, so the 3s level is lower. The fact that there is a doublet
shows the smaller dependence of the atomic energy levels on the total angular
momentum. The 3P level is split into states with total angular momentum 7 = 3/2 and
J=1/2  py the spin-orbit interaction. http://hyperphysics.phy-
astr.gsu.edu/hbase/quantum/sodzee.html
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The yellow D line doublet of Na. The transition which gives rise to the doublet is from the 3p to the 3s level.
The fact that the 3s state is lower than the 3p state is a good example of the dependence of atomic energy
levels on orbital angular momentum. The 3s electron penetrates the 1s shell more and is less effectively
shielded than the 3p electron, so the 3s level is lower. The fact that there is a doublet shows the smaller
dependence of the atomic energy levels on the total angular momentum. The 3p level is split into states with
total angular momentum J=3/2 and J=1/2 by the spin-orbit interaction.

« The P +* d transitions involve two doublets, 2P1/23/2 and 2D3/2,5/2 However, the 2Pyj3 3 2Ds5)5
transition is forbidden by the A\.J rule, so the line is actually a triplet. In practice, the spin-orbit interaction
falls quite rapidly with increasing £ (and with increasing 1) as the effect of screening increases, so that the

effect of the 2D 3/2+5/2 splitting may not be resolved experimentally.

« As 1t increases, the energy levels approach (from below) those for hydrogen, because the nuclear charge is
increasingly effectively screened by the inner electrons. This happens sooner for the higher £ values, for
which the electron tends to lie further out from the nucleus.

+ In an absorption spectrum, the atoms will start from the ground state, so only the 38 <+ 1P ines can be seen.
In emission, the atoms are excited into essentially all their excited levels, so many more lines will be seen in
the spectrum.

The comments above for sodium also apply for hydrogen, except that, in this case, (2s, 21’-’), (3s,3p, 3“’), etc.
are degenerate. One consequence is that the 2s state in hydrogen is metastable - it cannot decay to the only
lower lying level 15 by an electric dipole transition. In fact its favoured spontaneous decay is by emission of
two photons; a process which is described by second-order perturbation theory. In practice, hydrogen atoms in a
25 state are more likely to deexcite through collision processes. During an atomic collision, the atoms are
subject to strong electric fields, and we know from our discussion of the Stark effect that this will mix the 25

and 2P states, and decay from 2ptolsis readily possible.

4.2. Helium and alkali earths

We next discuss atoms whose ground state consists of two electrons in an s level. Our discussion therefore
12 ' 2 L (7.2 L ]2
covers helium | 1""'), and the alkali earths: beryllium (2s } magnesium (3s ) calcium (45 ) etc.
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We start with helium, which we have already discussed from a different aspect in Chapter 5 Those results will
help us to understand the present discussion

« The ground state has term 150, The excited states are of the form (Ls)(nf) (the energy required to excite
both of the 1s electrons to higher states is greater than the first ionization energy, and therefore these form

discrete states within a continuum of ionized He™ + e~ states). The excited states can have 2 or 5 = 1,
with 5 = 1 lying lower in energy (Hund's rule 1).

+ The LS coupling approximation is pretty good for helium, so the S = () selection rule implies that the S = ()
and S = 1 states form completely independent systems as far as spectroscopy is concerned.

+ The lines in the 5 = () system are all singlets. They can be observed in emission, and those starting from the
ground state can be seen in absorption.

+ The lines in the S = 1 system are all multiplets. They can be observed in emission only. Transitions of the
form 351 4+ 3Py 10 are observed as triplets, spaced according to the Landé interval rule. Transitions of the

form 3Py 104 3D, are observed as sextuplets, as is easily seen by application of the AJ==1,0
rule. Actually, as mentioned above, the fine structure is a little more subtle in the case of helium.

The alkali earths follow the same principles. In the case of calcium, the triplet 4p state is the lowest lying triplet
state, and therefore metastable. In fact a faint emission line corresponding to the 3P — 15, decay to the
ground state may be observed; this violates the AS = 0 rule, and indicates that the L.S coupling
approximation is not so good in this case. A more extreme example is seen in Mercury, ground state

Ee2y (E g0 . . .
(6s } (Bd ) Excited states involving promotion of one of the 65 electrons to a higher level can be treated just
like the alkali earths. In this case the "forbidden” 31 —+ 150 is actually a prominent feature of the emission
spectrum in the visible, implying a significant breakdown of the L.S approximation.

4.3. Multi-electron atoms

Similar principles can be used to make sense of the spectra of more complicated atoms, though unsurprisingly
their structure is more complex. For example, carbon, with ground state ('2""2)(21’-’2}, corresponds to terms
SPU-I-E, 15 and 155 as discussed above. The excited states are of the form (25%)(2p") (nt! }, and can be
separated into singlets and triplets, and in addition excitations of the form ('251)(‘ 2}’-’;3} can arise. Nitrogen, with
ground state ('2-‘52)('21*-’3},_ has three unpaired electrons, so the ground state and excited states form doublets
(5 =1/2) ang quartets (S = 3/2) with correspondingly complex fine structure to the spectral lines.

5. Zeeman effect

5.1. Single-electron atoms

We are now in a position to revisit the question of how atomic spectra are influenced by a magnetic field. To
orient our discussion, let us begin with the study of hydrogen-like atoms involving just a single electron. In a
magnetic field, the Hamiltonian of such a system is described byH = Hy + H,q + Hz, where Ho denotes
the non-relativistic Hamiltonian for the atom, Hrei incorporates the relativistic corrections considered earlier
and

qB

(L. +25.), (78)

HZ:

2m,

denotes the Zeeman energy associated with the coupling of the spin and orbital angular momentum degrees of
freedom to the magnetic field. Here, since we are dealing with confined electrons, we have neglected the
diamagnetic contribution to the Hamiltonian, and assumed the approximate value 9s = 2 Depending on the
scale of the magnetic field, the spin-orbit term in H.ci or the Zeeman term may dominate the spectrum of the
atom.

Previously, we have seen that, to leading order, the relativistic corrections lead to a fine-structure energy shift of
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Ao M (ZaN'(3  m (7.9)
i 9 n 4 j4+1/2

) = y
for states |0 = £ £ 1/2,m;, £),

For weak magnetic fields, we can also treat the Zeeman energy in the framework of perturbation theory. Here,
although states with common J values (such as 2'51.-"3 and 2P, 1/2 ) are degenerate, the two spatial
wavefunctions have different parity (£ = 0 and 1 in this case), and the off-diagonal matrix element of Hy

coupling these states vanishes. We may therefore avoid using degenerate perturbation theory. Making use of the
relation

hm; (7.10)
2041

(n,jg=€6x£1/2,m; £|S:|n,j =€£1/2,m;, ) =+

we obtain the following expression for the first order energy shift,

1 (7.11)
20 +1

i\.sfzéil:,-j = ppBm; (1 +

where £ B denotes the Bohr magneton. Therefore, we see that all degenerate levels are split due to the magnetic
field. In contrast to the "normal” Zeeman effect, the magnitude of the splitting depends on £.

Problem 7.4 : Show the validity of these relations using the results of Chapter 3 .

For strong magnetic field the Zeeman energy becomes large in comparison with the spin-orbit contribution. In

this case, we must work with the basis states | 7% £+ 172 75} in which both Ho and Hz are diagonal. Within
first order of perturbation theory, one then finds that

A2 B o ) 1 ., [ £0 ‘73 m . M., (7.12)
En e — Ty 4+ &2Mg ] 4+ —Ince —_— - .
ntmems = BB 2 I I (4+1/2 i+ 1/2)(f+ 1)

the first term arising from the Zeeman energy and the remaining terms from Hei. At intermediate values of the
field, we have to apply degenerate perturbation theory to the states involving the linear combination of

. o . .
|”--.J =£x1/2 "M, /. Such a calculation would lead us to far, so we refer to the literature.

5.2. Multi-electron atoms

For a multi-electron atom in a weak magnetic field, the appropriate unperturbed states are given by
7 % v ;
|-JT~ -U.J-L--S;,where J, L, S refer to the total angular momenta, see Figure 7.8 .

Figure 7.8. In the weak field case, the vector model implies that the coupling of the
orbital angular momentum L to the spin angular momentum S is stronger than their
coupling to the external field. In this case where spin-orbit coupling is dominant, they
can be visualized as combining to form a total angular momentum J which then
precesses about the z direction of the magnetic field.
http://en.wikipedia.org/wiki/File:LS_coupling.svg
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In the weak field case, the vector model implies that the coupling of the orbital angular momentum L to the spin
angular momentum S is stronger than their coupling to the external field. In this case where spin-orbit coupling
is dominant, they can be visualized as combining to form a total angular momentum J which then precesses
about the z direction of the magnetic field.

To determine the Zeeman energy shift, we need to determine the matrix element of S.. To do so, we can make
use once more of the identity 2 L - S = J? — L? — S?. This operator is diagonal in the collective basis of

states, |J My, L, S } Therefore, the matrix element of the operator

—ih(Sx L) = S(L-S) — (L-8)8 (7.13)

must vanish.
Problem 7.5 : Prove the identity ( 7.13 ). Hint: Use the fact that [Se': Sj] = 1'"Fiﬁz':r'k'*‘;"k.

Moreover, from the identity [L -8.J ] = D, it follows that the matrix element of the vector product
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ih(Sx L) xJ=8xJL-S)—-(L-S)S xJ—-S(L-J) (7.14)

must also vanish. If we expand the left hand side, we find that the matrix element of

(SxL)xJ

L(S-J)-S(L-J)=(J-S)(S-J)-S((J—8S)-J) 15
J(S.J)-8J?

also vanishes.

Therefore, it follows that \SJ <-] (S-J ) , where the expectation value is taken over the collective basis
|

b .l
states. Then, withS - J = 1(']_ +8 - 17 }we have that

J(J+1)+8(S+1)—L(L+1) (7.16)

(S.) = (.I.) _
VT 27(T+1)

As aresult, in first order perturbation theory the energy shift arising from the Zeeman term is given by

Azyargrs = ppgsMiB, (7.17)
where

J(J+1)+S(S5+1)—-L(L+1) (7.18)
g + 2 f—l— )

denotes the effective Landé g -factor, which lies between 1 and 2. Note that, in the special case of hydrogen,

where S = 1/2gng JJ = L & 1;"'2, we recover our previous result. The predicted Zeeman splitting for
sodium is shown in Figure 7.9 .

Figure 7.9. In the presence of an external magnetic field, the 3P levels are further split
by the magnetic dipole energy, showing dependence of the energies on the z-component
of the total angular momentum. The 3P1/2 =+ 351/2 transition at 589.6nm is split into 4,
while the 3Pa/2 — 351/2 at 589.0nm is split into 6 components. http://hyperphysics.phy-
astr.gsu.edu/hbase/quantum/sodzee.html
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In the presence of an external magnetic field, the 3p levels are further split by the magnetic dipole energy,
showing dependence of the energies on the z-component of the total angular momentum.

In the strong field limit, where the influence of Zeeman term dominates, the appropriate basis states are set by

|L- My, 5, _U;,-}, in which the operators L L., S% -5'-,, and Hz are diagonal. Not going into the details in
this case, we just state that the energy splitting takes the form

i 1 . /Za\* My Ms (7.19)
A%, — upB(M; +2M<) + =me* - _
ntmems = HeB(ML s)+ g ( u) (L- L+1/2)(L+1)

where the second term arises from the spin-orbit interaction.

Figure 7.10. In the strong field case, S and L couple more strongly to the external
magnetic field than to each other, and can be visualized as independently precessing
about the external field direction.
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In the strong field case, S and L couple more strongly to the external magnetic field than to each other, and can
be visualized as independently precessing about the external field direction.
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Chapter 8. Electronic Structure of
Molecules

Goals: In this chapter we extend the methods of finding the stationary states of many electron atoms to
molecules. Here two additional complications appear beyond the difficulty of having several interacting
electrons. One of them is the fact that the nuclei of a molecule are also moving relatively to each other, and
the other one is that the potential acting on the electrons is not centrally symmetric, and cannot even be
approximated by one of having such a symmetry. Nevertheless, the large difference in the mass of the electron
and the nuclei, still allows one to decouple their motion, which is called the adiabatic approximation, and we
present here the principles of this procedure. Beginning from the second half of the 20th century, with the
advent of electronic computers the Hartrre-Fock method and its extensions are performed routinely to determine
the electronic structure of molecules, at least of those consisting of no more than about a few tens of atoms.

Prerequisites: Chapters 6 . and 7 . of the present Lecture Notes.

1. Introduction

In atomic, molecular or solid state physics the composite quantum mechanical system, is considered to consist
of a number of atomic nuclei, let this number be denoted by N, and of electrons their number will be denoted
by Ne. At present we are not aware of any structure of the electron, so these particles are deemed to be
elementary, while we know that nuclei are composite particles at a deeper level. We need not take this structure
into account, however, because it manifests only at lXe'V' or higher energies, in the domain of nuclear physics,
while our aim here is to consider the chemical energy range, which is of the order of a few tens of ¢V -s or less.
In most cases one can also rely on a nonrelativistic treatment, as we shall do it here.

Figure 8.1. Acetic anhydrid. http://en.wikipedia.org/wiki/File:Acetic-anhydride-3D-
vdW.png

Acetic anhydrid.
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Electronic Structure of Molecules

Figure 8.2. Electronic density of the Acetic anhydrid (CH3CO),O molecule in the ground
state. http://en.wikipedia.org/wiki/File:Acetic_anhydride_electron_density.PNG

Electronic density of the Acetic anhydrid molecule in the ground state.

2. The Hamiltonian of a molecular system

The total Hamiltonian of such a system consists of the following terms:

» The kinetic energy of all the electrons:

X P2 (8.1)

Ne  p2 (8.2)

« the electron-electron interaction
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V., = G- _ q7 (8.3)
0 Z|R R 0 Z|R

u(-[} “'5'[} .l,f|

» the Coulomb interaction of the electrons with the nuclei

5 N:
. @ b __ G
Ven = _-lﬁ[(i[} Z R, —R.| "[:“ Z Z |

u|

(8.4)

» the Coulomb interaction of the nuclei

,— — lr1‘[} Z Zuzb _ fir[]\ Zzuzb (85)
”” |Ru Rb “'f'[} uf;

u(‘[}

a<b

Here the P; is the 3 dimensional momentum operator of the ¢ -th electron, and 11 is its mass, which is identical
for all electrons. The nuclei in the system are labeled by the subscript ¢, the 1 -th nucleon has mass "tq and a
charge of goZa where Za is the number of protons in the nucleus, and P, denotes the momentum operator of
the nucleus. The terms (iii), (iv), (v) correspond to the assumed pairwise Coulomb interactions of the charged
constituents. R and Ra are the coordinate (vector) operators corresponding the positions of electrons and
nuclei respectively. As it is usual in atomic physics, we shall use atomic units where

qa _ (8.6)
-l'ﬂ'(—'[} I

h=1, m.=1,

The length, and energy units are then the Bohr radius and the atomic energy unit, called hartree

12 8.7)
deg = =qa5 = 0.53 x 107 meter
meqs

2 1 .
%~ _ {hartree = 2 Rydberg = 27.2eV = 4.36 x 1018

—lﬂ'(—'[} iy

The Hamiltonian of the system is the sum of the terms above:

where V" denotes the total potential energy including all the three Coulomb interactions. The task is to solve the
energy eigenvalue equation of this Hamiltonian:

H®(R,r)=EP(R,r). (8.9)

The eigenfunction is a function of all nuclear coordinates [7 and all electron coordinates -, inserted in the

argument of ®(R.,T)in a contracted way. The exact solution is impossible except for a few very simple cases.
Therefore one has to introduce several approximations which however can yield surprisingly good results if
compared with experimental values. The first approximation we apply will be based on the huge ratio of the
nuclear mass and the electron mass. This ratio is a little more than 1836 already for the lightest atom the
Hydrogen, and is growing with the factor Z, for heavier atoms. We split the Hamiltonian into two parts:

H=(T.+V)+T,. (8.10)

The first approximation step is to omit T, the nuclear kinetic energy, and consider the motion of the electrons in
a possible but fixed nuclear configuration. This is justified by the fact that while the momenta of the nuclei and
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the electrons must of the same magnitude, because of momentum conservation, the kinetic energy of the nuclei
is usually much smaller than that of the electrons, due to the mass in the denominators in T and 1e.

The sum in the parentheses will be denoted by H_. and will be called the electron Hamiltonian.

H =T +V. (8.11)

We first look for the solution of the eigenvalue problem of H.ata given but arbitrary nuclear configuration, i. e.
with a given set of {R.} =R -s, i. €. we omit here

H.U,(R.r) = E2(R)¥,(R.1). (8.12)

The nuclear coordinates are considered as parameters here. The functions (R, 1) form an orthogonal basis
set and can be normalized for any fixed R,

{:“I‘r}\(‘R.r) |“IJ)‘-'(R.[')} — f‘i).).'- (813)

Therefore the total wave function P(R:T) can be expanded in terms of WA(R.T) with R dependent

expansion coefficients, OA(R), which describe the nuclear motion if we have this expansion for all possible R
-S:

O(R,1) = o\(R)¥A(R,1). (8.14)

A

In order to find @l R} we substitute the expansion into the eigenvalue problem of .

(H +T,) Y os(R)OUL(R.r) = (0 R)E\TL(R, 1) + T, [0:(R) U5 (R,1)]) 48.15)

A

LY
= E‘TZ or(R)¥L(R, 1)

In the coordinate representation the term T, [0 (R)¥A(R. )] can be written as

- - 1
T, [O,\(R}'IJ}.(R.I‘}] = - Z ML ._\“[('JA R)W,( (R, I‘}] (8.16)
where the effect of the Laplace operator on the product is given by
Aa[@aVa)] = Ba[0a]¥s +2Va[0r][Va Wil + €284 T (817)

Then using ( 8.12 ) we obtain from (8.15)

melﬂlwﬂu ZZW{—\*"H U + 2V, [6:][Vaa) + 628,00} = £ S 62(R)U (R, (818)
A

Now we project this equation to one of the eigenfunctions of H., namely 7. (R, I'), and use their orthogonality

and normalization. In other words we multiply the equation above by LR, T) and integrate with respect to
the electron coordinates r :

(8.19)

1 1
E.a.(R) zm_‘-. Z { Z S3TA J[Nr;;ﬁ_.-|:r”u|a_\:r,r1~r,, . [ t]r__'_(R.r:_"...llnr-’r]} oy = Eo(R

L] i
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The term in the braces in the above equation will be denoted by Bl R), it is an Fi dependent matrix, and with
this notation

(T + Ex + Bu)ow+ Y Baa(R)65 = E0u(R). (8.20)

AFER

The last term on the right hand side couples the motion of distinct nuclei through the electron motion. If we
neglect this term we get the adiabatic approximation. If in addition we neglect the diagonal term B, we get
the so called Born-Oppenheimer (BO) approximation, where the state of the nuclei are determined only by
the energy eigenvalues £, and their stationary states @« are determined by the equation

':lT:r.l + E+ (-H}}oh - 'f:(.-_;'.t.'(R)- (8.21)

This means that the electron energy eigenvalues Ey.(R) obtained for each fixed nuclear configuration obtained
from ( 8.12 ) do form an affective potential for the nuclear motion, besides their kinetic energy given by the

operator T, The BO approximation fails in the vicinity of crossing points, where different Ey(R) eigenvalues
cross or even if they get close to each other.

To summarize the results of this section, using the 3 approximations here: one first solves the electron
eigenvalue equation HUL\(R,r) = Ey(R)VA(R, r)' for a possible set of fixed nuclear positions R, and
then turns to the solution of the eigenvalue problem of the nuclear Hamiltonian:
(T, + Eu(R))o. = 5'5.-_’.L.'(R},

The nuclear eigenstates contain implicitly the translational motion of the center of mass of the molecule, as well

as the rotational motion of the whole system. These degrees of freedom can be separated off by going over to an
appropriate coordinate system, fixed to the molecule at its center of mass.

3. One electron approximation for molecules

The electron Hamiltonian in atomic units takes the form:

Ne 12 Nn (8.22)
H =T.+V="T = ZPT ZZ 7| + ZIRL + ;7'

a<b

Intending to separate the nuclear and electron motion - as we explained above - we have to solve first the
eigenvalue problem of this Hamiltonian with fixed nuclear coordinates R.. Then the last term is easily
calculated, as it does not depend on the electronic coordinates, and adds simply a constant to the eigenvalues, we
shall denote it by

ZMZ} }
ho — Z ; (8.23)

u f;

a< b

The first two terms depend separately on the coordinates of each of the electrons, therefore they can be written
as a sum of so called one-electron operators, that depend only on the coordinates of a single electron:

_7
.l

hl - T Z |R.1r4

With this notation the electron Hamiltonian is written in the form:

(8.24)
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N 1 .
H'-:f’HZ”WHZm— (8.25)

i<j J."j| |

Now an important approximation comes about: we assume that considering each of the electrons separately
from all the others, the electron-electron interaction term can be approximated by a potential energy of
that single electron in the field of all the others by a function that depends only on the coordinate of that

single electron. This potential energy for the 7 -th electron shall be written as v(i) Mathematically this means
that we make the following replacement:

1 N (8.26)
—_— v(z).
>R

This procedure is called as one-electron approximation, or as independent particle approximation. So far

we do not know the explicit form of v( ’), but the procedure we explain below, will also yield us the form of this
potential energy. It may seem that we distinguish between the electrons by taking out one, but as we will see

later this will not be the case. We now have an effective one-electron operator to be denoted by () that
depends only on the coordinates of a single electron.

h(i) = hy(i) + v(i) (8.27)

This is a so called one electron operator, it depends only on the coordinates of one electron. We have the
following approximate Hamiltonian:

H'=ho+ > h(i). (8.28)

H' is the sum of independent Hamiltonians, therefore its eigenfunctions can be sought as an anti symmetrized
product, or Slater determinant (as the electrons are fermions):

1_.-1|':.J|] 1_"!I:_J'_._I 1___'|i.|'\'| (829)

Wal iy ) ;:,:_,-_,] cor alrn) 1 )
'-[II_.."l,.l'-_,,,..r_x ) = |E1'l . . . =" _—1|L'I|_,‘1I.r'_~I,.‘-_J:.J'-_ﬁl,,. EalT N
v N : : . : v NI

Ealry) @wlda]l - @aliy)

Here ¥ (k) are solutions of the one particle eigenvalue equation:

h ("}‘;F-(IJ) = CF-'H‘—:!F.'(-I-'J'} (8.30)

By minimizing the energy functional with respect to the one electron wave functions

(W |H’| ] :_1 (8.31)

with the suitable constraint prescribing normalization we obtain

(8.32)

f"!_,h N 7 R *'.II'JI"JJ,- i 'r-;n{:-ljr'.,[r.l,.',‘lt'.lf.
+ e — i'r FL - —'r @ x ) = g0
D Z R, ZI R, Z / R, il Rl ¥

These equations are essentially the same as those obtained for atoms in the previous section, and called this time
as molecular Hartree Fock equations. The only difference is that in the second term the interactions with all the
nuclei of the molecule are taken into account. The last two terms contain again the functions to be determined,
and in addition in the last, exchange term the dependence on the functions is non-local. So the solution again
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needs the application of the SCF method where one iterates the one electron states as well as the potentials
obtained from them.

4. Using a finite basis, the Roothaan-Hall method

The molecular HF equations are integro-differential equations the solution of which is very cumbersome and
time consuming procedure. C. Rothaan and G. Hall proposed a method that simplifies the solution technically
by a large extent. Let us write the equation ( 8.32) as

R,}:J = ilg:, (8.33)

where F3, the expression in the parentheses of ( 8.32 ) is called the Fock operator. We have to note that Fiisa
non-local operator as it depends on the orbitals themselves.

One chooses a linearly independent finite set of one electron wave functions, P (T), 7 = 1,2,. .. K which
need to be neither orthogonal, nor normalized, and expand the unknown one-electron i functions in terms of
these:

(8.34)

Z A (r

v=1

Substituting this expansion into ( 8.33 ) and taking the inner product with one of the by(r) functions we obtain
the matrix equation

K (8.35)
Z [‘)“|F|bwr - Z )“|bwr
v=1 =1
or shortly:
K “ (8.36)

> (Flu —ciSu)el =0,
=1

— . . I y .
where F;w - {hﬂ Fi |bw is the matrix of the Fock operator and .S}“, - (‘!);4| by ) is the overlap matrix

between the chosen functions. We see then that the HF equations can be transformed into a matrix equation for

the unknown Ci." coefficients, which can be solved much easier than the original integro-differential system.
The problem is, however more complex than a normal secular problem solvable by diagonalization, since the
Fock matrix depends upon its own eigenvectors. It is however possible to conduct the solution to a self-
consistent procedure, in which at each step a generalized diagonalization procedure is to be performed in order
to find the =i values and the expansion coefficients, determining the orbitals. For the technical details we refer to
the more specialized literature.

5. Remarks on HF theory of molecules

Finally we note that the nonlocality of the Fock operator is a major difficulty if one attempts to apply the HF
method to large systems with many electrons like molecules or solids. Therefore other methods - overcoming
this difficulty - have been worked out in the second half of the last century. One of the most successful among
them is Density Functional Theory (DFT). The main idea behind this approach is that the important properties
of the electronic structure of a quantum system is contained already in the density of the electrons, it is not

necessary to know the wave function which is a probability amplitude depending on all the T, k=1,2...N

positions - as random variables - of all the electrons, it can be sufficient to know the or }densny of charges,
that depend on only the single vector (3 coordinates) This idea had already been raised by Thomas and Fermi in
1927. The modern version of their approach has been established by W. Kohn and P. Hohenberg in the 1960's.
The presentation of this important method is however beyond the scope of the present notes.
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Further reading:

Electronic structure

methods

1111 14

This is a Wikipedia book (collection of Wikipedia articles that can be easily
saved, rendered electronically), summarizing the Electronic structure methods.
It contains a wide range of methods for electronic structure calculations including
also the methods discussed in this chapter.
http://en.wikipedia.org/wiki/Book:Electronic_structure_methods
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Chapter 9. The origin of the chemical
bond

Goals: In this chapter we consider the old problem: Why do certain atoms, which are electrically neutral, prefer
to form a molecule (e.g. two H atoms a H, ). The two nuclei repel each other, as well as the two electrons. The
answer can be given on quantum mechanical grounds. The total energy of the molecule must be smaller than
that of two separated atoms, and this must be due to quantum mechanical effects. In order to see this we shall
make use of the virial theorem.

Prerequisites:

Further reading:

On this website you can read the usual introductory
electron level interpretation of chemical bond by chemists.
http://www.chem.ufl.edu/~itl/2045/lectures/lec_13.html

nucleus

{
{

>, bond le

-

1. Two useful theorems
1.1. Euler's theorem on homogeneous functions

Vire,ra...2x)is called a homogeneous function of order s of its coordinates, if

Vipay, pag, ... pxy) = Ve, oo, ... 1) (9.1)

holds with a parameter /.

Euler's theorem on homogeneous functions states that if 1" is such a function then
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n

Z x OV(xy, oo, .. xn) = V(21 2. .. z5).

or;

9.2)

i=1

Problem 9.1 : Prove Euler's theorem on homogeneous functions by differentiating the definition ( 9.1 ) with
respect to # and then substitute # = 1

It is easy to see that the Coulomb potential is a homogeneous function of the particle coordinates with s = —1.
This is easily seen for two charged particles a and b where the interaction potential is of the form

Caly CaCh (9.3)

{';(rw rb) = - 7 ; ; : :
|I'u - I‘f!’| Vf(-l-'u - -:-'b)j + (gu - Ub)j + (:u - :b};‘

1.2. The Hellmann-Feynmann theorem

Let the Hamiltonian depend on a real parameter A, and let us write the eigenvalue equation with normalized
eigenfunctions as

HO) 0N =EN) [0(0) ©.4)
{:f /‘\) |! /\\}:\.’ - 1
then
d . .. y i . .y (9.5)
ﬁg(}\} == <¢(/‘\) fj,\\H(/\) 3(/\)) .

Problem 9.2 : Prove the theorem by differentiating the equation E(A) = WA H(A) [ (A)),

For details see: http://en.wikipedia.org/wiki/Hellmann-Feynman_theorem

2. The virial theorem for molecules

Consider again a molecule consisting of /V electrons and Ny nuclei

H.U,(R,r) = Ex(R)T,(R,1) (9.6)

where R denotes here the set of all operators of the nuclear positions, while r stands for those of the electrons.

It is easy to see that the expectation value of the commutator [H,_.. -4—], where A is any linear operator vanishes
for all the stationary states of H. je.

(U, (R,1)[H., AJ¥,(R,1)) = 0. 97)

Problem 9.3 : Prove that the expectation value of the commutator [H,_.. -4—], where A is any linear operator
vanishes for all the stationary states of H.

Let us now specifically choose,

A= Z rip; = Z Z FiaPia (9.8)

1 =),

where Pi is now the momentum operator of the 7 -th electron and calculate the commutator
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(9.9)

H.,A] = H,.Zr;p; =Z Z {[He, Tia] Pia + Tia [H, Pial} =
:EhZ{---ET:+1‘Tl-R r'}

1

The second equality follows from the identity [H,rp| = Hrp —rpH = HI‘PI—_I'JL_IP +rHp —rpH
, yv_hile the third one uses the canonical commutation relations ["irvﬁ.j-f] = Fh'f}".ff}“-f and the property
V(R,r),pi| = iiVV(R, r) where Vi denotes the gradient with respect to the electronic coordinate T'i.

Problem 9.4 : Work out the details of the commutators above.

The first term in Eq. (9.9 ) is just twice the Kinetic energy of the electrons times —i/z :

2 9.10
~inS R = ot 010

rm

In the second term we may use the Euler theorem for homogeneous functions which in this case states that

> rViV(Rx) + ) R.V.V(Rr) = -V .11

i a

asll-" is a homogeneous function of degree s = —1. Therefore the second term in ( 9.9 ) is equal to
—ih(V + 32, RaV.VI(R, 1)) Atter dividing by 7/ and rearranging the result we obtain in this way:

(2T, +V) ==Y (R, V.V(R,1)). (9.12)

a

The expectation value on the right hand side is taken with respect to the electron coordinates, as the nuclear
coordinates R are considered in [ as parameters. In addition, the kinetic energy 1. of the electrons does not

depend on the nuclear coordinates , therefore VaVIR, 1) = VaH: and we have

T+ (V) = — ZR” (VH.) . (9.13)

We can recast the theorem given by ( 9.13 ) in another form by the help of the Hellmann-Feynman theorem eg. (

- . . 7 Vo T £
9.5), where the parameters are now specifically the nuclear coordinates, and write ’{quu:: = V.E€(R) Then
we obtain the quantum mechanical virial theorem for molecules :

2(I) + (V) = = Y _R,V.E(R) (9.14)

a

2
We may recast the result in the following two equivalent forms, using \E }+ (T -, which is valid if the

expectation values are taken in the energy eigenstates:

(T.) =

e/

E(R) — Z R.V.E(R) (9.15)

(V) =26(R)+ ) _ R.V.E(R) (9.16)

a
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In other words we may calculate the expectation values of both the kinetic energy and the potential energy if we
know the total energy of the molecule in an electronic state, as the function of the nuclear coordinates.

2.1. The virial theorem for atoms

In the special case when the potential does not depend on the nuclear positions, e.g. for an atom with a single
fixed nucleus in the center, the term on the right hand side of the virial theorem ( 9.14 ) vanishes, and the result
says:

PN y
(Vy = -2(T.}, (9.17)
or as {“ + ﬂr-} - <H} =&in a stationary state, we have
(V' (9.18)
L T Y .
(H) = - == (T.).

Note also that - without additional refinements - ( 9.18 ), as well as ( 9.12 ) holds only for normailzable
functions, i.e. only for bound states, as for scattering states the expectation values may not exist in general.

Based on the Euler's theorem for an arbitrary s, we can obtain a more general form of the virial theorem for a
single particle problem. The theorem states that if the potential energy is a homogeneous function of its
coordinates of degree s, then the following relation holds for the expectation values of the kinetic and the
potential energies:

5 -
Ty =2y, (9.19)

Problem 9.5 : Consider two particles in three dimensions (model of diatomic molecule) that interact with a
harmonic force. Separate the problem into center of mass and relative coordinates. What is s for this latter
problem?

3. The origin of the chemical bond

Now we can come to our main task and explain the formation of molecules. Based on the virial theorem, we
first consider the total energy for the case when the atoms are infinitely separated from each other. Then we may

assume that € (2] does not depend on the nuclear coordinates, which means that its derivative with respect to
them is zero:

lim V., £(R)=0. (9.20)

Hn:‘}s'_,

Then taking this limit we have

(Te)oe = —E(0) (9.21)
(Ve =2E(x)

Now we consider these values in the equilibrium configuration of the nuclei, to be denoted by Ro. In what
follows we assume that this configuration exists in reality. If that is the case then it must be at a minimum of the

total energy, and we have again Vu£(R=Rp) =0

(Te)y =—E(Ro) 9.22)
(Ve =28(Ry)

The energy difference between the two configurations is given by
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Yy — (T
JA f‘]—I i -_ {']—I'-En' [}

(Le, (1) = €(00) — E(Ro) (9.23)
A(V)Y =V}

(Vi = 26(Ro) — 28(o0) = —2A(T)

$ O

In order to form a bond, the changes in these energies during the formation of the molecule must obey

A(T) >0,  A(V)= —2A(T.) (9.24)

so in this case the kinetic energy increases, but the potential energy decreases by twice of that increment,
therefore the total energy gets lower. In the opposite case no bond is formed.

3.1. The example of the H: molecule

The Hz molecule consists of two ptrotons (nuclei) and two electrons. Let us denote the distance between the two
protons by [t Therefore we have E( ) as a function of a single variable and eqgs. ( 9.15 )-( 9.16 ) take the form

= —£(R) - REX (9.25)

df

= 26(R) + REXE

dR

v

T
T e

This molecule is sufficiently simple to calculate its energy for several values of the internuclear distance, with a
very high precision by using hundreds of variational parameters. The results are shown in the figure where it is
seen that there exists in reality an equlibriumposition where the total energy has a minimum.

Figure 9.1. Kinetic  potential and total energies, of the H2 molecule.
http://chemeducator.org/sbibs/s0008001/spapers/810010fr.htm
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The origin of the chemical bond

Kinetic potential and total energies, of the Hydrogen molecule.

Animation:

On this
animated gif
the creation of
..~ a hydrogen
%y, amolecule s

overlap as the
SRR two atoms get

antacloser  and
E¥orm a
“ﬁ;_:.-'diatomic

A ;Emolecule.

Further reading: On this page connected to the animation above you can find the technical details of creating
such an animation. http://phelafel.technion.ac.il/~orcohen/h2.html

Further reading:
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The origin of the chemical bond

A flash tutorial on formation of different type of chemical
bonds.
http://bcs.whfreeman.com/thelifewire/content/chp02/02020.html
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Chapter 10. Elements of light atom
Interactions with time dependent
perturbation theory

Goals: Beginning with this chapter we turn now to the question of the interaction of atomic systems with
electromagnetic field, with emphasis on the domain, where the field wavelength is between 10 pm gnd 10nm,
which includes infrared, visible and uv light. This problem has very different levels of description, our approach
in the whole material will be a semiclassical one, which treats the atomic systems as quantum mechanical
objects, while the light field is considered to be as a classical wave. The method to be used is the time
dependent perturbation theory, developed by P. Dirac in 1928, in order to treat the problem of light atom
interactions. He used a scheme what is called now the interaction picture, which we will introduce first.

Prerequisites: Basic QM concepts and notions, Time independent perturbation theory (Chapter 2 .).

1. Introduction of the problem, the interaction picture

We consider a quantum mechanical system which interacts with an external field, which can be time
dependent. So this is not a closed system, and therefore it is not conservative. We assume that the form of the
Hamiltonian is the following

H = Hy + K(t), (10.2)

where Hy is a time independent Hamiltonian, while K1) s a time dependent selfadjoint operator determining
the effect of an external field on the system. A very important problem of this kind - to be discussed later - if an
atom is placed into a time dependent external electromagnetic field. We look for the solution of the time
dependent Schrédinger equation

w2 — (4 K (1) o). (o2
In the absence of I% ('f}, the system would evolve from a state

12(0)) =Y ea(0)|n) (10.3)

into

W) =S eal0)e F [n) (10.4)

y . - .

Where|”': denotes here the complete orthonormal basis consisting of the eigenvectors of Hy, and E,, are the
. . V— - y

corresponding eigenvalues of H, . Ho |”'; — ©n |”‘:. In the case of degeneracy the value of FE,, can be the
. . \

same for different stationary states n),

Motivated by the usual ( 10.4 ) solution for the conservative system, it is straightforward to consider the effect
of I (%) for the time dependent solution of (1 10.2 ) in the form:

[W(t) =Y bal(t)e 7t |n), (105)
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where we have now time dependent coef{ipfe}nts bn(t) instead of the constant values r-,,([l}, and this time
dependence can be obviously attributed to . W use normalized vectors (wave functions) which requires:
3 |ba(t))2 =1 (10.6)
L

t o
similarly to the condition 2o lea(0)F =14, (10.4).
In order to find the solution for (%) we multiply |¥(£)) by 7% #9¢, which removes the time evolution due to
Hy and only that part remains which is caused by 75 This procedure is known as the application of the so called
Dirac picture or interaction picture. We introduce accordingly

[U()), = |W(1)) . (10.7)

which is identical to the state in the Schriodinger picture, used until now, although this was not explicated so
far. The state in the interaction picture is defined as

(W (t)), = en ™ [W(t))g =D balt) |n) . (10.8)

. . oYy — [Ny S
We see that in the instant £ = 0:1¥(0)); = [¥(0)}s (for the sake of simplicity we have chosen fo = 0).
Let us consider now a linear operator denoted until now by .4, and from now on by As = A which is to be
called the operator in the Schrodinger picture. If we have the mapping As |LI" b'} = |LIJ .s'}, and prescribe that an
analogous equation should hold for the corresponding states in the interaction picture, then we have to use a
transformed expression for the operators in the interaction picture. From ( 10.8 ) we get

As |y, = W) = AgewHot ), = e rHut . (10.9)

. . . i . Y — _
If we multiply this equation by e+ 0 from the left, we see, that together with <15 [¥) s = ") 5 the equation

Vo ) )
A W), = [0, holds, as well, if we define

,‘].,r = (,;—IHHFJ_]_%I(,—:—IJ{FHJ (10.10)

and as a consequence:

Ag = {,—;—I.Hm"_lf(,-‘r;—lﬁm'l (10.112)

It is simple to show that the expectation values and the commutators are invariant when we go over to the
interaction picture.

Problem 10.1 : Show that for any state and operator { ¥s | As|¥s) = (s [Af[¥)),

Problem 10.2 : Show that if [-1s: Bs] = Cf;,-, then <17, Bl = C'r and the other way round.

The dynamical equation, that is the Schrodinger equation in the interaction picture takes the form :

7 T i . 10.12
ihi [U(1)), = —Ho | W), + eF™!(Hy + K)e ¥ |9), = K;|9), (10.12)

or

(10.13)
/ i

0 . . -
.r}';.a—f“p(f}‘:! = K |¥(t))
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There is an explicit time dependence of the operators in this picture, which we obtain by differentiating( 10.10 ):
oAy 1 i 0Ag ! 0Ag (10.14)
— = —HyA; - -A;H, — | == |Hy A —
ot Rt nf“+(w>f f, [Ho ”+(w f

We note that there is a third picture used frequently, especially in quantum field theories, called the Heisenberg
picture. We summarize the time dependence of the states and operators in the different pictures in a small table:

Table 10.1. Time dependence of the states and operators in the different pictures. The
evolution of the corresponding quantity is determined by the operator after the word
"evolves™.

Schrodinger Heisenberg Interaction
state evolves: Hs constant evolves: 1
operator constant evolves: Hr evolves: Hp

2. The solution of the dynamical equation in the
interaction picture

We substitute now the expansion in ( 10.8 ) into ( 10.13):

(10.15)

rf—zl’) |n‘,—fx;ZEj

and then take the inner product from the left by \f‘ | :

r—-m§:b My = bi(E) (k

On the left hand side ‘5.; () is a number (not an operator) and U‘ | J} = Okj. Onthe right hand side we make use
the formula ( 10.11 ) giving the transformation from the interaction picture into the Schrdédinger picture
yielding:

(10.16)

I . (10.17)
mﬁﬁﬁﬂ::EZ@- j) bi(t) = (K Ks|j)e™sh; (1),

] ] J
with etk H”|J\ = etiE Win = Wy, — Wy = (g — Zn)/ R From now on we shall use the
notation
(k| Ks(t)|7) = Ky () (10.18)

for the matrix element of /. Let us remember that K kj is time dependent in general. With this notation we have
the following system of linear differential equations for the unknown interaction picture amplitudes b.f' (t) :

(10.19)

J—ﬁa z:hh’*”b ).
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2.1. Transformation into an integral equation, the method of
successive approximations

We recast now equation ( 10.17 ) into an integral equation. This has the advantage that the equation contains
explicitly the initial conditions, which we fix at f = () :

by (1) = by (0 / foh Jelkitl b (4 )t

Although one unknown amplitude is explicit on the left hand side, it also stands, together with all the others,
under the integral sign on the left hand side, so this is only formally a solution. This expression, however allows
us a method of solution, called the method of successive approximations, which is especially useful if one has
a great number of stationary states. In the case of a small finite dimensional space, when we have a few
amplitudes only, there are other methods which we will explain later.

(10.20)

In the zeroth approximation we take the solutions to be equal to their initial values

B (1) = by (0), Wk (10.21)

for all & -s. This can be valid approximately only for a very short time interval after { = (). The first

approximation is then obtained if we replace ‘!’.j(fl} on the right hand side of ( 10.20 ) by its zeroth
approximation;

b (1) = by(C / Zm, Je st B (#)dty =
= b (0 / Zm, Jerktt b (0)dt,

and in general

(10.22)

(10.23)

D) = bl /Zm, Gn B (1), =
= b (( /Zm, n)ehintn b (1 )it

where in the last equality we simply replaced the summation index .J by J« for notational convenience. In this

(n)
way we obtain a recursion system for the amplitudes. If we express now b; Jn (Za) according to the same
formula, we have to make the replacement 7* — 7t — L, 7, = Jn-1,and tn — tas

{rl ; . " Irl ' - ; . : a1 (n— , )
li’l:i” !f”.} - hjlll:U: - _E / ZIl-"".f.il-':"#”—l}r.lm.ll!“!_: -I)_}'l-:li'r”_l}tffu
0 Jn-1

scheme.

(10.24)

Accordingly for the second approximation of the solution of ( 10.20 ):
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E’f:“} = bi(0) - % / Z Ky, 'J""i"hk""“'F’_.::J‘:.fl )dty =
S0 i1
= by (0) % / Z Ky, (t }r-*?-s-..--_*'-h_; (0)dt,+
t o
Il

a 2 ' _ ot _ ,
+ | —= K (£ ) ekt Iy ,e™ 22 h (0)disa
( h) .Xr Z1 TR /. ; J172 92 2

and so on. The result will be in general an infinite sum, the general expression of which is rather complicated:

(10.25)

(10.26)

Pt 3
'I’-." (t) r".l.. '”"Z ( _fi) Z }I ’f . /-h-..,il'.:"'“' "'f'l'_.__._il'_-ll et K. j B el "-'rl_“l[llllll'_...l.lll'
. r 1 1 iz J . - :

In most of the cases one makes a cut off in the approximation after the first few steps. One expects that this
should give good results until the coefficients do not differ too much from their initial values. This form of time
dependent perturbation theory works until this remains true. In cases when this does not work, especially if there
is resonance the b -s change significantly. For instance, if one of the & -s change from 0 to 1 then we can apply
another method just making use that all the other & -s must then be close to zero. We postpone this question to
the next section. It is seen that in the r -th order the amplitude shall depend on the + -th power of the perturbing
operator /x, therefore if we expect that the response of the system is linear to the disturbance, then it is
sufficient to make a first order approximation.

2.2. A specific initial condition

Very often we apply the method of successive approximations in the case, when initially only one of the
amplitudes is different from 1, and all the others are 0. For instance if the quantum system in question is an
atom, then without external perturbation it is in its ground state, and only the ground state amplitude will be

different from zero. Let the label of the initial state be k = 1, so bi ('“) = 1, and then due to the normalization

condition ( 10.6 ) all the other & -s must be 0, i.e. bie(0) = dik, Then the integral equation takes the following
simpler form:

ny ] S L (10.27)
E)}‘.“ (” = f)m. —_ = / .Ir‘:.;,-l.'f'm""“llfﬂ'[.
h‘ JO

Having made the first order approximation we can also go back now to the differential form of this equation by
taking its time derivative, and complemented by the initial condition

— . . - (10.28)
B l) et 40(0) = by,
i

where we remind once more that /< i U' H‘L :>'| £/ are the matrix elements of the interaction operator in the

Schrodinger picture and “ki = (e — i)/ are the (circular) Bohr frequencies of the possible transitions.
Now we will apply eq. ( 10.28 ) to important physical problems.

3. Absorption and stimulated emission

Let us assume that we place an atom into an external harmonic field, i.e. monochromatic and linearly polarized
electromagnetic wave with electric field strength

E(t) = Eycos wt (10.29)
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of frequency w. This means that we have neglected the spatial dependence of the field strength, which is a very
good approximation as long as the atomic size is much less than the wavelength of the wa)\(ezAgmef-'@Lomic size

is smaller than 1 nm (in the case of the H atom it is only 0.05 nm) it is much less than which is
arounaz589 rim for optical fields, and approaches the atomic size only down in the soft X ray domain. Therefore
when this approximation holds very well, as illustrated by the movie below:;
Animation:

Placing an atom
into an external
harmonic field,
i.e.
monochromatic
and linearly
polarized
electromagnetic
wave. We can

neglect the
spatial

dependence of
the field

strength  when
<€ Nas it is
illustrated  on
this simple gif
animation.

Another point here is that in a plane wave the effect of the magnetic component of the field is much less then the
electric one, as then the amplitudes are related by By = E[h"'f', where ¢ is the speed of light, so the velocity

dependent magnetic part of the Lorentz force F=g(E+vxB)on the charges in the atom becomes
significant only in a relativistic treatment which we do not consider here.

It can be shown that with these approximations the Hamiltonian describing the interaction energy (in the
Schrodinger picture) between the atom and the field can be written (in the Schrodinger picture) as

Ks= -DE1), (10.30)

where [ is the component of the atomic dipole moment operator parallel to the line of the polarized field. Ina

static case, when £ is not time dependent we know that this is the correct form, while for a time dependent E(1)
this must be proven. This can be done using the assumption & <€ A as above. As the interaction term contains
now the dipole moment, this method is often called the dipole approximation.

We use now ( 10.28 ), in order to find the time dependence of the amplitude. For sake of simplicity we omit the

N ,-\ “ .
superscript (1) in the notation of the amplitude, and write simply bk(f}, instead of ‘!’A- (f}, as we are interested
only in the linear response of the system. It must be kept in mind however that this is only a first order
approximation. With

K¢ = —DE; coswt, (10.31)

and for k¥ 7 we get

The solution of ( 10.50) is:
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(10.32)

: i
bi(t) = _% / Kpewitldgt, ki
1]

and we shall now be interested for a specific amplitude by (t) (referring to a final state) For k=1 twe get
after integration

) 1dE gtlwpitwlt _ q gilwfi—wlt _ 1 (10.33)
be(t) = — f_) “( — +— J )
h 2 ;A.-'+\A.-'Jr,' W —w
where
dsi = (f| Ds i) (10.34)

is the matrix element of the dipole moment operator, sometimes called as the transition dipole moment,
which is a very important notion in atomic physics and spectroscopy, as this is the quantity that determines the
probability of a transition, and in case of an emission, the intensity of the emitted radiation. It is a vector here, as
the dipole moment operator is a vector itself. The amplitude of the final state,and therefore the transition

probability is nonzero only if “iﬁ 7 “, this is a dipole selection rule. We come back to this point below.

We see in the solution ( 10.33 ) that the two terms differ in their denominators. Take first the case if
W+ Wi R U Then the first term is large because its denominator is small, note that for optical fields e.g.
W= 1“1:;1;.-_5_’ while 7 = L0%1/5 and in addition the nominator varies slowly in time with frequency close to
zero. On the other hand, in this case the second term is small, as its denominator wri — w| A~ 2W gng the
exponent varies rapidly and has a small average over a time interval longer than 2T/W  Therefore if
w4+ wri 2 0 \ye can omit the second term, and the latter equation is equivalent to

cr = & — hw, (10.35)

which means that the final state has lower energy than the initial one, this process corresponds to stimulated
emission driven by the external field. The atom emits a "photon” and its energy decreases. The quote marks
refer to the situation that we do not treat the field as quantized so the concept of the photon makes no sense
actually in this approach. We are still allowed to speak of it, as quantum electrodynamics leads essentially to the
same result.

If the opposite is true i.e. when &/fi — & =~ U then the second term is the dominant one, the first one can be
omitted and

cf=ci+ Fw (10.36)

interpreted now as the absorption of a "photon".

The description of the two processes are very similar, and we can write both as a single equation for Ejf in (
10.33), where the upper sign refers to stimulated emission, while the lower one to absorption. So:

 1dpB, (e _ gmitenazy (1037)
g}f(f) - : fi70 ( {.-"w‘-'_lJ:tuL'Jlll-_]‘

h 2

Wr T W

where we picked out a factor e*“f=«Jt/2 for convenience in the next step. In order to find the probability of

finding the system in the state J we have to take the absolute value square of the probability amplitude, and get

“} ””_1 _ ddr,'E[} 2 ‘:a'i}.l2 [(-(.x.-'_lr..' + “")f,r?] _ dJrI.'E[} 2
! 2h (i + w)/2] 25

sin? & (10.38)
AZ
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apd L_s}gryﬁﬁaai which is large when (Ef - ‘?i}x’:h = W (absorption) in case of the upper sign or when
, stimulated emission. For large the result cannot be valid on resonance as

. dpEy\ 7, sin® 3 (10.39)
by()[F = 2 20 3
155(2) ( 2h ) (At/2)?

‘iilt'

A= wpi £ W For A = () the factor (B2

At
1= =1 , thus the probability of finding the system in |f grows as

> blt | =1

#2, which cannot be the case for long times, because normalization requires &

Still the result can be used when the atom is placed in the field like the black body radiation, which has a wide
band spectrum, and the divergence in the formula above is compensated by the infinitesimal part of the

spectrum where the atom emlts or absorbs. In order to see this we use first the limiting form. If we consider the
sin?[At/2] sin? [At/2]
. = - T

function ta/2)? Z(A72)7 where , its value is £ for A = 0, while it is less than 1/ (£(A/2)) for large ¢
. 0 4
sin” At/ 2 .
].1111,1_,1, /f ! Mff& = fl:“)
. . . .fl\.-"')}J
-s. In addition for any smooth function J the limit . (A/2 , SO we can
sin? [AL/2 — Qo oy , 2
write lim(# — oo) YR ““m(“\), where 9(2) is Dirac's delta function. Therefore [Ps (£)[" ~ 1

and the transition probability per unit time is given by:

e (daEg)? (10.40)
wyi = 5 by (t) = J;T,j”mw —w).

This result is a specific case of a more general rule called Fermi's golden rule, describing an energy conserving
transition from or to a discrete level or level pairs to continuum. Here the role of the continuum is played by all
the possible photon energies fiw. The derivation is due to Dirac, who did this earlier than Fermi.

Now if the field is polychromatic E[} has to be replaced byE (w }“Tw where E(w '}is the Fourier amplitude
(spectrum) of the field at the angular frequency w, and the transition probablllty per unit time is obtained after
integration with respect to w :

d, d? (10.41)
W —/ o2 ( )O(u,,;, —w)dw = );’1}5 (u.;,-;}

The square of the field amplitude is proportional to the field energy density, and it will be useful to make use of
this:

_ 1 — 1 1 9, 10.42
u(w) = s20B2 (w) + 5— B (w) = 2 FP(w) = zz0 B (w) (10.42)
2 )IH,[} 2
valid for plane waves and time average of the cos? wt introduces the 1/2 Then E‘[";f&’} = 2u(c ') /20 and the

transition probability

2, (10.43)

We have taken EDD = E'D, while in reality the relative direction of D and E is a random angle 1, having in
reality the square of ED = E'D cos 1), te average value of cos® i/ is 1/3, therefore the final result is

dy; () (10.44)
Wep = Bl tlw).
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A similar result is qbaifjed for the stimulated emission probability; (which is also Eﬁ(}portional to the energy
density of the field . Accordingly the coefficient multiplying is just the coefficient of Einstein

(note the order of the indices is the opposite here to the one used in quantum mechanics).

We can give now determine the A coefficient as well, following the famous line of thought of Einstein, where
he introduced the three elementary processes of atom field interactions. Consider now a number of atoms that
are in thermal equilibrium with the field in a cavity with black body: Let i = 2, f=

Aoy 1 (10.45)

-'u.,
(;31}11

u(w) =

body radiation in it, where

he? 1 (10.46)
—.FE(.J:‘- (.-'J;-.:_.f'.f.-lf' _ 1

i

u(w) =

two level system which is in thermal equilibrium must be

Then
hu 10.47
‘]-?[ — B‘l ( )
!I {
and
g1 Bra = goBoy (10.48)

In case of nondegenerate levels then

Lo — d2, hw? 1 4d2 w3 (10.49)
TR 3eoh? 2 dwzg 3 R

3.1. Selection rules

. . .. . = N .
As we have mentioned the dipole transition matrix elements “TIJ - \“I| D |“u must be nonzero in order to
have a transition in the dipole approximation. We derive now certain selection rules that determine when these
matrix elements are nonzero.

In atoms the single active electron we consider is in the field of the other electrons which is assumed to be a

central potential V(7). This is exact in the case of Hydrogen like atoms where the potential of the unperturbed
electron is the Coulomb field originating from the nucleus. In a central potential the square of the orbital angular
momentum is a constant of motion, as well as any of its components are the constants of motion as the

N )
commutators [H[}- L'] = [H[}~ LI] = Ofori = .,z This is the reason why in the case of atoms the orbital
angular momentum quantum number £ as well as the magnetic quantum number 712 are good quantum numbers,
they can be used to label the eigenstates of Hy

An important point also is that the angular momentum eigenstates have definite parity, i. e. on reflection with
respect to the origin they are are either even or odd depending on £. In the abstract notation with the parity

operator 11 [ttt ) = (=1)" [ gm ), or in coordinate representation “nlan (—T) = (1) et (),
Laporte rule says that dlpole transition is p055|ble only between states of different parity.

4. The theory of linear polarizability
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We shall use in this section the results of time dependent perturbation theory for a different problem, namely the
quantum theory of the frequency dependent linear polarizability which is closely connected to mé theory of the

index of refraction. We assume here that the initial state of the atomic system is its ground state , as it must be
for low enough temperatures. When considering the evolution of the atomic system there is another point here
that we have to takg 'ﬂ}to account. If we switch off the external field at any time then equation ( 10.28 ) says that

the derivative of is zero, so the amplitude would remain a nonzero constant forever, the value it had at the
moment of switching off the field. We know, however, that in such cases the amplitudes of all stationary states
decays to zero, except for the ground state where the system returns after the perturbation disappears. This is
spontaneous emission, an effect which is not taken into account in the model we use, as it is caused by the
quantum-electrodynamical fluctuations of the vacuum which we cannot get rid if the atom is in free space.
Quantum theory can of course include this effect by treating the electromagnetic field as a quantum system, as
well. But in order to keep our problem simple, we shall not do that, it will be sufficient to use a corrected

version  of i(j.;%of.?ﬁ.-d% which takes into account the relaxation which is exponential. So instead
ot fi i
we write

dby, (1)
dt

(10.50)

= = e = (1)

where 7Tk was put in here "by hand" as a phenomenological constant, telling us that in the absence of 5(”, all

bk(f}except for the initial ground state amplitude decay exponentially to zero. In quantum electrodynamics,
where also the fields are quantized, one can derive explicitly the value of "k, which turns out to be the order of

10/ns = 10°1/5 for atoms. (Let us note the interesting fact that in its beginning and in the end the decay
process is not strictly exponential.)

The solution of (10.50) is:

_ i | (10.51)
bp(t) = ——e Kye™ste® itk #1q
h Jo
with K's = —DFE;y coswt, and for ¥ 7 * we get now
. 1 Ey [T e (10.52)
be(t) =e ”FT[} d e kit gt (plwtl | ot Vdt, =
1 2
¢ E[}j [{.J"L;=;,-;+u=]f o l,.—"_.;_-.' N (,.l'n;;-_:;_.,—;-.:].' . (.—':.J..-n'
— —.—f ki — —
A2 7wy +w) + e Hwg — w) +

As we noted above, the value of 7k is of the order 10%s™!, this is the lifetime of an atomic excitation. Therefore
if we consider excitations that are much longer than 10~ s the terms containing e " disappear quickly,
therefore we can neglect them. If this is not the case, and we investigate light pulses the duration of which is of

the order of 1;"' Tk, or shorter, we cannot do that, and we have to take into consideration these transients. The
situation is similar to the driven and damped harmonic oscillation in mechanical systems, where one also has a
short transient period of the motion. This is not accidental, as here in atomic physics the time dependence is also
a kind of forced oscillation with several eigenfrequencies, the Bohr frequencies, and the external harmonic
excitation is the electric field of the electromagnetic wave, which is coupled to through the atom through its
dipole moment.

We consider here the stationary case when we neglect terms containing e~ 7%, Then

) E-d. ptlwkitw)t gk —w it (10.53)
be(t) = 0 Tkt

- — + - .
2 h [{wpitw) =17 (Whi—w)— %%

A L y N— Iy
Suppose now that the initial state is is the ground state to be denoted by|“:, so|’; - |U:. If we treat here an
atom, then doo = U, because of parity reasons, and as it is known, the ground state is not decaying, thus
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Yo = 0. Then bi(f) = bo(t) = Lin the first order, and for the other amplitudes we use the above formula
with ¢ = (). The time dependent state in the Schrédinger picture in the first approximation is given by:

\I-fl:’l](f}> e |.,; —.',,..IlI + Z l{i',il — gt |',:,R:\-' . (1054)

L)
W
where the superscript (1) in| ° )> is shown here provisionally again to remind the reader that the result is
valid only in the first approximation, but will be omitted from now on. Taking into account that
Wry = Wy — Wp we get

WD) = lgo) e & 2oy bel)e ¥ [gy) = (1055)
o

/
) \ ,—iwpt L L4 ”l{ H l-'“:J':I:'-'”\'::IJ '-'”:JJ”“JJ:II PR
Y0/ € + Z-R 2 G| (weotw ) =i + (kD —ew ) —iy |"""'r"fF

We calculate the expectation value of the dipole moment operator

p(t)= (D) (t) = (Vs(t)| D |¥s(t)) (10.56)

Her all the diagonal matrix elements die = (k| Ds |k) vanish, including oo as we mentioned referring to
parity. So for the terms up to linear ones in E' we get:

1) =3,2Re Lo e e Wt ol Doy — (10.57)
p(t) =24 2Re 315 Torotal— T Toro—a)—m (ol D |ior) =
_ diol? 7 ) gt o ot
a ZF" fi Eo Re {wiotw)—ive + (Wro—w)—i7g

This shows that under in the external field £ coswi, p(1) also oscillates with circular frequency w, the
meaning of the complex terms in the sum is a signature of P being out of phase with respect to the field
strength:

p(t) = . Fycoswt + o, Fy sin wit (10.58)

If the frequency of the driving field is close to one of the resonances, & == Win, we can approximate
Wio +w = 2w and the term where this 2w is in the denominator can be neglected with respect to the one
where the denominator wWin — &' is small. We get then

_ Z |f!_":;-u|2 (wio — w) (10.59)
(wro — w)? + “f

h
_ Z |dol? 2k
h

'\-*-F.[} - *-*-)

This are the dispersion formulae, as the polarizability is closely connected with the complex index of refraction.
The result is very similar to the Lorentz model of the atom, where it is usually considered to be an oscillator
with one resonance frequency. We see that in the linear i.e. first oder approximation quantum mechanics yields
similar results, but with several resonant frequencies, these are now the transition frequencies. One has
anomalous dispersion, and absorption close to resonances each time if Win = &', The polarizabilities
corresponding to the transitions are proportional to the absolute squares of the transition dipole matrix elements
divided by £, which is obviously a difference from the classical result. We see that the validity of the Lorentz
model is more or less justified by quantum mechanics, as we see from this subsection.
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Chapter 11. Field propagation in
resonant media, Maxwell-Schrodinger
equations and the laser

Goals: When presenting the material of this chapter, we assume that the reader is aware of the elementary
principles of the operation of the laser. We will discuss a more advanced description, called the semiclassical
theory, which is still not the final word, as it works without the important principle of field quantization.
Prerequisites: Chapter 10 .; Elementary principles of the operation of the laser.

1. Introduction

Animation:

This webpage offers a two word explanation of laser principles.
Check out the laser tab with an animated video explaining stimulated
emission. You can find also some additional information on
application of laser technology.

%4 This java animation guides you through the elementary
principles of the operation of the laser. You can virtually
create a laser by pumping the chamber with a photon beam
and manage the energy states of the laser's atoms to control its
output.

Problem 11.1 : Download this questionarie on "How to make a laser" to test your knowledge in lasers.
http://phet.colorado.edu/en/contributions/view/2869

In our approach the interaction of atoms and radiation are described quantum mechanically, while the
electromagnetic field is treated by the classical (unquantized) Maxwell equations. This method is frequently
used in the description of several optical phenomena. These include the semi-classical theory of the laser, due to
W.E. Lamb (the Nobel prize winner for his discovery of the Lamb shift), and other effects connected with the
propagation of (quasi)monochromatic fields in resonant media. The semi classical approximation cannot give
account from first principles of the noise factor that initiates the laser oscillations: spontaneous emission, but the
latter can be included artificially. The intrinsic line-width of the laser field, resulting from spontaneous emission
and vacuum fluctuations can only be obtained by taking into account field quantization, which is excluded from
the treatment here. Another consequence of the assumption of the absence of spontaneous emission is that in the
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semi classical theory we have to assume that there is already a field present in the initial state of the system, for
the excited atoms would not decay otherwise.

Figure 11.1. Examples of red green and blue laser.
https://en.wikipedia.org/wiki/File:RGB_laser.jpg

Examples of red green and blue laser.

We shall assume here the two-level approximation where only two stationary states take part in the interaction
with the field. This is justified by the fact that if the frequency of the field is very close to resonance with the
atomic transition in question then the other levels do not play a direct role. They can however participate in the
physical process of pumping or damping indirectly, which can be taken into account by adding
phenomenological terms to the fundamental quantum mechanical equations.

Another approximation to be exploited is the lowest order electric dipole approximation, as it was done in the
previous chapter. For simplicity it will be also assumed that the electric field is linearly polarized. That means
that the interaction Hamiltonian between an atom and the field has the form:

Ke¢= —~DEFE(r,1)coswt (11.1)

The amplitude of the field E' is space and time dependent, but the time dependence will be assumed to be slow
compared with the carrier oscillations given by coswi. The space dependence of the field manifests only on the
order of a wavelength, which is much larger then the size of the atoms, hence the dipole approximation. The
absence of direct short range atomic (dipole-dipole) interactions will also be assumed, which is valid if the
active atoms have a low volume density in the material, e.g. in a gas.

Other approximations to be exploited will be introduced later on.

Figure 11.2. Visualization of self consistent field theory
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Visualization of self consistent field theory

The semi-classical theory of the laser and those of other related optical processes can be considered as a self
consistent field theory in the sense given in Figure 11.2 , which illustrates the approach of Lamb to the problem.

As we see, the electric field £(r 1) coswi js a factor in the interaction part of the atomic Hamiltonian. We
have to solve the dynamical equation i.e. the time dependent Schrédinger equation of the atoms with this
Hamiltonian, and calculate the resulting dipole moment of the atoms, which of course will turn out again time
dependent. We then perform an averaging of the atomic dipoles to obtain the macroscopic polarization density

P(r.1) This now acts as a source in Maxwell's equations, which allow to calculate the field E'(r.t) resulting
from this source. The self-consistency requirement is then

E'(r,1) = E(r,1). (11.2)

This expresses the condition that the field emerging from each atom is stimulated by the average field produced
by all the active atoms, to which in turn they all contribute.

The loop shown in Figure 11.2 contains the solution of the Schrédinger equation for the atoms influenced by the
electromagnetic field, and the solution of the Maxwell equations for the field generated by the atoms. Therefore
the coupled system of equations considered in this chapter are called the the Maxwell-Schrédinger equations.

2. The field equations

We consider first the Maxwell equations, in their usual compact vectorial form, describing the electromagnetic
field in the medium. Later on we will restrict the treatment to linearly polarized fields. The phenomenological
Maxwell equations are:

VxH =J+D (11.3)
VxE =-B

VD =0

VB =0.

In the absence of macroscopic charges and currents the only source of the field strengths is the space and time
dependent polarization density P(r,%) which is "hidden” in the definition of the displacement vector I

P=D- (-'[}E. (11-4)

The magnetic fields are supposed to be connected like in vacuum, while field losses will be introduced formally
by a constant, &, which plays a role of a fictitious "conductivity" :

B = noH, J =0E. (11.5)

By taking the curl of the second Maxwell equation and the time derivative of the first one, we get for E :
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VxVxE + Moo E + IH,[}E-'[}E = —IH.[}P. (11-6)

The term containing the first derivative, E is not invariant with respect to time reversal, that is why o can
represent the losses. If the density of the material of the sample is low, e.g. in a gas, or in a weakly doped solid,
P is a a small perturbation compared with €oE, so that

0=VD = ¢VE, (117

meaning that the electric field strength is also transversal, and in the identity VxVxE=V(VE)- AE
we can neglect the V(VE) term. Using also Hofo = 1/e” we get

(11.8)

AE — IH.[}(TE s l]E == I{J.[}ﬁ.
2

which is the well known inhomogeneous damped wave equation, known also as the telegraph equation. In most
cases we assume a field propagation in one direction, let it be the z direction, and a linearly polarized electric

field, as well as polarization density both in the X direction: E(r,t) = E(z, t)X, P(r,t) = P(z,1)x

Equation ( 11.8 ) now becomes:

2FE OF 1°F P P(z,1) (11.9)
S h MO
c? Ot? o2

- — M0 —/——
92 M7

3. Mode expansion of the field

In the case of a laser, the active material is put into a cavity, which has an elongated shape. This means that one
of the dimensions, the length L. is much larger then the linear size of the cross section of the sample. We confine
here our attention to the axial modes, i.e we do not care about the cross sectional (transversal) amplitude
distribution of the field. The axial modes are the standing waves along the axis, with appropriate boundary
conditions, and can be written as :

—

| 2 . Q, (11.10)
Up(z) = \\a T sink,z, where k,=nm/L=

o

corresponding to zero values of the transverse field on the surface of the mirrors. (1, is called the mode
frequency of the empty cavity. The set of modes forms an orthonormal system:

I (11.11)
/LLHIEC)LLMIES}EIS = fj:nu’-

i

and can be shown to be a basis or a complete system, in the sense that all fields, obeying the same boundary
conditions, i.e. vanishing at the boundaries, can be expanded in terms of (z)

So we can expand the field in terms of these eigenmodes and have:

(11.12)

E(z1) =Y Au(tu.(z) = ‘v’: T > Ault)sink,z,

with time dependent coefficients Ay ('f}.

Since the solution for the laser field will be practically monochromatic we can take
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*>P (11.13)

where w is the angular frequency of the oscillation of /7 which will be later identified with the frequency “n of
the laser field. Actually we have

(11.14)

where Wi = W21 is the atomic transition angular frequency.

Substituting ( 11.13 ) and ( 11.12 ) in ( 11.9 ) and using the orthonormality ( 11.11 ) of the modes, i.e.

integrating the equation with respect to z, we find that the unknown time dependent mode amplitudes An(t)
obey the equation of motion for the driven and damped harmonic oscillator:

- T . ] = (11.15)
*'1” + _-]-H(f} + Q;{u = _PHH)
€0 £n

The role of the driving force is played by P, which is the projection of the inhomogeneous source term P(z, t)
on the mode Un(2):

I (11.16)
P,(t) = /P(:.f)u,,(:}rf:.

)

We shall write

1 (11.17)

T

in the absence of the driving term, as it is known from the theory of the damped oscillator. Instead of this
relaxation time, one often uses the quality factor (n for the mode, defined by

THQH = (gu- (11'18)

The value of the dimensionless (2 determines the number of oscillations of the mode during its lifetime.

4. Slowly varying envelope approximation

The solution of Eq. ( 11.15 ) will be sought by the method of Slowly Varying Envelope Approximation (SVEA)
which means that we assume a form

Au(t) = E,(t) coslw,t + w,(t)], (11.19)

where both the real £n(f) and ¥ (%) are slowly varying functions of £ on the time scale 277/ Wn. This means
that

. . : -
E, €< w,E, and E, < w,E, <w.FE,. (11.20)

Then calculating the necessary time derivatives we can neglect the underlined terms in the relations below:
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']-.u(f} - _(:-*-"u + ‘:'-l:!:r.l }Eu 5in(:-*-"uf + '3::.1)"‘ Eu (” ("E)"’;(.:-*-".l.lf + ‘g'-?n} (11.21)
Ay, (f} = [_(."A-";_: + 2"-*-";!‘3'—.?1; + iﬂ)Eu + Q] (‘(JS("‘*‘.J!J’- + H‘—?n)_

_[2(\'-*-"” + ij'-:’-!H}EH + ij'."’:‘HEH] 5111(-\'-*-".1.!44 + H‘—?n)'

We now represent Pru(t)in a similar way. Since Pwill not in general oscillate in phase with Ay, we shall
take:

P,(t) = C,(t)cosfw,t + wn(t)] + S, (t) sinfw,t + wa(t)], (11.22)

where Cn () and n (1) are also slowly varying functions of the time variable, and the first term above is called

the in-phase component, while the second one, which is obviously out of phase by T/ 2 with A, is called the
in-quadrature component of P, Substituting ( 11.19 ), ( 11.21 ) and ( 11.22 ) in ( 11.15 ) and identifying w
with &y we find

(11.23)

2

{ [ﬂfa - (.C.x.-'.,_‘, + 2\'-*-"”‘3'-'?”)} Eu + H-h” EH } ("05[‘{""‘“? + ‘3':!” (f}]—i_

: Qn ' : : '
+ {_QLLSHEH - a(ﬁ-"u + ‘:::J)Eu} 5111[{-*-"Hf + 'g:n(f}] -

= D {0 (B coslwnt + pn(t)] + Su(t)sinfwnt + (1))}

=0

and we use 1 << Qu, and ¥n <€ Wn to neglect the underlined terms, in agreement with ( 11.20 ). Also, by (
11.14) we have in the coefficient of the cos term on the left hand side:

(11.24)

9 c 9 F . — . . -
Q; - (:A'.._l_; + 25*-’;;‘3'—?14) — 2‘-*-';!(91.! B R H‘—-'n}-

We require ( 11.23 ) to be valid at all times, therefore the coefficients of the cos and sin terms must be
separately equal, leading to

. , wnC (11.25)
(wn + Pn — QH}EH - - .;_ K s
LEp
0 oS (11.26)
B 4 .—HE _ ..u ”.
! 2(2.'! ! 2I(‘-[}

The first one of these, the in-phase equation, determines the frequency of the oscillation of the mode, while the
second one, the in-quadrature equation, will allow us to determine its amplitude. In the following we first
present the simplest solutions of the system above.

4.1. Free oscillations

In the absence of atomic polarization both C' and S are absent, and the integration of the frequency equation
yields:

"‘*".Hf + Pn = an + o (11'27)

therefore by a suitable choice of the phase

=0Q,. (11.28)

oy
n

Similarly Eq. ( 11.26 ) yields
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o Q, , (11.29)
in — Linp EXP _2(2” 1

so that according to ( 11.19 ) the field corresponds to damped oscillations:

(11.30)

0, .
']-.u(f} = Eu[} exp (_Wf> ("05( an + ‘:‘-?:r.l[})'

in agreement with the interpretation of (2 as the &/ factor associated with the mode 7.

4.2. Linear medium

A linear medium is one for which the usual linear relationship holds between the polarization and electric field:

P = [=01] \‘E (11.31)

where we use the complex notation X = X'+ 2x" for the susceptibility. For a rarefied medium like a gas we
have for the complex index of refraction

(11.32)

- \ Y 5 4 1'; LA
n=n+in=yVe=1+x +ix"= 1+ +ix"),

where € is the relative dielectric permittivity of the sample, and we assumed a nonmagnetic material. The
corresponding linear approximation for the mode polarization is

P, =¢lRe {( “..H + f\”)E”( Hunttyn ]} - (11.33)
— E[}\':;Eu G ':)""(Wuf + 'rn) + ('[}-\HEH hllll:(.;.-'”f + 5-_?”)

Comparing this with ( 11.22 ) we get that

C:r.l = €p -\':;Eus Su - E[}-‘\'::Eu (11.34)

and substituting in the frequency equation ( 11.25 ) we find

0 - _ "o (11.35)

n 0, (11.36)
1+ \\:;;2 " -

where T/n is the corresponding real refractive index given by Eq. ( 11.32 ). This result can be simply interpreted,
the resonant wavelengths An = 2w/ k, given by ( 11.10 ) remain unchanged, because they are determined by

the geometry, but the corresponding frequencies are now given by “n = = kntn = 0 /M where Un = €/ 1

is the phase velocity in the dielectric medium. Note that “n =~ (1 =7 /2)8h 50 that the medium has a

"frequency pulling" effect. The amplitude equation ( 11.26 ) becomes:

: ¢ 1,, Wh (11.37)
E, = VR
+ “(2.'! 2 }\”

Thus, neglecting a small correction
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w, {1 11.38
E, = E,pexp [— 5 (Q” + \”> f} , ( )

so that below threshold, in the linear approximation, the atoms give rise to an extinction coefficient associated
with X, as it is in a normal absorbing medium.

Multiplying equation ( 11.37 ) by E,,, and note that the mode energy density, ¥V is proportional to E;': we get:

aw 9, (11.39)

et Q”

W+ wa YW,

Thereby we get the equation for the energy balance: the first term on the right hand side is the cavity loss, while

the second one is the gain, assuming Xn < U, which is valid if we have population inversion and therefore a
"negative absorption". Then the exponent in ( 11.38 ) may turn to zero or positive when

1 (11.40)
(lgH

In this case the absorbing medium will change to an amplifier, the threshold given by the equality sign in the
above equation. Above the threshold the amplitude of the laser oscillations would grow exponentially in time
according to ( 11.38 ). This means that the linear approximation for the amplitude must be invalid beyond of a
certain value, and a stable oscillation can only be obtained by taking nonlinear effects into account.

.FF — 15 o
—Xn = |“~ | -

5. The two-level coherent resonant approximation, the
optical Rabi problem

In this section we shall solve the dynamics of an atom under the influence of a given external harmonic electric
field. We assume here from the very beginning that the transition takes place only between two resonant energy

. . \ Vv
levels. Let us denote the two corresponding stationary states by|“l; and |12} with nondegenerate energy

eigenvalues <1 < €2 of the unperturbed Hamiltonian Hy. The main assumption here is that the energy
difference between the two is close to ficw : €2 — 1 == Aiw, where w is the circular frequency of the external

electric field. This is the two-level resonant approximation.

According to the formalism of the previous chapter, in Eq. ( 10.5) we have now only two coefficients in [W()

| W (t)) = by (t) 3 g ) + boe” i ) . (11.41)

In this section we assume that the amplitude of the linearly polarized electric field is constant at the place of the
atom. Therefore we work with the interaction Hamiltonian

K¢ = —~DEFjcoswt, (11.42)

and the equations for the coefficients see ( 10.17 ) are now:

ihb, = —dyy (Epcoswt)b; — dype 2 ( By cos wt)by (11.43)
ihby = —do (Eycoswt)e™?hy — doy( Eyy cos wi)bs.

The matrix elements of the components of the dlpole moment operator D := D, vanish between identical

stationary states : dij = (wi| Dy ;) =0, =1,2 , because only those between states of different parities
can be different from zero, according to the parity selectlon rule, which is valid for systems with inversion
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symmetry, including all the atoms. This excludes trivially dyy, and d22. Also because the dipole moment
operator is self-adjoint, the matrix elements obey dy = “?12, the latter will be denoted by d. Therefore the
equations can be written as:

r'li)l — rH| l: it +{—.l f} .J"U-JHI'E)E (11.44)

iby = —”E‘L' (et 4 ewt)glwattpy,

Let us note also that w21 = —wi2 = 0 Close to resonance on the right hand side we have exponentials with
Wy — W = A <= W, (11.45)

this is just the resonance condition, and also terms oscillating with frequency wai + w =~ 2w, We omit the
Lt
latter ones, as on integration the terms e* /2w are small and rapidly oscillating relative to those with

etid . .
: F; A This is called the rotating wave approximation abbreviated as RWA.

Thus with the RWA we have:

f) = F'—JE[} giwt o —twaty JE[} —.IA.'E 0[} —.IA.'b (11.46)
L on 2~ R )

by = rd Eo g it giw ’”E @(ng) — 'Qaf,imb (11.47)
2 o 5% { 5 .

Where we have also introduced the notation

T _
2

(11.48)

o o
which has the dimension of frequency. It is easily seen that the system conserves |f51|' + |‘!J‘2|', which is set to
be

|b1|% + |Bo]? = (11.49)

as, by assumption, we have only these two levels populated.

Problem 11.2 : Prove that ( 11.49 ) is valid at all times (|‘!"l'ff’}|j + |f5‘ | = 1, meaning that the equations
4 2 4 ks
conserve the probability) if this is valid at £ = 0, i.e. b (0)]7 + |B2(0) 7 = L

Problem 11.3 : Show that in the <case of circulary polarized external field, when

E = Ep(xcoswt +y sinwt) the rotataing wave approximation is not necessary, the equations above are
exact.

The system of equations above can be easily solved by taking the second derivative of say the second equation (
11.47) and substituting b1 from the first one (11.46):

- S - o [ n . ) s on e ]
hy = j:".'+|_r_"\r"‘l"hl 4 gt h) = :% [r,_"\.r"“\" ( ihe :%n "A') + r"“\".i'1':+r' _\.Ilii'-_rl (11.50)

e ,!:‘_\ij-_:: EI _Jli.l-:

or

(11.51)

o
Q[} -

by = 0.
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nl

=10

/\\_ 1A —+

Looking for the solution in the form by = ™ we get the characteristic equation , and

the solutions

N IAE A2 — |2 A0 (11.52)

Az = 5 = 5 .

where 2= VL\‘ + [fk The general solution is a superposition of the solutions with both eigenfrequencies
yielding

g)g — {,J'AJI.*'E“)_ A0t/2 +[1 B —.I'Elf..f'ﬂ)l (11.53)

The solution we look for corresponds to the initial condition bi(0) = 1, ba(0) = “, ie. when the system is
initially in its ground state. We have then ba(0) = boy +ba— =0 and therefore

o Of ..
FOH2 _ —i02) A2 _ 9 cin - Gitt2 (11.54)

f); = (!h_,_l[

Than expressing b1 from (11.47)

h] = m =i\ ri_ = % —_i_lf," I:th-, {—i :]\-.1 + lré "ilI] ] A2 ] (11.55)
2624 _—iAL2 () Ane S
o ( / {EEII}HTJ‘- ,r‘_"'\-.,"]_)

= 2by +n~

ba ¢ can be determined with help of the initial conditions. From b1 = 1 for { = 0 we get 1= and so

b % _ Qp (11.56)
T2 o /JaR AT

and we have the solution

Qs (11.57)

20 S0t AT O (11.61)

The probability of finding the system in the upper state is therefore:

0,2 0O 0.2 1 (11.62)
: dip -1 bE) . .
by|? = ———— sin? = ————(1 —cosf
b2} Q|2 + A2 2 Q|2+ A22 )

|2
which oscillate between 0 and !©25+2° with the frequency £2. The latter is called the optical Rabi frequency

after 1. 1. Rabi, who derived this result for magnetic resonance in 1938, and used it to determine the magnetic
moments of atomic nuclei, see below.
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Let us first A58|me ﬁ%& the field has a constant amplitude, Fo. In the case WH?”:}‘*: () the oscillation
frequency is , and the system iea;gp'@“the upper state exactly when : Fhﬂe.?efgg@[pulse
with constant amplitude and duration of iiﬁflgalled a pulse. On the otfle&hgl;tﬂ[t then
the system returns to its initial ground state. thisisa  pulse. A pulse for which brings the system
into an equal weight superposition of the ground and excited states, ttﬁgﬁ‘m‘q) pulse. We note that essentially the
same results are vaiid=fofjtime dependent amplitudes, if we integrate the amplitude of the field strength,
i. e. the resonant ( ) Rabi frequency with respect of time, we get:

o= ;: / Eydt = / Qudt (11.63)

and the result is an angle determining the pulse angle in the previous sense. @ is also called the pulse area,

which is characteristic to some extent to the strength of the pulse, but it is not the intensity which is proportional
]

to £5.

This shows that on exact resonance we can excite an atom or a system exactly to its upper state if this excitation
is so fast, that the atom can be described with the Schrodinger equation for all the time. This is called a coherent
excitation. It means that the atom does not interact with degrees of freedom, other then the oscillating electric
field. Below we shall consider circumstances when this is not valid any more, and will complete the description
with relaxation, as well as with pumping terms.

As we have mentioned, the quantum theory of the resonant interaction has been derived and used first by Rabi
in his molecular beam method. In that case the levels in question were magnetic spin states in nuclei, and the
transition was induced by time varying magnetic fields.

In case of atomic levels the transition is coming from an the electric dipole interaction with a time dependent
electric field, as we have seen in this section. In the infrared domain the validity of these results has been proved
first by G. Hocker and C. Tang in 1969, while in the visible domain by H. Gibbs with Rb atoms in 1973. In this
case one speaks of the optical Rabi problem.

Animation:

This is a
Java
applet
that
visualizes
Rabi
Cycles of
two-state
systems
(laser
driven).
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6. The polarization and the incoherent limit of the
atomic equations

The Rabi oscillations cannot last forever, as we have considered an ideal situation, where the atoms did not
interact with other atoms. In reality there are always collisions between the atoms and this will have an
important influence on their dynamics, relaxation terms will appear. We shall also include incoherent pumping,
which is different from the one by the resonant field. The pumping can be also the result of collisions with other
atoms, or relaxation from levels other than the two resonant ones, or it may come directly from "non-lasing
modes" propagating perpendicularly to the ones considered so far.

In order to take these effects into account, instead of the atomic amplitudes b we shall consider quadratic
functions of them, bearing a more conventional classical meaning. As we know, the probabilities to find the
atom in its ground and its excited states are

a9 (11.64)

|b1]? = byb} =: 011, by|? = byb =:

respectively. The notation i — |‘!"i|'1 refers to a general concept in quantum mechanics: these values are the
diagonal elements of the so called atomic density matrixii, introduced by Lev Landau and independently by
Janos Neumann in the second half of the 1920's. For our present purposes it is not necessary to give a more
general definition of this important concept, we note only that it is an invaluable tool when considering open
systems in quantum physics, like e.g. the laser

We shall also introduce the off-diagonal elements *of the density matrix for our two level system by

(11.65)

*We use here the interaction picture, which explains the appearance of the exponential factors L‘.Xp( :I:"ﬂ"”, containing the detuning ,_\
which may seem curious at first sight.
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We can easily obtain the equations of motionHgr the quantities: £ij. We shall assume here that the dipole matrix
element between the two stationary states of is real:

d = (uy| D |us) = (us| D |uy) = d* (11.66)

Let us now multiply (11.46 ) by EJT, and its complex conjugate by D1 and add the two equations. We get then

. _ .EIE[} : N } (11.67)
Qu = (021 — 03y
A similar procedure with ( 11.47 ) yields:

. - .fIE[} ( " } (11.68)
023 — _F—'.?h. Oa1 — Og1 ).

On the other hand, multiplying the compex conjugate of ( 11.46 ) with b5 and (111.47 ) with b, we get from
their sum

. ‘_\‘ .EEE[} ( }
O21 = —1Q0s1 — i—/ 022 — O11).
2h

(11.69)

Adding (11.67 ) and ( 11.68 ) we see that 211 + £22 is constant in time, as it should be. If only these two levels
had any role in the process, then - as in the previous section - we would have to set the constant to be
011 + 022 = 1, as obviously these diagonal elements correspond to the probabilities that we find the atom in
level 1 or 2. Therefore these values are called level populations.

We shall now exhibit the physical meaning of the off-diagonal term £21 = ¢12. To this end we calculate the
expectation value of the dipole moment in the time dependent state V(1)) of (11.41)

[U(1)) = by (£)e™" 7" Juy) + bo(L)e " |ug) (11.70)

and find:

(W(t) Dl‘\l‘ I_H:: = bibae R g | I |u:_}. + f:lf:.lr’.“' “{us| D |H|}- = (11.71)
— ”fl-thz h_'”. Tt + IIrJI 'IIJL‘ Tt -= — ”I" 091 € sl 150 _l_ f,"i[‘ Tt ,u_"-‘r.]
= 'I'h::-l;.l-_.lli-_‘l“.l - E_.r.}lr'r“f']

because (52 — 1)/t = wo i the Bohr frequency of the transition, and we have assumed that the dipole matrix
element (transition dipole momentum) is real, see ( 11.66 ). We made also use of the fact that the static dipole
moments vanish: (4| D |} = 0 which is valid for systems with inversion symmetry, including all the atoms.
We see therefore that the off diagonal element £21 and its conjugate give account of how much the system is in
the superposition of the two stationary states. The off-diagonal elements are often called as coherences of the
levels in question. We see that they determine the dipole moment of the atom.

Now come to the point to determine the macroscopic polarization density from the atomic data. We consider
several atoms in a sample with a volume density N . In the simplest case we can assume that the macroscopic
polarization can be obtained by multiplying the expectation value of the atomic dipole moment by N, the
number of atoms per unit volume:

P =N{U(t)| D|¥(t)) = Nd(pg1e™™" + 05,€™") (11.72)

There exist more sophisticated averaging methods, which take into account moving atoms, and instead of a
single transition frequency s which was assumed to be identical for all the atoms, a whole distribution of
atomic frequencies (called inhomogeneous broadening) are used. We shall not go into such details here.
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Problem 11.4 : Using ( 11.67 ) (11.68 ) and ( 11.69 ) prove that the trace of the square of the matrix ij is also
a constant.

Problem 11.5 : Introduce the following three real variables: W= 09 — ylt,{" = Rt‘-yzt, V= —~Imoy,
Write down the differential equations for these variables and show that the length of the so called Bloch vector

{ U V. W} is a constant.

7. Rate equations

We come now to the point where relaxation and pumping processes, mentioned in the introduction of this
section can be taken into account. First, the levels 1 and 2 may decay to other levels, which we shall assume to
be exponential in time with relaxation rates 71 and 72 respectively. Pumping, on the other hand, will increase
the populations, and we shall assume constant pumping rates usually denoted by At and Az see Fig. 11.3.

Figure 11.3. Two level system with pumping and decay

Two level system with pumping and decay

Let us assume now that only a single mode, the 72 -th one is excited in the system, thus we have only one term in
the expansion ( 11.12 ) and we have to set here
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E[} - Eu (”uu(:} (11.73)

with slowly varying E, (ﬂ, and find:

, dE, . . 11.74
0 = Mgy — Y2000 — o - U (2) (021 — 05y ) ( )
o1 =M —Ton o U, (z) (021 — 05¢)

We must also introduce a relaxation term —" 221 into the equation of the off-diagonal element

dE, (11.75)

021 = =100y — Y02 — Fﬁuuh}(wz — 011)

This term describes the loss of the phase memory between the amplitudes of the levels. For an isolated atom in
vacuum this comes from the unavoidable quantum fluctuations of the electromagnetic vacuum causing
spontaneous emission. In a laser material it is due to collisions with other atoms in a gas, or with phonons in a
solid etc, and is therefore much faster than for an isolated atom. This process does not dissipate directly energy,
as it is done by terms —7i&ii introduced into the equations for the populations, but has only an indirect effect
through the last, coherent driving terms in them. As the relaxation constant for the off-diagonal elements "/ are
usually much bigger than those for the diagonal ones, the coherences vanish much faster than the populations,

we can assume that 221 takes its stationary value essentially during the whole process. We note that in a gas 7

.1 1 . N
is of the order of a few picoseconds, while "2 and /1 are usually in the nanosecond range. Setting 21 = 0
we obtain the stationary case for the off-diagonal element, which is:

r db,

B " (11.76)
~+iA 2R "

(z) (022 — 011)

This is the incoherent limit of our model. We introduce now the notation:

W = 09 — o011 (11.77)

called population inversion. As £z — €1 = 0 it must be negative for a system in thermal equilibrium, as
stipulated by the Boltzmann factor £22 = £11 €XP [~(g2 — 1)/ keT],

A pumped system, however, can be far from equilibrium, and 11" can be positive, this is the case when we speak
of an inverted medium. In the incoherent limit we can thus write with &, = wWp — W, :

FI ! E, (Hhu,(z)W(z) (11.78)

o (z,t) = A apt

According to ( 11.72 ) the dipole moment density in mode 71 is obtained then as

Pt = —iNE B, T (79
mn - + 2}_} T mn "II + F-ﬂ” wh

where ¢.c. denotes complex conjugate, and

(11.80)

W, = /TI’(':}ui(':)ff:

is the average spatial inversion density. Computing the coefficients of cos and sin in ( 11.79 ) and comparing
with (111.22 ) we find
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> . 11.81
('fn = _E?T[JN—\‘HE’(‘—\‘H}EH ( )

1

> _ 11.82
S, = —LW,AL(A)E, (1182

h
where
L(A,) - 1 (11.83)

mn '“.—j—"—‘lﬂ

is the Lorentzian line shape with the linewidth /T This line broadening is called homogeneous broadening as
it is essentially identical for all the atoms in the sample.

Equations ( 11.81 ) and ( 11.82 ), are indeed linear in E,. Comparing these results with ( 11.34 ) we see that in
this approximation the active atoms constitute a linear medium with complex susceptibility:

1d? . 1 (11.84)
Xn = __nuf
€0 h vy — ":—\‘H

which is the Lorentz type dispersion formula. Substituting ( 11.82 ) in the amplitude equation ( 11.38 ) we find

E wo [1 1 (11.85)
— == - _f_“uﬁ‘!‘-'(‘—\‘u}

Eu 2 (2” E:[} ﬁ

This determines the threshold condition for laser oscillations at frequency wn :
1d% . 1 (11.86)
_——T[”"I.L(ﬂ”) 3 -

=] h (2.1.!

We add finally that in the case when the number of exciting modes is A{, the off-diagonal element €21 is given
by the sum:

7 E,(t o (11.87)
_r'—_f - ,.”( ) —W(z)u,(z)
2}_;' ! + ”:W[} _Wu}

n=1

o1z, 1) =

and the same procedure as above can be performed with essentially the same results.

7.1. The nonlinear theory

In the linear approximation we took €22 — &11 = W(z)as a known time-independent function VW (%), The
next order approximation, which will already be nonlinear is obtained by assuming that the inversion density

Wiz 1)isa slowly varying function of time as compared to the phase of the carrier wave cos(wnt + ©n). we

assume therefore that at any given time €21 (2,1) is still given by (11.87 ) but now Wi(z) replaced by” (2, t),
i.e.

. .d  E,(t  vart s —ilont b (11.88)
j_}j[l::.f} = _r'_;_f;,—ﬂ. n E‘_‘i ].l”(:}” (:}f' \wntton)

Substituting back into the equations for the population densities we get:
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022 = Ay — Y2022 + R(011 — 022) (11.89)
o1 = A — e + Rloxe — o) (11.90)
with
ds o (11.92)
R = .}hjﬁ.L(ﬂ,,}E;(f}u;(:) =0

in the single mode case. These equations are of the form of rate equations for the population densities, which
can be applied in simplified treatments of light-atom interactions. The last terms in the equations represent the
effects of induced emission and absorption in the sense as Einstein introduced these notions. The constants 72
and 71 include the spontaneous emission rates of isolated atoms, but in a laser material they usually contain

other effects as collisions etc, and 71 = Uif level 1 is just the ground state.

We see that in their original (Einstein) sense absorption and induced emission are essentially incoherent limits
of the quantum mechanical (Rabi) transition mechanism in the case, when the relaxation of the off-diagonal
elements in the two-level density matrix (polarization), have already achieved their stationary values following
instantaneously the time dependence of the electric field.

The steady state solution of the rate equations is obtained by setting the derivatives equal to zero.
022 = 011 = Uwhich leads to

B 1470 (11.92)
Wiz) = 099 — =

(2) = em —eu = pre
where
W Ay M (11.93)

3 gl

1 1 1 (11.94)

R, B 72 * 1

In the absence of radiation field, i.e for & = 0 we obtain ¥ = W9 thus 177" represents the zero field
inversion density resulting from the equilibrium of the pumping and the loss rates. The inversion falls to half of
its zero field for /2 = F therefore fis is called the saturation rate of the system. By ( 11.94 ) it is related to

the total inverse lifetimes of the levels involved. Since . is a slowly varying function of £ and z, so is Wiz t)
which is consistent with our initial assumption. In the presence of the field the inversion density is reduced by a

factor 1 + R;""RH, the field gains its energy from the inversion, which therefore must be smaller than in the
absence of induced emission. This is the nonlinear saturation effect mentioned earlier, that stops the
exponential growth of the field, and ensures the stable operation of the laser.

8. Concluding remarks

The coupled system of the Maxwell equations and the Schrodinger equation for the two-level atoms described
by the self-consistent field method of Lamb can be used to describe many other resonant optical phenomena
besides the laser. In the working principle of the laser a very important factor is the feedback coming from the
presence of the resonator. In a number of other cases there is no resonator but the processes are so short (shorter
than "), so that the stationarity of the phenomena, as assumed in this section is not true any more, while another
important factor comes into play, namely the quantum mechanical coherence between the atomic states. That is
the case when the Rabi oscillations treated in section ( 11.5 ) are sustained for long enough and lead to important
new phenomena. These coherent effects, however are the subjects of other specialized courses.

Further reading:
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1-(2.1)

E (z.1).E (z.1),

Check out the homepage of Freetwm, a software
designed for the study of the dynamics of
multisection semiconductor lasers based on the
Traveling Wave approach of Maxwell Bloch
equations.

http://nova.uib.es/fONL/Softwares/Softwares.html
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Chapter 12. Atoms in Strong Fields

Goals: The excitation of atoms by intense laser pulses is discussed. We introduce the nonlinearities which may
appear, and can be divided into two broad classes. The first one involves relatively weak laser pules of long
duration, while the second is the regime of strong fields and short durations. In both cases multiphoton processes
do appear, but in the first case perturbation theory is sufficient for the description, while in the second one other
methods are necessary.

Prerequisites: Coulomb problem (Chapter 1). Chapter 10 .

1. Introduction

The intensity of the laser pulse (absolute value of the Poynting vector ) is given by the amplitude of the electric
field strength in it as

1 ; e 121
I = 55[}E[fr- [W/cm?]. (12.1)
Sometimes the intensity is given by the photon flux, which is:

I - . 12.2
0 = o photon/(s- cm?). (12.2)

W

The excitation of atoms by intense laser pulses can be divided into two broad regimes determined by the
characteristics of the laser pulse relative to the atomic response. The first one is involves relatively weak optical

fields of "long" duration (> 118) 10 be referred as the "weak” long (WL) regime between [ =10 W/em?
. T 2 . | R o .

and [ = 108 W / ¢M” The second one beginning from 102W / €M™ involves very strong fields, that can be

realized by sufficiently short pulses (< 10ps) This is the strong short (SS) regime.

In a laser field of sufficient intensity atoms and molecules begin to exhibit nonlinear response, and the emission
or absorption of several photons may become the dominant process. We enumerate first the processes in the
WL case without going into details in their description. In Multiphoton Excitation (MPE) the atom or
molecule can undergo from a bound state which is usually, but not necessarily the ground state, to another
bound state of higher energy by absorbing 7 = 2 photons. The reverse process is Multiphoton Stimulated
Emission (MSE), where the final atomic state is lying lower han the initial one. One speaks of Multiphoton
lonisation (MPI) if several photons are absorbed in a bound state and one or possibly more electrons do leave
the atomic core. Multiphoton Dissociation (MPD) can be considered in the case of molecules, falling into
constituent atoms under the effect of several photons instead of one. Harmonic Generation (HG) was the first
nonlinear effect observed in laser physics, when under the influence of the laser field the atom emitted photons
with frequencies that were integer multiples of the frequency of the incoming field. These effects can be treated
theoretically by perturbation theory up to the order 1, where 7 is the number of photons participating in the
process. We shall not discuss all these different effects in detail, we only outline shortly the perturbative
procedure for the single example of MPI.

If the intensity of the laser field becomes higher than 10 W /em? ghen essentially new effects appear. We
will consider two of these, Above Threshold lonization (ATI) and High Harmonic Generation (HHG). The
peculiarity of these is that they cannot be understood within the framework of the perturbative approximation,
the application of other methods are necessary.

2. Basic equations

In the dipole approximation the laser field can be characterized by a vector potential Alt) which depends only
on the time variable, just like the electric field E = —A — V&, which also means, that the space dependence
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of the scalar potential & cannot be higher than linear. We come back to this point a little later. We recall that in
this approximation the magnetic field is absent, because B = ¥V x A = 0, as A does not depend on the
spatial coordinate. In the case of a linearly polarised field we can write then

E(t) = eEy F(1) sin(wl + §), (12.3)

where € is a unit polarization vector, Eyis the amplitude of the electric field strength, F(t) gives us the pulse
shape, the envelope, and ¢ is a phase constant, although in actual experiments very often both w and o can be
time dependent, then we speak of chirped pulses.

Let us write down the equations governing the dynamics of an atom or ion interacting with a laser field given by
(12.3). The staring point is the Schrodinger equation

7 R . P 12.4
inL (X 1) = HEW(X. 1), (124)

ot
where X = (T1,T2, ..., T~ ) denote the ensemble of the positions of the N atomic electrons. Here H(t)js
the Hamiltonian

| 1 &L RV (12.5)
H(t) = 2m ;(Pi — q@A((1))"+V 4+ qu?

1 o

= 5> (P} —2qP;A(t) + A (1)) + V + o

The term

) 1 &L (12.6)
H[}— Tr+V= ﬂ;ﬂ +V

contains the kinetic energies of all the electrons while V" contains the sum of all the two body Coulomb
interactions between all the electrons and the nucleus, as well as the sum of the electron-electron interactions.
According to the dipole approximation A is not depending on R, that is why we could take it identical for all
the electrons. By the same token we are automatically in a Coulomb gauge, where ¥V A = (), and therefore in
the products P; A the order was not relevant, as the components of A and PP commute (which is not valid in
general).

Let us introduce now the total momentum with

N (12.7)

so the Hamiltonian takes the form:

i (12.8)

I v 2 i G5 w2,
= ﬁ;P" +V - EA(”P'F ﬁ‘\A (1) + qod.

The Schrédinger equation for the [V electron atom, or ion can then be written as

Jo (12.9)

. | 2 |
m.;—f@(x.f} - (H[} _PAnP+ B NAYH) 4+ q[}(I)) W(X 1),
f_

m 2m
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where Hy is given by (12.6).
Still within the Coulomb gauge we can chose three further types of gauges:

a) Velocity gauge (v ), or PA gauge defined with:

_ e (12.10)
d, =10, A (t)= —/ E(t")dtl".
The Hamiltonian in this gauge is
1 G, Ay (12.11)
H—ﬁ;P (R)——AL(H)P + 5 -NAX().
- Ky
Hyp
b) Length gauge (1), or RE gauge defined with
A; =0, @) = -RE(1), (12.12)
when
(12.13)
=5- Z{ P} + V(R)—q@RE().
= K
Hy

This gauge is also called as Goeppert-Mayer gauge, after Maria Goeppert-Mayer, who was the only woman
winning the Nobel prize for her work in theoretical physics in 1963: for discovering the important role of spin-
orbit interaction in determining the nuclear structure.

c) Acceleration gauge ( & ) or KH gauge: Starting from the ' gauge we perform the unitary transformation,

. a . 12.14
V. (X,1) =exp {—EEP] W, (X 1), ( )
which is called the Kramers-Henneberger (KH) transformation, where
/ A () dt (12.15)
m

is a vector corresponding to a displacement of a classical electron from its oscillation center in the electric field

E(t) The KH transformation therefore corresponds to a spatial translation, characterized by the vector ex, to a
new frame, (the KH frame), which moves with respect to the laboratory frame. Especially at high intensities and
high frequencies it is useful to study the interaction in this accelerated frame.

The Schrodinger equation in this gauge becomes

. ) 1 N , , - L (12.16)
fﬁEll’.J[.‘i.fJ= —ZP‘ + V() — a(t)),...,(rx — alt))]| U, '

2m !

(.
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so that the interaction with the laser field is now incorporated via & into the p@tﬂ}}tig.ﬂﬂ{;mwhﬁcﬁ }thus becomes

time dependent. In the case of a linearly polarized monochromatic field with this function
is:
&(f} = @ 5111(‘\’.{.“1’- + ﬂ') Qp = e, (12.17)
where
gk (12.18)

¥y o
=

3. Perturbation theory

As an example of the interaction in the WL regime we discuss shortly Multiphoton lonization (MPI). Consider a

noble gas, where the ionization energy is typically 2 10 “V, a relatively high value, when compared with other
atoms, this is a witness of the stability of noble gases. Therefore light fields with common intensities in the
visible regime, where the photon energy is about 1 eV cannot ionize a noble gas atom. However for large

. . — 108 W /a2 . Lo .
enough intensities, I'=10"W/em® o higher ionization can still appear, as the consequence of the
simultaneous absorption of several, say n photons. Such phenomena, studied first in the 1960's, showed, that the
1 photon ionization rate of the electrons was proportional to [™. The process can be written schematically as

nhw+ A= A9 e~ (12.19)

If we are still in the WL regime as explained in the introduction, where the field strength amplitude of the
external harmonic field is much smaller than the field strength of the atomic Coulomb potential stemming from
the nucleus and from the electron-electron interaction, then time dependent perturbation theory can be used to
study the interaction. In order to calculate the rate of an 7 photon transition, one has to use 1 -th order
perturbation theory. Without going into the details of the derivation we simply present the result which can be
obtained along the lines presented in Chapter 10 , by iterating the perturbation expansion up to 1 -th order.

Assume that the initial atomic state is %'i of energy <: and the final state %' is in the continuum where the
, .’Jjﬁ'%

density of states is f’(CI) with respect to the ejected electron energy =f — “2m . The transition rate (transition

probability/unit time) can be obtained as:

iy Do iy
Fin) _ AT g nogn prpln) 20 g
Wi =+ (2mah)” I | T2 * pley),

(12.20)

(n)
where ¢y is the fine structure constant, [ is the intensity of the light field and ~ i+ is the 72 -th order transition
amplitude, to be calculated as:

n=1 T, ={(f|Dlij, D=eéqR. (12.21)
n>2 T = (fIDGe; + (n— 1)hw] x DG[s; + (n — 2)ha] x -DGs; + hw|D(1222)
: 17} (Ul (12.23)
with Glz| = cE
g Zj: —g;+1l'/2

where FJ is the line width, of the level <j. The sum over J must also include an integration over the continuum
for all allowed dipole transitions. For a multiphoton ionization w can continuously vary because the final state

lies in the continuum. If o is tuned so that i + 7% = ; for some contributing intermediate stationary state
T - - - . .
J ! with energy “J, or in other words the level =J lies above the initial one by an integer number ( 712 ) times the
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single photon energy, then the corresponding denominator becomes small, producing a strongly peaked

resonance. Since ionization takes & = 1 — . additional photons, the process is called an ., K vesonant
enhanced multiphoton ionization (REMPI). Measurements of the photoelectron angular distribution in such
cases are useful in characterizing the resonant intermediate state.

Figure 12.1. Schematic drawing explaining a 2,1 resonant enhanced multiphoton
ionization http://en.wikipedia.org/wiki/Resonance-enhanced_multiphoton_ionization
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hv lonization
———————— ——~~ threshold

1 Intermediate
M* state

_____________ Virtual State
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Schematic drawing explaining a 2,1 resonant enhanced multiphoton ionization
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This method is applicable whenever I < 1, je.the field is strong but still much weaker than the atomic fields.

However, when the external field approaches or getting even even stronger then the binding force in the atom,

this is not a feasible way to treat the processes theoretically, since the fundamental assumption of the

perturbation methods faiﬁ,-_-:?ﬁfjl the a?ﬁ_-irmtion of nonperturbative methods aie r{gcessary. The limit can be
i 1 eV

estimated by comparing and . It turns out that in the case of a photon, the ratio of these

quantities becomes close to unity around the intensity

I =108 W/em?, (12.24)

S0 one expects that above this value the perturbative approach should fail, as it is the case.

4. Nonperturbative regime

In the last 20 years or so, lasers of the intensity around and even above

1

, S 12.25
I, = 3*’[}1"55 =3.5 x 10" W/em? (1229

have become available, where €4 corresponds to the atomic field strength which originates from the proton in
the H atom in the distance of the first Bohr radius i :

gu — |fir[}| i} — 51 % 1“,(_] 1\".-’."';("111. (1226)

dmeg ag

Such laser fields are therefore strong enough to overcome the Coulomb forces in the atom. Thus while

multiphoton processes involving laser fields with intensities I'= I < Ia can be studied by perturbation
theory, the effects of the laser field with intensity higher than Ii, and the more so for £ == I must be analyzed
by other, non-perturbative methods.

In the methods describing such effects we can still use the semiclassical approximation. Note that in a high
intensity laser the number of photons in a laser mode is very large. For example in Nd YAG laser of the
wavelength A = 1064 nm (which is equivalent to the photon energy 1.17eV ), and of intensity

— N2 W /o2 S . . . . .
[=10"W/cm , Which is still far below from peak intensities available in the first decade of the 21-st
- — TV By — 8 . .
century, a coherence volume of 22 contains N = IV/chw =2 x 10 photons. A classical description of

the field seems therefore to be fully satisfactory. So once again the semiclassical approach can be applied, just
like in the previous chapter. Here we will also restrict ourselves to consider nonrelativistic electrons in the

. . . C . . . .. — L6 YAT /a2 . .
dipole approximation, which is still valid up to intensities of I'=10"W/em? we will now review shortly
two possibilities to consider such strong field effects.

4.1. Electron in a harmonic field, the Volkov solution

In this subsection we study the dynamics of an electron in the field of a plane wave, i.e. there is no Coulomb or
other static field present. Sometimes one speaks of a "free" electron in the presence of a laser field, where free is
understood in the sense, that the only force comes from a time dependent external field. We restrict us here to
the dipole approximation where the time dependent Schrédinger equation for a single electron ( 4o = U) takes
the form:

i W(e 1) = == (P — oA ()2 U(r.1). (12.27)
ot 2m
We perform the gauge transformation:
. X S, _ 12.28
U(r, 1) = exp {—%f‘i /A-(f‘}df’] U, (r, 1) (12.28)
L
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and obtain the Schrodinger equation in the velocity gauge:

L0 | P _ (12.29)
h—W,(r.t)= |—P° — —A({)P| V.(r, 1).
F Jé}f (r,2) 2m m (?) (r,2)
Since € is an eigenfunction of P = —i/iV, with eigenvalue ik, we can look for solutions of ( 12.29 ) in
the form:
U, (r, 1) = '™ (). (12.30)

Substituting ( 12.30 ) into ( 12.29 ) we get for the function f(t) the first-order equation

J o h2k? h 12.31
o f() = | — DA £, .
ot 2m m
which can be simply solved and gives:
_ hk? . 12.32
F(t) = Cexp [—i;—f - ék&(f}} (12:32)
2m

= w1 —3,2 .
where (1) js given by ( 12.15 ) and €' is an arbitrary constant, chosen usually as C'=(27)7 1n this way
we get the Volkov (or Gordon-Volkov) solution of the Schrédinger equation:

WY (v, 1) = (2m) Hexp [ik(r — @&(t)) — ict/h], (12.33)

. fi= .R-
where © — "2 is the electron energy. This kind of solution has been found by D. M. Volkov in 1935 for the

relativistic Dirac electron, we presented here the nonrelativistic limit of that result.

Going back to the solution of the original Schrédinger equation ( 12.27 ), we obtain:

WV (r,t) = (27) 2 exp |ik(r — G&(t)) — — ; ;;i’m/A f)ﬂ (12.34)

We note that in the KH frame ( @ gauge) the Volkov state transforms to a simple plane wave:

WY (r,t) = (2m) ¥ exp [ikr — ict/h]. (12.35)

The Volkov states have a number of applications in atom field interactions. They can be considered as
approximate solutions of atomic electrons in strong fields, and then the Coulomb field can be considered as a
perturbation.

4.2. Floquet theory

Floquet theory was developed originally in 1883 for the solution of differential equations with periodic
coefficients. For physicists it is well known as Bloch's theorem in solid state physics, where electronic states or
lattice oscillations are subject to periodic conditions in space. We shall apply the theory for electrons in time
periodic fields. The first use of this method in atomic physics is due to J. Shirley in 1965.

We shall assume a monochromatic laser field, leading to a Hamiltonian with

H(t+T)= H(t), (12.36)
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wmare) T'=2r "W’?i'a; Eﬂ@mpgﬂgdqumapw{rnﬁmqu} As it is easily seen, the operator of the translation in time
defined by commutes with the periodic Hamiltonian, Fig"jherefore

theystriust posses a comrperi=3etiof eigenfunctions. The set of nondegerate eigenfunctions of are just

with eigenvalues , so we can seek the solution of the time dependent Schrédinger equation in
the form

U(X, ) = e (X, 1), (12.37)

where d(X,1) is a periodic function of time of periodT,_and X denotes the set of spatial coordinates. = in
the present case is called the quasi-energy. Being periodic, (X, 1) can be expanded into Fourier series:

o0

(I)(X_ f} = Z Tn ('X}{,—J'H;dl

=—00

(12.38)

The functions 9n (X) are called the harmonic components of DX, f}, and ¥ (X, 1) is written as:

o

s - o in (12.39)
WX, 1) =M N g (X)em
n=—0o0
We can also expand the interaction Hamiltonian into Fourier components
(12.40)

o0
E I&'”{,—m;-.:f

n=—00

and substitute these expansions into the Schrodinger equation. Using the orthogonality of the Fourier basis we
then obtain an infinite set of coupled time-independent equations:

12.41
(e +nhw — Hy)g,(X) Z K. gi (X). ( )

j=—0

witht =0,+1, ...

This infinite system is solved practically by keeping only a finite number of harmonic components, i.e. by
truncating the sum over J (or 1 ) in the above equations.

In the length gauge the interaction Hamiltonian is

_ DE,
2

(12.42)

K =-DEycoswt = (e7™% 4 Tt

therefore the equation to be solved is an eigenvalue problem of a tridiagonal matrix: where Kiand K are

both equal to —DEo/2 The problem ( 12.41 ) is usually solved in a well selected basis of spatial functions.
For atomic systems with one electron, say a H atom, a so called Coulomb-Sturmian basis is used in most of the
cases:

UI." Z{mm

ném

Shlr (12.43)

"JH l: Al)

o . ) . . b . .
where Y7 (1) are the spherical harmonics, and the radial functions Sp¢(7) are the radial Coulomb-Sturmian
basis functions defined as
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St(r) = N 2r /)2 exp(—r/B)F(—n + € + 1,2(€ + 1);7/b) (12.44)

where b is a fixed number, that can be chosen arbitrarily and F is the confluent hypergeometric function,

introduced in chapter 1 . The functions ‘5‘4:6“ }form a complete orthogonal system on the positive real axis.
Note, that although they are very similar in form to the bound eigenfunctions of the radial Coulomb problem,
they are not identical to the latter. The reason is that in the Coulomb eigenfunctions the argument of the function

— e pe— 11
depends on the energy eigenvalue, as the argument there was 0= Rnl = Zu:: n 'r, while here in ( 12.44 ) the

constant & is identical for all 7:. That is why the bound Coulomb eigenfunctions do not form a complete basis
set, they have to be completed by the positive energy eigenfunctions forming the continuum of ionized states. Of
course, in Eq. ( 12.41) again only a truncated set of the infinitely many spatial basis functions is to be used.

We note here finally that the Floquet method does not exploit a kind of a rotating wave approximation (RWA)
as discussed in the previous chapter, that is why both e ~"“* and the e*"“* terms are present in ( 12.42).

5. Highly nonlinear effects

As we mentioned previously for intensities above I =108W / em? the perturbation theory is not applicable
any more, and what is more important, new physical effects can be observed. When energy resolved
photoelectron measurements become possible in the end of the 1970's, it was observed that in the
photoionization process the ejected electrons could absorb photons in excess of the minimum number required
for ionisation to occur. The photoelectron spectra were seen to exhibit several peaks, separated by the photon
energy fiw, and appearing at the energies:

E, = (n+ s)hw — I, (12.45)

where 11 is the minimum number of photons to exceed the ionisation potential Ip ands = 0.1,.. where s is
the number of excess photons, or above threshold photons, absorbed by the electron. This process is called
above threshold ionization (ATI).

Another effect also observed at sufficiently high intensities was high harmonic generation. Atoms interacting
with a strong laser field can emit radiation at angular frequencies that are high order multiples of the angular
frequency of the pump laser. Due to the inversion symmetry of atoms the harmonic circular frequencies are odd
multiples of the driving, or fundamental circular frequency:

), = qu, g=3,5..... (12.46)

Before going into details about this process, we introduce the important notion of the ponderomotive potential
Up of the exciting field. It is the energy gained by an otherwise free electron in a harmonically oscillating field.
A simple classical calculation shows that according to the equation of motion

mu = gplup sin wit (12.47)

the kinetic energy averaged over a period 2mjwis

T — o o i
Zmp? = lfquﬁm _ @by (12.48)
2 2 mw? dmw? '

The characteristics of the response of the atom depends on the ratio of the ionisation potential Ip and the
ponderomotive potential through the parameter:

 [Ip (12.49)
K= \.-f fj'

introduced by L.V. Keldysh in 64, and called since then the Keldysh parameter.
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The possible processes are shown in Fig 12.2 .

Figure 12.2. The response of the atom depends on the ratio of the ionisation potential /p
and the ponderomotive potential through the Keldysh parameter.

Two highly nonlinear effects

Above threshold Tunnel ionisation
lonisation

IK v < 1
\ / \h\

Keldysh parameter

[ I»
\ 2U>

The response of the atom depends on the ratio of the ionisation potential and the ponderomotive potential
through the Keldysh parameter.

3 —

fE =

If the external field strength i. e. the square root of the incoming intensity is high enough then 7 < 1 and the
atomic potential can be significantly changed by that field as shown in the right hand side of the figure. The
electron may then tunnel out through the potential barrier appearing as the sum of the atomic and external fields.
The barrier can even become lower than the energy of the bound state, then we can speak of over the barrier
ionisation. This is valid of course for a half period of the oscillating field since the external field changes sign in
the next half period and the force on the electron will change its direction to the opposite. For pulses with

-~

Vi = 1, one observes above threshold ionisation.

5.1. High harmonic generation (HHG)

In this subsection we consider in a little more detail HHG. In the last decade in several laboratories harmonics
up to around 4 = 125 \ere routinely generated in several laboratories, mainly in noble gas jets of Ne, Ar or
Xe. The exciting laser is usually a Nd YAG laser of wavelength 1064 nm, or more recently a Ti:sapphire laser
around the wavelength 800 nm with a focused intensity I'=10"W/em? The duration of these triggering
pulses is around 5 fs, so they consist of only a few cycles. The highest harmonics generated in this way fall
already in the so called extreme ultraviolet (XUV), or to the X-ray domain with photon energies around

80 — 100eV.
Problem 12.1 : Calculate the wavelength and the photon energy of the 99-th harmonic of a 800 nm.

Problem 12.2 : The 800 nm average wavelength is the carrier of a pulse of duration 5 fs at full width at half
maximum. What is the number of cycles in the pulse within that time interval.
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The distribution of the intensities of the harmonics show an interesting feature. For the first few harmonics the
intensity drops, as expected from perturbation theory, but after that, beginning at a certain harmonic number a
plateau appears: the igtensities of the consecutive harmonics are almost the same, then finally they fall off for
the highest attainable

Figure 12.3. The harmonic spectrum from Ar, laser pulse of intensity 14 - 10" W/em?
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Harmonic order

The harmonic spectrum from Ar, laser pulse

The mechanism of the process can be understood by the following three-step model. (Corkum, Schafer and
Kulander 93). The electron is bound by the atomic potential which is strongly distorted in the very strong field
of the external pulse, therefore the electron can tunnel out from the binding potential, and the atom is ionized
temporarily, see the right hand side of Figure 12.2 . The electron then propagates practically only in the laser
field, free from the atomic potential.

Figure 12.4. The electron can tunnel out from the binding potential, and the atom is
ionized temporarily

The electron can tunnel out from the binding potential, and the atom is ionized temporarily
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In the second step while the field changes its direction the electron is turned back and moves towards the atomic
core. Finally in the third step it recombines with the atom. If the electron recombines, its kinetic energy gained
from the acceleration in the field depends on the time of tunneling and the time of recombination, and
determines the energy of the emitted high energy photon. Considering the distribution of the possible tunneling
times one can understand the intensity distribution of the harmonics, including the plateau, but we shall omit
here the details.

An interesting consequence of these harmonics is that among favorable circumstances they can add up and
produce a sequence of peaks of pulses in the attosecond range (duration ~ 100 as). This is one of the targets of
the Extreme Light Infrastructure Attosecond Light Pulse Source (ELI-ALPS) facility to be built up in
Szeged, Hungary within the next few years.

Problem 12.3 : Calculate and sketch the time dependence of the intensity emerging from the sum of the
harmonics:

101 2 (12.50)

I(t) =]y Ay

g=odd

Assume that all of them have identical amplitudes, as well as identical phases as it is implicitly assumed in the
formula above.

5.2. Calculation possibilities

Although there are relatively simple approximative methods that can give account of these highly nonlinear
effects, in order to reproduce the experimental results, one has to rely on extensive numerical calculations. An
obvious possibility to follow the problem of strong field ionisation and to determine the energy of the emitted
electrons is to solve the time dependent Schrodinger equation numerically. This has been performed by several
groups since the mid 90's. The numerical complexity of the problem allows, however only the solution of single
electron i.e. H like atoms. In case of more complicated systems the single active electron approximation (SAE)
must be exploited, where the correlation effects between the electrons are not taken into account. More recently
there were attempts to perform calculations for Helium with demanding numerical methods that include the
electron-electron interaction,as well.
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